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Groups of Ofder om "Which Contain a  Relatively buc | 
j Number of Operators of — Two. 


^. : ; 
By G. A, MILLER. S P» kis 


$81. Introduction | : 


When exactly one-half of the operators of a group are of order 2 the 
group is obtained by extending an abelian group of odd order by means of 
an operator of order 2 which transforms each operator of this abelian group 
into its inverse, and if & group is constructed in this manner then exactly 
one-half of its operators are of order 2. If more than one-half of the opera- 
tors of a group are of order 2 this excess must always be a number of the 
form 29 — 1 and there is an infinite system of such grotips for every positive 
integral value of a.* 

-From the fact that the number which expresses the excess of the operators 
of order 2 over half the order of the group is always of the form 29 — 1 it 
results directly that in a group of order 2”’ the number of operators whose 
orders exceed 2 is always equal to the order of the group multiplied by a 
number of the form € and there are groups in which this product gives 
the number of the operators whose orders exceed 2 for every positive integral 
value of n. The smallest relative number of operators whose order exceeds 2 
in a group of order 2 is therefore one-fourth of the order of the group in 
_ case there is at least one such operator. 

Let G be any group in which more than one-half of the operators aro 
of order 2. When G is abelian it is evidently of type (1,1,1, > ) and 
hence we shall assume in what follows that G is non-abelian. As more than 
‘one-half of the operators -of G are of order 2 these operators generate G and 
hence some of the operators of order 2 contained G^ must be non-invariant. 
_If we let H, represent the subgroup composed of all the operators of G which 
are commutative with one such non-invariant operator s, then more than one- 
half of the operatore of H, must be of order 2. 

- If H, is non-abelian it contains a non-invariant ouais: 8, of order 2, 
and we may represent by H, the subgroup of H, composed of al its operators 
which are Commutative with s, The subgroup H, includes the central of G 


* Bulletin of ihe American Mathematical Society, Vol. XXV (1919), p. 33). 
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2. - Mituer: Groups of Order am which Contain 
‘and H, includes this central as well as s; If H, is non-sbelifti we can con- 
tinue this process until we arrive at an abelian orcas Hn which includes the 
central of G and &, 8,4, ^ , 8m, The group Hm is evidently of type 
1,1,1,:-- ). In the article to which we referred it was proved that m=] 
whenever the order of G is divisible by some odd prime number but it is 
‘possible to construct groups of order 2°” in which m exceeds any gen 
integer. 

All the OPTAR of G ean be uniquely represented in We following form 


Ha + Hyd, 4 Had, 44, 


where it may be assumed without loss of generality that each of the operators 
5, ta} °" , f, ig of order 2. It is known that whenever the order of G is 
divisible by an odd prime number then exactly one-half of the operators in 
each of the co-seta Hints, 2 za = r, ere of order 2 and that in no case can 
more than one of these co-sets involve more operators whose orders exceed 2 
than operators of order 2. In the following section we shall prove that when 
there is one such co-set and r > 2 then exactly one-fourth of its Ld are 
of order two.: 


2. Less ihan one-half of the operators in one co-set are of order two 


The co-set in which less than one-half of the oe are of order 2 is 
characterized by the fact that it is composed of all the operators of G which 
are commutative with less than one-half of the operators of Hy. In parti- 
cular, Hm contains an operator s, which transforms an operator t, of this 
co-set into its inverse and hence if H, is defined as above it does not include 
any operator of this co-set. Every operator of order 2 found in H, but not 
in Hm r > 2, is either commutative with ¢, or transforms i, into its inverse, 
for if the product of t, and this operator of order 2 has an order which exceeds 
2 then this product is transformed into its inverse by s, and hence the said 
operator of order 2 and t, are commutative. 

The operators of order 2 contained in H, but not in Ha must either 
generate H, or an abelian subgroup of type (1,1, 1, - - - ) and index 2 under 
H,. The former of these alternatives is impossible ‘since é, cannot be com- 
mutative with one-half of the operators of Hw. Otherwise one-half of the 
operators of the co-set containing f, would be of order 2. It-therefore results 
that when r ># exactly one-fourth of the operators of Hm are commutative 
with £ and that the central of H, is a subgroup of index 2 under Hm. As 
exactly one-fourth of the operators of the co-set containing t, are of order 2 
wé have proved the following theorem. Whenever one of the co-sets 
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Hub, "y Bate! > 2, contains more operators of order exceeding 2 than 
of order 2 then exactly one-fourth of the operators of thts co-set are of order 9. 

It may be assumed without loss of generality that Ha. is the co-set in 
which less than one-half of the operators are of order 2, and that H, is com- 
posed of the co-sets Hu, ^ , Hatz in addition to Hm. When 8 — 2 the 
subgroup M4 is invariant under M, because it is of index 2. If 8 2 this 
subgroup is still inveriant since it is generated by all the operators of order 2 
found in H, and having more than two conjugates under H,. It has there- 
fore been proved that H» is invariant under H, a of the value 
of ô. 

[t is now easy to prove that Hm is also invariant under G. In fact, the 
operator s, could have been so selected that it would be commutative with all 
the operators of any one of the given co-sets except the co-set Hmtr, and hence 
Hm is invariant under each of these co-sets. It therefore results that when- 
ever more than one-half of the operators in one of the co-sets Hmls, 2 — az 
have orders which exceed 2 then Hy, ts invariant under G. ' 

The quotient group G/H,, involves only operators of order 2 besides 
the identity and hence this quotient group must be abelian.and of type 
(1,1,1, -* - ). The operators of Hm which are commutative with tr con- 
stitute the central of G and include the commutators of G which arise from 
operators in Hm. The former of the theorems involved in the last sentence 
results directly from the fact that these operators are also commutative with 
every operator in the co-sets H sio = a= à, while the latter is a consequence 
of the fact that each of the operators t, -< , t- transforms Hm into an auto- 
morphism of order 2. If, the commutator of order 2 arising from 
ta, 2 a Nae would not be commutative with £, then tetr could not 
transform Hm according to an automorphism of order 2. 

Since all the commutators arising from operators of Hm are found in 
the central of G and since each of the operators t, >: - tra is commutative 
with exactly one-half the operators of Hm it results that all the commutators 
with respect to Hm arising from these operators must also arise from tr. As . 
only three such commutators of order 2 arise from t» it results that 8 == 3 
and r— 4. The central of G may have any order of the form 2", m” > 1 
and there is evidently one and only one such group for every possible value 
of m". Hence the éollowing theorem has been established. There is one 
and only one group of order 29, a > 5, such that one of the co-sets with respect 
to Hm involves more operators whose orders exceed 2 than operators of order 2. 
This group contains an abelian subgroup of index 4 and of type (1,1,1,°--) 
and a central of index 16. The central quotient group ts abelian and of type 
G,i4--+:) , and the commutator subgroup ts of order 4. 


-— 


— 


& 7 | Maui: rois of Order 2 which Contain JE ae 
When a > 6 this group is. evidently the direi roduct of the group of 
order 64 which belongs to this system and the abelian group of order 2° and - 


of type (1,1, 1, - - - ). In the form in which G presented j itself above m == 2. 
but it is LM to select for s, an operator of Hm 80 as to make m=1. Jf 


- this is done the order of Hm remains the same since one of the corresponding 


co-sets -must have less than one-half of its of order 2. When &alf of the . 
operators of each co-set must be of order 2 it is clear that the order of Hy, . 


‘is independent of the choice of the set of operators s,, 8% ' ° * 8s. Hence it 


results from the property of the groups just considered that the order of Hg 
is an invariant of every group in which at least one-half of the operators are . | 
of order 9 and t > 9. 

It should also be noted that when r > 2 and G hae B co-set, with respect | 
to Hm, in which less than one-half the operators are of order 2 it must have 


B such a co-set with respect to every possible Hm. Hence the possession of such 
a co-set is an invariant property of the group. When r —2 this is clearly 


not the case, but when this condition is satisfied m is an invariant, being equal 
to unity, and H, is one of two groups. One of these must be of index 2 while 
for the other r may exceed 2. : 

` If both of these subgroups are of index 2 mds onedotirth of -the opera- 
tors of G have an order greater-than 2 and G-is known tô be the direct product 


- of the octic group and an abelian group of order 2* and of type (1, 1,1, J.. 


When one of them has an index greater than 2 then each of the co-sets which 
arise with respect to this subgroup has exactly half of its operators of order 2° 
while the remaining operators of this.co-set are of order 4 and have a.common 
square. The co-set with respect to the other of these two-subgroups contains 


' more operators of order 4 thanof order 2, the number of the operators of order 


2 being half the order of the smaller- subgroup Tom be used for H,. 
The least order which this subgroup can have when m/ is odd is $(m/ — 1). 
When m is even it is iim - — E. gince the commutator subgroup appears in 


- the central of G. 


. In this system of groups for which r may be equal to 2 it is evident that 
there is an infinite number of groups in M the number of operators is - 
3^5 —1 


ge Tomi ? 


equal. to the order of the. group multiplied by: a number of the form —— —— 


where n is an arbitrary positive integer. In fact, if one such ¢ group i8 found 
we can find an infinitude of others by forming the direct Lupus of this 


` group and abelian groups of order 2° and of type (1,1,1, -> ), where a 
represents a positive integer but is not otherwise limited. - : ; 


f 
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8 3." Exactly gne-half of the operators of each co-set are of order 9 and m 1, 


When m > 1 gnd exactly one-half of the operators of each co-set are oi 
order 2.it is easy to see that it is not possible that the subgroup of index 2 
ander Hm composed of all its operators which are commutative with each of 
the operators of one co-set is the same for all the different co-sets. Let t be 
any operatbr of order greater than 2 contained in G and let s, be any operator — 
of Hm which is commutative with ¢ but not contained in the central of G. Let 
H,, as before, represent the subgroup ¢omposed of all the operators of G 
which are commutative with s,. 

The product obtained by multiplying any operator of order 2 contained 
in H, into an arbitrary operator whose order exceeds 2. in G — H, is trans- 
formed into its inverse by s, whenever the order of this product exceeds 2. 
In this case the two factors of this product must be commutative. As every 
operator whose order exceeds 2 in G — H, is transformed either into itself 
or into its inverse by every operator of order 2 in H, it results that all the 
operators of H, transform every operator of G — H, whose order exceeds 2 
either into itself or into its inverse. The squares of each of the operators of 
H, is therefore contained in the central of G. In particular, 7? is in this 
central. “As ¢ was any operator of order greater than 2 contained in G it 
results that the squares of all the operators of G are found in the central of G 
and hence G involves no operator whose order exceeds 4. 
| Since the quotient group of G with respect to its central involves only 
operators of order 2 besides the identity this quotient group must be abelian. 
In particular, both H, and Hm must be invariant subgroups of G. Every 
non-invariant operator of order 2 contained in G has just two conjugates. 
For, if such an operator s, had more than two conjugates, it may be supposed 
to appear in Hm. It may be assumed that s, is transformed into itself multi- 
plied by the three distinct operators so, 8’o, 8 8’) of order 9 contained in the 
central of Œ. Let te to, tof’) be three operators of G which effect these trans- 
formations respectively. If £, and t, were not commutative with the opera- 
tors of the same subgroup of index 2 under Hm there would be a co-set cor- 
responding to Hm which would have less than half of its operators of order 2. 

Hence it may be aggnmed that t, and ?’, are commutative with the opera- 
tors of the same subgroup of index 2 under G. There must be an operator it. 
in G which is not e&mmutative with all the operators of this subgroup. The 
operators of Hm which are commutative with both of the operators t, and ta 
constitute a subgroup of index 4 under Hm and include the central of G. 
Hence t and i^, are non-commutative with the operators of a common co-set 
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with respect to this subgroup and it may be aiad without logg of generality: 
that they transform the operators of this co-set into themselves multiplied by 


two distinct operators since i may be replaced by te Mence we are again 
led to a coset with respect to He which involves more operators whose orders 


exceed 2 than operators of order 2. It has therefore been proved that when 


ma > 1 for every possible choice of s,, and. one-half of the operators . of each 


. co-set with respect to Hm are of order 2 then each non-inveriant operator, of l 


. order 2 contained in G has exactly two conjugates under G. 


From the fact that each non-invariant operator of order 2 contained in G- 


has exactly two conjugates under G it is easy to determine additional funda- 
mental properties of G. In particular, it is possible to select a set of inde- 
pendent generators of G in such a way that all of these generating operators 


‘ are of order 2 and that each. one is commutative with all of the others with a 
^. the exception of at most one of them. In fact, we may select s, as the first ` 


- independent generator of G and then’ let s, be any operator of order two in 


G— H,. The operators common to the two subgroups composed of, all the. 


operators of Œ which are commutative with s, and s, respectively constitute a 
" Bubgroup.of index 4 under G which includes the central of G. ^ The order of; | 


" the product of s, and s, is 4. 

l If this subgroup of index 4 is abelian it must be of type (1, L i 2 
and H, must be abelian and of the same type. In this case m would be ne 

to 1 and hence we may assume that the subgroup in question is non-abelian. 

More. than one-half of its operators must be of order 2 since more than one- 

half of the operators of G are of order 2. Itis therefore possible to find two 


, additional non-commutative generators of order 2, s, and s, such that each’ 


£ 


of these generators is cominutative with both’ of the operators Sı, 8, and that- 


(8, $,)* — (5, 5,)*. If the last condition were not satisfied s,, s, would be &n- 


operator of order 2 having more than two conjugates under G. 
When the group composed of all the operators of G which are commu- 
tative with each of the four operators s,, Sa, 8, 8, is abelian and of order greater 


than 2 it is of type (1, 1, 1, - ' > ) and G is the direct product of a subgroup 


of index 2 under this abelian group and the group of order 32 generated by 
ihe given four operators. On. the other hand,-when the operators of Q which 


are commutative with each of the four operators 8,, $,, Sa, 84 are not all com- 


mutative with each other then the subgroup generated by these operators must ` 


` involve two noncommutative operators of. order 2, s, and 8, such that th® 
square of their product is equal to (s, 8,)*. | 
This process can evidently be continued until we obtain either a wt of 
generators of G or an invariant subgroup of G of order 224+ such that; G is 
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the direct preduct of this subgroup and an abelian group of type (1, 1, 1, -: - ). 
` Hence we have established the following theorem: When m exceeds unity for 
every possible chotce of Hm and one-half of the operators 4n each co-set of G 
o with respect to Hm are of order 2 then G 4s generated by B operators of order 
2 such that each of them 4s commutatwe with all of the others except at most 
one of them and the square of the product of every pair of non-commutative 
dyerators of this set is the commutator of order 2 contained in G. 


84. Haactly one-half-of the operators of each co-set are of order 2 and m= 1 


Two cases require consideration according as m == 1 for every possible 
choice of operators from G for s, or as m — 1 for some one but not for every 
possible such choice. We shall first restrict our attention to the former of 
these cases and hence it results that the subgroup of index 2 under H, com- 
posed of all the operators of H, which are commutative with the operators of 
one of the r— 1 > 1 co-sets constitute the central of G. 

Let ¢, and t, be two operators of order 2 found in any two distinct co-sets 
with respect to H,. If 1, and i, were commutative the central of G together 
with ¢, and ¢, would generate an abelian group of type (1,1,1,:-- ) and of 
a larger order than the order of H,. By using t, instead of s, we would 
therefore find a new group for H, which would give rise to a co-set in which 
less than one-half of the operators are of order 2: As this case has been 
considered it may be assumed that i, is not commutative with any operators 
of order 2 except those found in the central of G or in the co-set to which t 
belongs. 

Since ¢, transforms into its inverse each of the products obtained by 
multiplying f, successively into all the operators of order 2 contained in G, 
and as these products include all the operators of G whose ordérs exceed 2 it 
results that every operator G whose order exceeds 2 is transformed only into 
itself or into its inverse under G and that it must be transformed into itself 
by all the operators of G whose order exceeds 2 since it is transformed into its 
inverse by a number of operators of order 2 equal-to one-half of the order of G. 
Hence it results that the operators whose orders exceed 2 in (7 generate an 
abelian group and that @ is either the dihedral or the extended dihedral group. 

It remains tq, consider the case when r > 2 and H, involves an operator 
which transforms every operator whose order exceeds 2 in G into its inverse 
and when, moreover, G contains a non-invariant operator s, Which is commu- 
tative with operators whose orders exceed 2 in G. If the central of G is 
composed of half of the operators of H, then s, must be contained in an 
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. abin group ) of type (11,1, 7-5) whose order MES that of H. Àsone * — 
of the co-set of G with Sn to this abelian group wguld contain more 
operators whose orders exceed 2 than operators of order 2 it may be assumed 
that the order of the central of G is less than, one-half of the order of H.. . Ite 
therefore results that the square of every operator of G is found iù the central 
of G and hence H, is an invariant subgroup of G. a l 

We may form Hm, m > 1, by starting with s, instead of with 8,. It - 
H’, be the subgroup of G composed: of all its operators which are  commuta- l 
‘tive with s, The product of an operator t, of order 4 in H’, and an “operator 
t, of order 4 in G — H’, is transformed into its inverse by each of the opera- 
tors 8, and 8; whenever tie order of this product exceeds 2. .In this case, it - 
results therefore from & transformation by sy that it tt = iyt tt and hence - 
t and £, are commutative. On-the other hand, it results from a transforma- - 
tion by &, that tt — 1,71,7. As the latter is impossible it. follows that the 
product of an operator of order 4 in H’, and an Opora LN of a PEST in 
G — H^, must be of order 2. 

As t; is commutative with one-half of the —_— of Hm and i is trane- 

formed into its inverse by the other half it results that it is commutative with 
. all the operators of order 2 in-H’, — Hm. Since t, is any operator of order 4. 
in -G— H’, all of these Me are commutative with the operators of the 
same subgroup: of index 2 under Hm.. This is contrary to the hypothesis that 
8, is commutative with i, but not with t Hence it results that. if exactly 
half the operators in each co-set with respect to every possible Hm are | of order 
. 9 and m —1 for one choice ‘of s, it must be equal to unity for every: Su 
possible choice. Hence the central of G is.of' index 2 under H. 


8 5. Conclusion S 


The most familiar — of groups in Vin at least €T of ‘the 
operators are of order 2 are the dihedral and the generalized dihedral groups 
and when the order of a group is divisible by an odd prime number there are 
no other groups which have the property that at least one-half of their opera- . 

` tors are of order 2. When the order of G is 2 theyé are other infinite sys- 
` tems of groups such that the number of operators of order 9 in the group 

_exceeds half the order of the group but in all these groups. the order of each 
. operator is a divisor of 4.. The dihedral and: the generalized dihedral groups 
may be characterized by the facts that at least one-half of their operators are ` 
of order 2, that all the operators of such a group which are commutative with 
an arbitrary non-invariant operator of order 2 constitute an abelian group of 
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type (1,1, 17- -+ ) and that they do not contain an abelian group of this 
type which is of even order and of index 2 unless the central is of index 4 
or of index 1. 

. One of the simplest systems of groups which are neither dihedral nor 
extended dihedral but have the property that more than one-half of their 
operators are of order 2 is obtained by extending the abelian group of order 
4"7-! and of type (1,1, 1, : * ) by means of an operator of order 2 which 
transforms this abelian group into itself but is commutative with less than 
one-half of its operators. The order of the central of such & group cannot be 
less than $+(m’—1) since the multiplying group must appear in the central. 
Hence these groups are possible when and only when m’ > 4 and the number 
of such groups for a given value of m is $(m/ — 1) — 1 when m’ is odd and 
4(m’— 2) — 1 when m’ is even. It may be noted that for each of these 
groups m = 1, but that r has two possible values. ; 

As a second system composed of groups which are neither dihedral nor 
extended dihedral but have the property that more than one-half of their 
operators are of order 2 we may consider those for which one co-set with 
respect to every possible H,, has fewer operators of order 2 than of larger 
order. ‘The smallest group of this system is of order 64 and every other group 
of the system is the direct product of m group of order 64 and an abelian 
group of order 2? and of type (1,1,1, : - - ). Exactly 7/16 of the operators 
of each of these groups are cf order 4. 

Finally, there is & third system of groups which are neither dihedral nor 

. extended dihedral but contain more operators of order 2 than operators of 
larger order. "This system is characterized by the facts that half of the opera- . 

tors in each co-set with respect to Hm are of order 2 and m > 1. The smallest 

order of such a group is 2? since if it is not dihedral or generalized dihedral 

it must contain at least two pairs of non-commutative generators when it 13 

generated by a set of B — 4 operators of-order 2 such that each operator of 

this set is commutative with all except at most one other operator of the set. 

Every non-invariant operator of such a group, has two conjugates under the 

group. By adding to the three systems just described the system composed 

of the dihedral and the extended dihedral groups we obtain the four possible 
systems of groups of order 2" which involve all the groups whose order is of 
this form and which have the property that more than one-half of their opera- 

tors are of order 2. 

To exhibit an important analogy between the-second and the third system 
described above it may be desirable to note that the second system may be 
characterized by the fact that each-of its groups may be generated by a set of 


* 


- 
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^w * 1 


ps E ne of order 2 such that each of these operators ee 
with all of the others except at most one.of them and that there are exactly 
two pairs of non-commutative operators in the set, whose products are of order 
4 and have different squares. ‘This system can also be defined by the fact that, - 
each of its groups contains the direct product of two octic groups, and when its 
order exceeds 64 it is the direct d one of this group of order Gt and an 


abelian group of als (LII rj l4 x» 


& 


+ 
"| e a — g "p 
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50 — — BuCHANAN: Periodic Orbits on a Surface of Revolution. 


Case II. If c= 22, or c— 2, = 2%, then z' woujd be real only when 
Z= 2, and would therefore be identically zero. In this case the particle 
would revolve in the horizontal plane 2 —2,, the centrifugal force and the 


reaction of the surface being just sufficient to overcome gravity. e 


Case III. If ¢ > 292, or C— 2,7» 2, it oan be shown by gn argument 
similar to that used in discussing Case I that the particle oscillates between . 
the same two planes z= 2, end 2 — c — %, as in Case I; but the latter plane 
is the higher plane. 

Thus if c is positive and not less than Z, the vertical motion of the 
particle is periodic, and therefore the last equation of (8) must admit a 
periodic solution. | 

It could also be shown by the usual analytic existence proof that the 
last equation of (8) admits a periodic solution. It is not necessary, however, 
to establish the existence of a periodic solution by either method for, by 
Macmillan’s theorem, quoted below, it is shown that if the formal construc- 
tion of & periodic solution can be made, then this solution will converge under 
suitable conditions. Macmillan’s theorem is as follows: * 

Jf ME 


dz : 
uh Gs dE. Ta; byt) (t= 1, - tt, tt) l (11) 


is a system of differential equations in which the fı are expanstble as power 
series tn 24, * , En, and p, vanishing for T, c Tp = p = 0, with coeffi- 
cients which are uniform, continuous, and periodic functions of t with the 
period 2jr: and if the f, converge for 0 StS 25m, when | vj | < pj, |n] <r, 
then the solutions a(t) are expansible as power series in u, or any fractional 
power of p, which converge for all t in the interval 0 S tS 25m provided | «| 
is sufficiently small. If the constants of integration -can be determined at 
each step so as to make the solution formally periodic with the period Bim, then 
the solutions so determined will be periodic and converge for all finite values 
of t provided | p | is suffictently small. 


84. The Vertical Motion in terms of aee Integrals. The integral 
(10) may be written 


ZETA a noe. " 
Lp ii Sa VG (tt) (10) 


We desire to express this integral in terms of elliptic integrals. The. neces- 


— * Trans. Am. Math. Roo., Vol. XIT, No. 2, pp. 146-158. 
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where A, is defined ig (6). The last equation of (8) is TT of the © 
‘first two and admits the integral 


ys(o—~#) 4-6, . 
Pree 07 2 000 


where c, is the constant of integration. ENT 

If the vertical motion is to be periodic, z cannot increase indefinitely. and 
therefore z’ must vanish for some value of t, t = t, say. Suppose 23 = Zy at 
t= t, Then since z = 0 at =% fo it follows that the ow of integra- 
tion in (9) has the value ! 


a= Agno n). 
Hence the integral- (9) eonen 2 T 


à 


>» 
E > 2/3 cux 
© 
-— - 





EA BC oe %) (89 — c +2). 7 0. (10) 


It is readily seen 1 from (10) that 2/ vanishes for 2 = hoy and also for 

` As p is — i be positive, no T of the paraboloid (7) will lie. 
below the zy-plane. Then 2 and z, cannot be negative and therefore, for real 
‘initial conditions, c cannot be less than ¢: Three cases arise according to the 
values assigned to c. They are: ` m 7 


Oase I. ^e, c < a. 
Case III. c7» 225. 


Case I. Suppose z, c < 2% Or c—% < Zo Then 2 is real so long 
as 2 lies in the interval z, > 2 5-6 — Zo. If the particle is started in the plane 
Z= 2, it cannot remain in this plane for Z = 2,75 0 does not satisfy the 
z-equation of (8). Moreover, it cannot move above this plane since 2 < Zo 
hence it must mové below this plane. Consequently 2 decreases or 2' is nega- 
tive, and the negative sign must be taken in (10). The particle continues to . 
fall until it reaches the plane Z == c — Z, where the velocity again vanishes. . 
As g == c—-2,18 not g solution of the z-equation in (8) and es z cannot be 
less than c — 2, it must increase, or: the positive sign must be taken in (10). 
The particle then rises until the plane ¢== 2, is reached whére the velocity 


again vanishes and the radical in (10) changes sign. Hence’ the particle | 


oscillates between the two horizontal planes 2 — 2, and 2 e c — Z,, the latter 
plane being the lower plane. 


: 4 
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89. The Diferential Equations. If the particle js of unit mass and 
moves without friction, then the differential equations of motion are 


g! =X, y'—Y, z—£Z—g, 


where X, Y, and Z are the normal reactions due to the surface, and g is the" 
acceleration due to gravity. Since the surface is assumed to be smooth, the 
normal reactions at any point are proportional to the direction cosines of the 
normal at that point, and therefore the differential equations become 


= 


y” = Y = By = Bry, (8) 
g” = Z — g = àF — g = 24(— p + d) — 9, 
where A is a factor of proportionality: 
These equations admit the vis viva integral 
a -+ y? + z” =a 2g(e— 2), (4) 


where c is the constant of integration. 

Since the equation of constraint (2) does not contain i explicitly, the 
factor A can be obtained by differentiating F( æ, y, z) twice with respect to t 
and eliminating 2’, y", and z” from the result by means of the differential 
equations (3). Then on making use of the relations 


q^ -p y? 2pz — Ref, T” + y” — — g? + 2g(e— 2), 
from (2) and (4), respectively, we find 
2g (2 — c) —g(p— do) LP du). 


a! == X — AFe = Az, 2 | 


(5) 


2A = 7 
-F 8pz — Re(f + pfa) + fe? 
The part of 2A which is independent of e is 
2g (2 — £e) — z”? 
pe O O, (6) 


p(p + 2z) 


(A). PERIODIO ORBITS on A PABABOLOID OF'REVOLUTION. 
* 


88. Proof of Existence of Periodic Orbits. For e — 0 the surface (2) 
becomes . e 


2 -+ y! — 2px — 0, / (1) 
and the differential equations (3) become | 
== ÀT, Y” Ag, 2° = — pi, — 9, | (8) 


- of the surface by 


` 
. 
LL. 9s * 
ta ? i 


Periodic Orbits on a Surface of Revolution: * | ds 


By DANIEL BUCHANAN. 


$ 1: "Iairoduction. The object of this paper is to determine the — 
orbits described by a particle which moves, subject to gravity, on a smooth: .. 
surface of revolution, the axis of Mu ig vertical. - Let us denote the uc 


d^ 


Mr ——— m G 


where p i8 & positive constant, c an arbitrary parameter, and $ a power series . 
in z? + y* and z, converging for z? -+ y* and || sufficiently small. There 
will be no loss of generality if we suppose that the constant term of $ ig zero, 
otherwise it could-be eliminated by a linear substitution for z, that is, by a 
translation of the zy-plane along the 2-axis. Since the equation (1) vanishes 
with x? -+ y? and z, it may be solved, by the theory of implicit functions, for 
g? -+ y? ae a power series in z converging for | 2] sunt small. Hence 
_the equation (1) may be expressed as 


P(z, y, 2) =a? + y! — Spe + ef (2) = 0, — » 8) 


where fisa power series in 2 converging for | z | sufficiently small. 

For e== 0 the equation (2) represents a vertical paraboloid of eria 
The generating parabola has.its axis coinciding with the positive z-axis and. 
its semi-latus-rectum equal to.p. Periodic orbits are first constructed when 
the particle movés on this paraboloid. Then the analytic continuation of 
these orbits is made with respect to e and in this way the orbits for the more ` 
general surface (2) afe determined. It was for this reason that the parameter 
e was introduced in. (2). p 

The form of the equation of n surface (2) was as suggested by a somewhat l 

similar equation used by Poincaré in his memoir, Sur les Lignes Géodéstques 
des Surfaces Convexes: Trans. Am. Math. Soc., vol. vi (July, 1905). Geodesic 
lines play the same réle 1n Poincaré’s memoir as periodic orbits do in this 
paper. 
.* Tt will be readily seen that when «= 0 the problem heré considered 18 
somewhat analogoni to the well-known problem of the spherital pendulum.j . 


* Presented to the American Mathematical Society, Sept. 5, 1918. 

+ For a complete discussion of the spherical pendulum, including~the horizontal 
as well as the vertical motion, see Moulton’s Periodic Orbits, chap. ITI, also Bendioonii 
del Circolo Matematico di Palermo, Vol. XXXII Á ma pp. 338-365, 
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VII : . 
Solutions when there are equalities and congruences among the a 


Suppose that two of the a, for example a(? and a£? are equal, and that 
a third one, say a, differs from a(? by an imaginary integer: Furthermore e 
we shall assume that there are no other equalities or congruences among the 
aO), ok cases arise here: (a) the solutions are of the form (64) with 
a(9 == a; (b) the solutions are of the form (55) 
Case P In this case we have 


-— 


F . co E 
D, = | eu | [1 — (1 — etm) ]* 1t [1—e(1 — eso) ]. 
j= 


In setting a — a® --3,, wo find that the term in D of lowest degree in 8, 
alone is of the third. To get the term in D of lowest degree in u alone we set 
0, — 0. Then it becomes evident at once that each of the first columns carry 
p as a factor, while the remaining ones do not. Consequently the term of 
lowest degree in p is of the third degree at least. Furthermore since the first 
three columns vanish when u == 8, = 0 there are no terms of lower degree 
than the third in 8, and p. Hence in general we see D of the form 


(60) D = 8 + ysSlp + Yos? F ' ‘tom. 
The problem is now one of implicit functions. The details of the special cases 
must be treated as they arise. However, we make the general statement that 
since the roots of the cubie terms of (60) set equal to zero are in general 
distinct, it follows from the theory of implicit functions that the three values 
of à, are in general expansible in integral powers of y. 

Case (b). In this case we have. 


D, = [1 —o(1 — er) ] n a(t — etait) iex 


On introducing 8, as before, we find Pe the term of lowest degree in 6, alone 
is of the third degree. But when the terms involving p are retained in D, only 
the first and third columns vanish when p —8,—— 0, and consequently the 
expansion of D will contain-a term im p? alone. Furthermore, since the first 
and third columns vanish for w = ô, = 0, there will be no terms of degree 
lower than the second in p and 8,. Hence in general D has the form 


(61) D = 85 + Yndie + Yoa? F’ ‘om Q), ° ‘ 


In the general case in which y,, and Yoa are not zero, there is one solution in 
integral powers of p ard two in powers of V y. 

When the roots a^? have higher multiplicities and more congruences 
among them, we make.a &imilar discussion: 


-= 
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in infinitely many variables in constant coefficients and from IV, the solutions 
are of the form j i 


E To ov oo P eo 
r (54) — Ti = 3d jLosue*; 05 -H às? p] | or | 
. l | 1 

(58) — ceo A,[cu5** TAa d Asl (oo 5 sudes gu s Xam] 


ane setting 624" == g/s — 1, the fondamental Nn CAM either , S 


f 


(56) D(o, p) = | [o (c1; + Aem): —e(c—1)]|--0 ^or 


(87) D(o,p) = | [e(ca e Ov +32” (2) ut) — ea (e — 1)], 
co N . ze d 

[o( (cis + Beg.) e Ov TtàÀTS (Rar) p®} — 6 (c—1)] ^ l1 0. 

For p= 0 both of these, by the theory of infinite determinants, reduce to` 


— 


z oo j - 
(68) D, == | cy | [1 — o (1 — e2x0r)]? a [1 —o(1 — e2,07)]. 


As before we set.a==a -- à,, and expand as a power series in ê. Then we 
see that the term of lowest degree in 8, alone is of the second. When the 
determinant is of the form (56) with af” — a0, the term of lowest degree 
in p alone is of the second in general. Then we have the same form as in VI. 
But if the determinant is of the form (57), the term in p alone is in general 
of the first degree. In the former case we have a consideration similar to 
that in VI; in the latter case, in general the solutions for 8, are of the form 


(59) | Boe) | i 
em pp — ui), 


where P is & power series in Vu and contains a term independent of p. The 
discussion of the special cases is made just as in VI. On substituting these 
expansions for a== a =}. 6, in (44) we solve for the A; as power series in 
Vp. These A; substituted i in (42) give ys, and ys. as power series in Vj. 

If p of the a“ are equal, then for these roots the expansions of D starte 
with 0? as the term of lowest degree in à, alone, and except in the special cases. 
corresponding to those mentioned in the foregoing, the term in p alone is of 
the first degree. Consequently in general for a‘ — a ER e, we have 


biy = elu? P (dpt), j= 0,1, - -, p— 1, 


. where eis a pth root of unity. 


" 
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Then since a, is not a multiple zero of D, not all the first minors of D = 
zero when a—a,. The ratios of the A; will be determthed from (44). 

pA is a non-vanishing first minor corresponding to an element in the ne 
column of D, it follows from the form of (45), remembering that we have 
gc? (t) = oett, that solving (44), we get 


"A T 
A, — "Fy Aj Ay J=3, 4, t, œ, . . 
where Aw=A® 4 A/D p1 4 AQu Eee f 


Aj = AU HAGO pW a ere e dy. 


On substituting these series for the 4; in (42) we find that the y;, are devel- 
opable as series of the form 


yn = yO yl is ch gia ee $—1,9,--- c. 


So we see that in general the y4, carry terms in MED the term in Vx 
is absent in the expansion for ae. 

However, if all the first minors corresponding to the elements of the first 
column are zero, and if there is a first minor distinct from zero corresponding 
to the elements of the second column, the results are precisely the same. But 
suppose that all the first minors corresponding to the elements of both the 
first and second columns are zero. Then suppose that a first minor corres- 
ponding to an element of the Ath column is not zero. Then it follows from 
the form of (45) that when a= aj, it will carry the factor u°; and let this 
minor be denoted by °A. Then solving (44) we get 





4 o A dy Ay vU A Ae Ay SE Ay g=nB 4° oo, 


where A,, A,, Aj, do not in None vanish when u= 0. It follows from the 
first two equations that A+ must carry u as a factor, since the A; are finite 
for »==0. Hence in this case the y4, have the same form as before. Simi- 
larly the yi, have the same properties. 

The solutions associated with a‘, a,---, are found as in the pre- 
ceding case. If there are several groups of a‘ in which these congruences 
exist the discussion must be made for each one sepafately. 


VII á ° 
+ Kolutions when a(? is a multiple root. 
Now suppose that two of the a” are equal and only two, and that there 


are none of the congruences treated in VI. Let us choose the notation so 
that a? — a‘, From our work in the theory of linear differential equations 


£2 


9 ! . E 
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(51) D (e; u) = 


T2 8 oia; 1 Z en, OFr 
: = 0, 
Jew] i UE ÎE- ER F aP (m 8) 


“ where as in (47) we have set a= af? -- 8. The term of nd degree in a 
alone is found by expanding the first bracket and turns out to be of the second 
degree. To get the terms in p alone we suppress those involving 8,, after 

- which ‘we get a factor » from each of the first two columns. So we see that 

in general the term of lowest degree in p alone will be in a case of the 

second utero sid we have. 


. 1 — yu ds e, Or Ex. 
(52) D | eu | b- Ta EET ü Im Jas a 
` + BaP, (A g) LA, (B, a) = 0. 
In a similar manner if p of the a a are congruent to a mod yes. 
-then thé term of lowest degree in 8, alone i is of degree p, andi in p alone it is 
of at least the pth degree. 
The problem of the form of the solution of (52) is one of implicit func- 
tions. Writing the first terms explicitly we have NE l - 


Eż i F- xaba + osi, + terms of higher degree = 0, 
Where kis Kos, ` " * , Te constants "m of à and p. On factoring the 
quadratic terms we get 
(58) (8, — — d,u) (8, — dau) + terms of higher diste 9. 
If d, and 4, are distinct, there are two solutions, and these have the- 
form * l 
(54) ô E (a), ba = dan + ëP, (p), 


where P, and P, are power series which converge for p sufficiently small. Tn 
this case the solution are found as in V. i 
But if d, and d, are equal, the character of the solution is in E 
. quite different and depends upon the terms of higher degree than the second. 
In general it will be a power series in -- V. This case we shall consider - 
in detail. . ` : 
l We see from the form of (53) that the expansion of a, a8 a power series 
- 1n Vp will contait no term i in Vp to the first power, but will have the form 


a, e aC 4- ‘Op 1/3 + a) T «yu (8/3) + TERT : 
. Suppose that this expansion has been: obtained Eo equation an. 
"TE " Algebra,” Vol. 2, pp. 358 ff. 


~ 


- 
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where Fy (8, p) is a power series in » and &, converging for 

|] <w, jel <p>o. : 


Since by hypothesis no to of the a(? differ by an imaginary integer, the 

expansion of (48) as a power series in & and p contains a term in ôs of thee 
first degree and no term independent of both » and ôx. Therefore we know by 

the theory of implicit functions that (48) can be solved uniquely for êr ag a 

power series of the form 


(49) ô= Prle), | 


which converges for | & | > 0 but sufficiently small. 

Now we substitute this value of a — ac? -- 8; in (44), and get an infinite 
number of linear homogeneous equations for the A; whose determinant con- 
verges and is zero, but the first minors of that determinant are not all zero, 
since by hypothesis, the roots of D, — 0 are all distinct and no two differ by 
an imaginary integer. Consequently these equations determine uniquely the 
ratios of the A; as power series in p, which converge for p sufficiently small. 
On substituting these ratios in (42) we have the particular solution si; 


$—1,2,* *'* oo, expanded as a power series in p. Hence we may write it 
` oO j 
(50) ya = X yP (0) pf. 
ja 


Since the periodicity conditions have been satisfied, . 


oO 
yin (t + 9m) — ya (t) — Sly (t + 22) — yi? (t) Jui = 0, 
for all p sufficiently small and for all real i. Therefore 
yd (t+ r) — yt (t) — 0, j= 0,1, 2, * - - co, 


whence it follows that the y, j==0,1,2,° ++ oo, are separately periodic. 
A solution is found in a similar fashion for each a. | 


VI 


Solultons when no two of the a are equal but when ai — a? 
= 0 mod V — 1. ° ` 


Suppose that when p = 0 the characteristic equation has two roots such 
that a? and a differ by an imaginary integer and that none of the other 
a are congruent to a? mod /— 1. Then we see from (45) 


~ 


e = 
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fore if the characteristic equation has no finite roots, then (46) has no finite 
Toots, if the former* has only a finite. number of finite roots, then the latter 
has only a finite number of finite roots, then (46) has an infinite number of. 
finite roots which yield independent solutions of the system (1)... 

Now since the solution (41) converges for all » sufficiently small, includ- 
ing zero, she failure to find an a for p= 0 is not due to clumsy analytic 
methods, but shows that the system (1) has no solution of the form (41). 
From the theory of implicit functions we know that if (46) is satisfied when 
a == a, then we can solve for a as power series in p, provided p is sufficiently 
small Therefore the existence of a root of the characteristic equation is both 
necessary and sufficient for the existence of a solution of the system (1) of 
the form (41), and the existence of an infinite number of roots of the charac- . 
teristic equation is-necessary and sufficient for the existence of a fundamental 
set of solutions of (1), each of the elements of which is of the form (41). 

We shall study in detail the case that the characteristic equation has an . 
infinite number of roots; and.we shall use only those values of a obtained from 
(40) which for u — 0 reduce to the values of a obtained from the characteristic - 


o 


 equátion. i à a 
When 6af — 1, the transformation ear —— o/e — 1 can not be made. 


Then as.in the case of constant coefficients when a= 0, we can make no gen- - 
eral statement about the solution, as the determinant of the 4, diverges then. 


: V 
Solutions when the a are distinct and a =a z4 0 mod ss 1. 
The part of (45) which is independent of p is 


-ar 


a 228,008 
pe | P a | == | ogy | [I RII paer) 


if (45) were an identity in p, its roots would be-the roots of (48), viz., 
aa”, Let us assume that we have the general case in which it is not an 
identity i in p, and set 20 


(47) t6 ama dh. C. | 
Then we E : | "n s ~ 
(48) — D(o, 2) = D, + whe (Be 2- | ; 


T - 5-20. x — -2(a(), £8 )r a 2-28 (è?) i l 
[eu | (1——À B | T sey s aotr). 
| 1 MUR eG v» Ta — g? (a aye. 
+ pls (8g, p) į P k. 
N 


t 
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to be determined. After making the transformation (41), the differential 
equations and their solutions become | ' 


oo Ë oo : 
y ayi = X [as + 30778 go» $—1,2, * * * v0, 


(42 
yi —3 Aet ao (1) +32 (1) b] teal, 2, "c e. 


On iniposing the conditions that the y, be periodic with the period 2r, viż., 
Yi (2r) — y; (0) = 0, we get 


, eo , 
(43) 0= 3 Aj [erem (2) — c« + eara (2m) p^], tom 1,8, 7 00 


After setting monos c/c —1, the equations (43) become 


(44) Om 3 Aseo? (9 +3 E 209 (2a) wk} — cy (e — 1) ] = 0, 
d aS 


To avoid the trivial cage where the A; are all zero, we must set the determinant 
(45) D(o,n) =| [o{e (2r) + 32% ()u) — cu (o —1)]| = 0, 


which is a condition on the undetermined constant a. Since the a“ - -+ Ise wh 
i t 


are the elements of a fundamental set, and c4, = 1, it follows that. D (o, w) 
converges absolutely for all finite o’s. If the fundamental equation is satisfied 
when a==a,, it is also satisfied when a— a, -- v V — 1, where v is any 
integer; but all distinet solutions of the differential equations can be obtained 
by taking v = 0, since the ratios of the A; are the same for y = 0 as for v = p. 
And for p= 0 the equation (45) reduces to 


(46) D, = | 027) ($2) — ci (c —1) | = 90, 


When &-—0, we have the case of constant coefficients which we treated 
in Il. Now we shall determine the cy; and the a‘ == A> of the solutions as 
we did there. But having the ci; we might also determine the a of the solu- 
tions by means of (46). Since for given initial conditions the solution of the 
differential equations is unique, and since the initial conditions are the same 
in the two cases, the solutions obtained by the former method and the solation 
obtained by means of (46) are the same. : " 

We recall that the cy; are not all zero if and only if the characteristic 
. equation has finite roots. Therefore for every root of the characteristic equa- 
tion there is a corresponding root o of (46); and conversely, for every root 
of (46) there is as corresponding root of the characteristic equation. There- 


- 


X 


. (40) "M (0) wh = cu, 


€ - > >» £ 
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are zero for c =c, ‘Hence we can solve equations (37) for Ba Bj, °° 55 
-terms of ya (0). Gonsequently in this case we get. a ‘second solution associ- l 
ated with a,, which is of the form (34). E 
In a similar manner we can go ahead step by step. ‘and get the uum , 

* group of. solutions associated with a, 


Ti = eig, 
ia = ent "In + tyn], 


| Lin = L amt [yu k tins End dou 1/(n— 1) -—! 


i c, is a triple root of D (e) == 0, euch that all first-minors are zero, but nöt 2 
all the : second minors are zero, the solutions associated with d: arè ` - 


- 





n Si e Yis Tis = exi Yta» Dig == ent [yi 4 (ya T 944)1- i 
AU the oUo cana can be treated, as they arise, by the methods given here; < 


7 IV 

Now let us assume that the system of differential equations (1) satiaty 

the hypotheses: of the second existence theorem, and in addition the coefficients _ 
in the power series expansions of the 6,, are separately periodic with the period ` 
2a. That theorem tells urinae the solutions of (1) can be written i in the form : 


139): PEEL ij=1, 9, ag pe 
And we e shall take the initial conditions such that 


- 
: E 
. ~ = LI 
* ^ ` * s 
whence . : : ` li 2 = 
- 
- LÀ ? T 
- .* . 
à : 


25 (0) ni i (0) -0, $ == E 2 oO. 


. Where the C1; are constants guch that C44 == 1, and their janine is abso- S 


m 


lutely convergent. These conditions coupled with the fact that ifthe- deter- 
miinant of a set af solutions converges and is not zero when t=O, it Eee 


and is not zero for every value of ¢ for which RZ converges, ghow that the: 


system (40) constitutes a fundamental set of sain oid . 
- Now we inquire if we can find solutions of (1) Br the form 


ECCE Ti = eng, 


. ý ( 
| where the y, are periodic with the period 2r, and a is a constant which. remains 


[LJ T 
^ ^ f 
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4 
/ 


[e v) 
0X4), = (c E 1). 0055 
3 * D(c) =0 
734 jbui — As (o — 1), 1- ola— 1)» °° Her 
So we have 


l 9a (0); ahin 77, 0 
Pe) D(e) = (1—o/o,) D, = (1— c/o) o i Feta 7D VETE 


Since o == e, is an n-fold root of D(o)— 0, D,(c) has the factor (1— 
a/o,)**. Since (27) constitutes a fundamental set, any solution can be 
expressed in the form 


co 
(33) T4 = Betty, T EB tee 1,2, ,00. 


Now let us make the transformation, corresponding to (19), to get a 
second solution associated with a,. 


(34) Tig = et (yi F iyn), T= 1,2, * * * oo. 


On imposing the condition that £i, shall DE the system (1), We e find since 
ehty,, 18 & SRM 


(35) PER m =], Ry " Be 


From the form of (35) we see that sufficient conditions that the ys, shall be 
periodic with the period 27 are 


(88) Yu (21) — yu (0) =O = 3 Byle urga (n) buo) 


— ryn (0) — 0. 
On substituting ea" == c, /c, — 1, (86) becomes ' 
oo 
(87) — —2v(o,— 1) ys, (0) T Bigi + Bell + olom — 1] = 0, kaj. 
The condition that these equations be consistent if, since c, <1, 
Yı (0); 91913) ^ ^ € " . 
(oc) = 9a); 1+ nGn 1)5° | =0. 


In (32) we showed that D, vanishes (n — 1) times when o = c, By hypo- 
theses not all the first minors corresponding to the elements of the first column 
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infinite number of finite roots, the system (1) has a fundamental set of solu- 

tions, each of the eléments of which is of the form (19). | 
The discussion of the form of the solutions follows precisely the same linea 

E that in the case of constant coefficients except when o, is an n-fold root of 
"(86) and not all the (n — k)th, k > 0, minors of D(ce) vanish for e =a. 

.Now let us assume that o == o, is an n-fold root of (26) and not all the 

first minors of D(o) vanish. Then there is only one solution of (1) of the 

‘form a, = 6g, where the y, are expressed as in (21). And let us choose ` 

the notation so that a minor corresponding to the elements of the first column 


is not zero. 
Then we take a8 a new set of solutions 


(2%) Tiy == itg. 244 = pi (t), i=l, 2,'** 0, Joma, Bs ss ©, 


This set of solutions can be shown to constitute a fundamental set in a pre- - 
cisely similar fashion to that in II, Then we make the transformation 


, Ty mm ertz, £m Í, 2, 7 bee o. 


As above we get 
; | " l 
(98) aye ott Amy t 3404)], tor 1,2,- ++ co. 


N ecessary and suficient conditions that the z; be periodie with the period 
ew are | 
TU $— 1, 2, "* * QQ. 


On imposing these conditions on (28). we get 


(09) — A,[e?e? ris (Be) — v (0)] +3 Ail des n) ear — ges (0)] = 0. 


After setting eam — c/c — 1, the equations (29) become | 


: 00 
(30) diti 9/o,) Yi (0) Ta apei aa A,[1 + o (drr — 1)] = 0, 
a 38 kj, k—29,8/--- o, $—1,9, --* c, 


due fundamenta] austen for the equations (30) is 


R (1— e/o, ts (0), ohin "7 7 2d r 
(31) (1 — o/co,)93: (0), 1--e($,—1),"- | — 0. 


Making use of (21) and taking 4, — 1, equation (31) becomes 
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Since the system d, constitutes a fundamental set of PER of (1), any 
solution of (20) can be written 


oe 


(R1) y= oe a Apu); ten 1, 2, eo. : 


We now inquire whether i is possible to determine the Jis ald a so that 
the y, defined by (21) shall be periodic with the period 2v. From the form 
of (20) it is evident that necessary and sufficient conditions that the ye -be 
periodic ` with the period 2r are. i 


(22) yi (2r) — yi (0) = 0, $— 1,2, a. 


On imposing these conditions on (21), we get 


(23) 3 A,[o%F 4s (92) — dis (0) | ea (), (<= 1, 2, e. 0o 


Then we make the transformation 
(24) gar — o/s — 1, 


assuming of course that &?«7 241. Then the equations (28) become ; 


(35) - X Ayodus (27) + A [1 oo (ó (97) —1] — 0, 
$35 4j, $— 1,2, eo. 
In order that these equations have a sini other than that i in which the A, 
are all zero, it is necessary that the determinant of the coefficients be zero. 
On writing the ¢i;(27) simply $i; the determinant is 


1 -+ o ($43 — - 1), 015, n 
(26) D(a) = Oba 1 T o (ss gap D = 0. 
l . . " a " ; ; eve e i 
This determinant, we see from the fact that the determinant of $4, converges 
absolutely, is an integral function of c. Equation (26) is called the funda- 
mental equation associated with the pus arr, and does not admit e = 0 


4 


| 88 a root. 


As in the characteristic equation in II, the fundamental equation may 
have no finite root, a finite number of finite roots, or a denumerably infinije 
number of finite roots. 

As in the case of constant coefficients, if the fundamental equation has 
no roots, the system (1) has no solution of the form (19), if the fundamental 
equation has & finite number of finite roots, the system (1) has a finite number 
of solutions of the form (19), and finally if the fundamental equation has an 


E 
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Then by-a precisely ae argument to the foregoing we can Show that —— 
Tiss Tia, Pijs ci RT eda pa 4, * c, 


constitute & fundamental set. | 
When for a given value of a the characteristic equation has a ost of Digne 
multiplicity? discussions similar to the foregoing must be made. "is 
* We should expect to treat next-the case that A(A)= 0 has a root of infinite. 
multiplicity. But Such a cage cannot arise. For we have seen that A(A) is - 
"an integral transcendental function of A. Therefore it can be expanded in:a 
Taylor's series in the neighborhood of any finite A. Suppose that A, were a 
finite root of infinite multiplicity. Then A(A) vanishes together with all of 


its derivatives when A~=A,. Hence A(A) vanishes at every. point in the .. 


neighborhood of Ay. Then it is identically zero. But this is not true, for - ; 
when A==0, A(A) — 1. Hence A(A) has no root of infinite multiplicity. ` 

If a= 0, wé can not make the transformation which carries the system | 
(12) into the system (13), and the determinant of (12) diverges. Then we 
.do not know whether the equations (12) have a solution for the er not all 
zero; but each special ‘case must be considered as it arises. 

To sum up our results we have : 
_ ‘Theorem IV. If and only if A(X) has an infinite number of roots M, the i 
~ system. (1) has a ena set of solutions each of whose elements is of 
the one 

quj oem O25 hey (t), n J =], 2, ++ + 00, 


where a, = — d /^1 and the yı; are polynomials in tof degree ù at most (n— i; *: 
and n is the. order id a E of the root Me l 
HD. : B 
 Nów we shall assume that the 6,, of Theorem I are periodic with the, 


period 27. We have seen that the De 2 has, 88 a TOT derent get of. 
solutions, the set $4 (1), where 


(8); $«(0)— 1, $40) = 0, i22 j, TM Bee 
Let us make the transformation | 


LÀ 


(19) - | - mE mem ent, | ° 


where ais an undetermined constant, Then the equations .(1) become 


(20). Ut oy Kea (Oa t= 1,2,+-- o. 


: ` P + = 
7 * A - 4 * 
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Next we make the transformation y= days + dig, pcc, yum dy, Je 

da’ +++ * and determine, if possible, da dẹ * * ' , uk: that y^ = ay; + Yr 

Then, as in the foregoing, we get the following, infinite Bet of equations for 

the determination of the d's is 
` (a — a)d, -]- aala + anda H ^ ++ =), ° 

(117) < 0 ud MG MG i: Jl + tom 0, - : 


On setting a= —1 /^s we get an equivalent set of equations for the deter- 
mination of the d's, the determinant of which is 


1 + Aa, A25, 
aen 0, Ferme i 


1 -+ À (as; — lgm) ^" 
= (1 -+ àa) À (laa — rM) t 











By making use of the amadis (17), the reader will convince himself that 
A, (A). is identically equal to A(A), for it is obtained from A(A) first by inter- 
changing the rows and columns of A(A) and then multiplying the elements 
of certain rows by certain quantities and adding them to the corresponding 
elements of other rows. Furthermore there is a first minor of A, (a) which is 
not zero when a==a,. This minor involves the elements of the first row, 
since all the other first"minors vanish. ` 

The determinant of the coefficients of the equations, omitting the first 
one, is zero for a = œ, since when a ~a,, A(A) has a multiple root A,. There- 
fore we can solve for the ratios of d,, da *- * - . Then let us substitute the 
. values of the d's thus obtained in the first equation of (17^). First, we know 
that the sum will converge *; for the d's are proportional to the first minors 
of A, (A), and the sum of the products of the elements of a row and the cor- 
responding first minors converges. Secondly, since the d's which we have 
determined carry án arbitrary factor, we can finally determine them so that 
the first equation is satisfied. . 

Therefore our equations have been reduced to 


(1^) yi ago Y mg. H ago 2] — ay, H ay + ax, +- 


where the a“? are the transformed a; of the original equations. And on solv- 
ing the systems (1^) and (1^7) and putting in place of y, and y, the còr- 
responding valüe of z, and Ts, We See that the solutions of (1) associated with 
a, are 

Ti, = 04,05), Big = len -} ten) eht, 1,2, * * - oo. 


* F, Riesz, “Les systèmes d'équations linéaires à une infinité d'inconnues," p. 34. 


~~ 
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that G 2) 1s not Zero, We get two independent solutions of the form 


(qaa m C408, Zig —À: i—1,8,':* c, | 
«hich wath dis, J 703, 4, * > 00, constitute a fandamental set; for : 


As, + AP bry Ads + As dus ` 
= [AP n H AP dw AP On + AM as Pm ic 


? , 2 


bus ROM i 


Zap Tag, $1» us 











-— ge 
and the 49, A9? may be taken to be zero, and A‘ — AD æ], Bo these. ` 

solutions, we see, constitute a fundamental set. l 
Next let us assume that not all the first minors of AQ) vanish whei 


a =a a, — a4; and let us choose the:notation so that the first minor- ) is not . 


. zero . Then to get a solution associated with a, we make the transformation’ 
y = b,x, + bgt, t ' , Y =b r + bar ‘+ and, if possible, . deter- 
-mine the b’s in such a manner that y/— ay. On dde these cae 
in (1) we get b,[a2, + ats + T5 [east F Gast, H 
cu d^ e] "A 
This equation must hold for all initial values of the 28^ Therefore it is an- 
identity in them; and the b’s satisfy the following set of pra 


[3 —a)b, dus d oe eae ee 
(17), LM LT (Gog —2)5, + + + —0; 


In order that these equations have a solution for the 6’s not all zero, we get 
as a necessary and sufficient condition, just as in the case of.c’s in (18), 
A(A) = 0. This condition is satisfied, for we have assumed that when a — a, 
the characteristic equation is satisfied. Furthermore we have chosen the nota-: 


tion such that the minor (1) is is nof zero when a= œ. Then we get for the b’s 


Pal 


bj mb; j—1,8, *** 00, 


where fm; == O, For convenience we shall take b, — 1. Then the equations l 


D MU 
become ` 
RT Y= gs l ; 

lal— Aes. + M mu d n Gf) +, 
(1) wo o» — Wo res d E NEM E rr 
T= nij: F s — ms : (t — On + 


4 ` 
?, . * * e . . Å. "1 t 
* 
E 


' s 
. 
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Theorem TI: If the 04, of (1) are constants and tf A, ts a root of 
A(A) = 0 such that all minors of order r — 1, but not all of order v, vanish 
for X= A), then there exist r independent solutions of $ of the form (11). 


Now the characteristic equation, since it is an integral transcendental 
function, may have no finite roots, it may have a finite number of finite roots,” 
or a denumerably infinite number of roots. In the first case the c, are all 
zero, in the second case, a finite number of solutions of the form (11) exists 
and in the last case an infinite number of the form (11) exists. This is the 
case we shall study, for this infinite set constitutes a fundamental set of solu- 
tions as the following discussion shows. l 

For each A that is a root of A(X) = 0 there is a solution of (1) of the 
form 


(16) / Tig == cient, t j= 1,2, * "oe. 


We know that the system (1) admits the fundamental set of solutions $us 
J= 1, 2,° ** coo, where $4(0) —1, $4,(0) —0, +547. Consequently 


LI o " 
Tii EE X AC $a, 4 ox 1, Ry dinh Ed oO. & 
Ec 


First let us assume that the a, are all distinct. Then it follows immediately 
that the system (16) constitutes a fundamental set. For consider Ta, $43, 
t= 1,2, -+> 0, J= 2,8, * * æ, 


00 
ZAM Dy Dis x 
Es €". os Pir (in ccc 


= {1} t a @ 
3 AMD didus ers Ai $sp Paz 
key k . > * s 


3 3 
a C FRE | 


Choose the initial conditions such that AC — 1, which is no actual restriction 
since we are merely determining the arbitrary constant which enters, and we 
can multiply our solution by a constant, not zero, when we are through if we 
choose. Thus Tu, $4, t= 1,2, >> œ, j= 2,9, * * * co, constitute a fun- 
damental set. Similarly we show that z4, Ziz ¢1;, constitute a fundamental 
set, where j = 8,4, * * * œ. Continuing in this manner and passing to the 
fimit we see that the a, i j= 1,9, * - - co, constitute a fundamental set. 
A result of this determination of the arbitrary constant ig that (4;— 1. , 
Next let q, = a, and aj5&a,, J = 8,4, -+ - oo. There are two cases 
that may arise here, viz., all of the first minors of A(A) vanish when a == a, 
or not all vanish. Consider the former case. Then (15) assures us that we 
can solve for the c; in terms of two of them. On choosing the notation so 
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 ditions that such a solution exist dre ss 2 
TUE (dy, 94) Cy + 368 F 03308 + n. 0, ! l 
P. 4 86 Cb aoc ji "s docere cep l 
e m i . » 7 . . , ' am 
"In order to Bee that (12) can have a solution for which the c, are not all zero, 


we make the transformation a = — X5, assuming x course that a a is not zero. 
- Then the equations (12) become. ài | 


(L H Ata) 6, - Mats + ai | 
(18) a x E — qon rei 


In order that the adus ons (18) have a plato in which the c, are not all . 
zero, it is necessary and sufficient that A be a root of 


Z 1-24, Adag, * 
42) A(A) = AM, L -F AM. com, 








Equation (14) is called the characteristic equation. Since the a; satisfy the’ 
hypotheses 6f Theorem I, it follows that A(A) is an integral function * of A. 

. If A, is a root of (14), then there exists a finite number r such that 
-A(A,) together with its minors of order 1,2, - - - , * — 1, vanishes; but there. i 
is at least one minor of order r which is different from zero.} Let the minor 
which is obtained by replacing the elements in the ùth row and the &,th . 
-column by unity and the remaining elements in that row and column by zéro, 
and so on up to the &«th row and the k-th column be denoted Dy. 59 23 

Hi $t pi bed 
ky, ky, > kr 


and suppose that this minor is one which is different ion Zero. Thon the -. 


system (13) oo the solution f - a . E 


; : | f i t i 

" 2 B 
depending on r independent PUN ds fes & 2 and admits no others. 
"To sum up our results we have the. following | p 


7 


TM 104, | = fBeo K, p. 108. t See K, p. 109. 
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We see that the determinant of the $,; is absolutely convergent. 


Theorem II. Suppose that the dn (1) satisfies ¢he following hypo- 
theses: 
(H,) The bı; are expansible as power sertes in a parameter p, Which converge e 
for all real | t| E sf |u| <p. 
(H4) For y — 0, the 04 == a4, where the ai; are constants. 
(H,) The 0,, satisfy all the hypotheses of Theorem I uniformly with rupe 
to nif |u| e 

Then the solutions of (1) can-be expressed as power serves tn p, which 
converge for | p| Spy < p and for all real t| « R. 


^ : oo , 
In Theorem I we showed that z,— f, 3 Bt? t, |t|<B lel <p, 
"si 
where ng = PO (89, $ nS " gy). 


oO 
In particular a E n. ' The a are power series in p. Hence 
ij P 


- 


par = EGT iT nd = 336, which converge for |æ] « p. Then by 
a s wellknown theorem in "hs theory of double series, we infer that BD 
3 ous, |a| « e. In a similar fashion we proceed step by step, and show 


that the 8? are also power series in p, which converge for [zl <p So we 
have 


oo 
(10) 2; = X6n(u), i= 1,2, +> c, 


which is m convergent for |a] 5S p < p, and where diz(p) = 
gm Heete. Then by a well-known theorem of Weierstrass, we 


know that we can rearrange the series (10), and write it in the form . 


ee See |» | Spo <p, | t | < E, i= 1,2, "tt e. 
z 
IH 

Now let us assume that the 6,, of Theorem I are constants ; and let these 
constants be denoted by as. We inquire whether the system (1) has a solu; 
tion of the form i ] 


(i1) Ou = 040, 


"t" i 
where by (H,) of Theorem I Ya,;c; converges. Necessary and sufficient con- 
fà 


^ = 
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To prove the convergence: of [» consider tho mien of differential — 


equations ie l l bh 


(8). E= SR TV imi. ph Le. nin, 


; Opis subettnting & = Bs n i Um in 6) and equating coefficients, | we wi 


- - 


P 


| E dp = BATH”, 2 ` : ca dw 7 3 

ayo - 8a Tj. 

(6) 

QD eed a Mey, pe 

On comparison of (6) and (4) we see that y? > [BY |, 4j= 11229, °° o. 

Hence £ dominates z; for every 4. | | IE a E 
From (5) we have E c c : 


+ E = 
bi F = = - ` 
* ^ H E a . E a 
- i > a [4 - - : 
` = 
» ~ 
(7) aa gg a 2 wc D^, i " 
be = 
r ‘a A 
- - ` - ~ 
4 = - T b » 


On taking £(0) —0; wo have CALME 


(8). vs i — Bi B i138 2, D. - 7 IR . 
Therefore cach een (5) reduces io | E ` 
(9). yes PaE © eS Oe, i 

"where 0 = - &,T, J8,1,4d-.:- ; K-BT, 4- &,T, 2L: yee EOS 


- From the theory of a finite ne of differential EUN we know that (9) 

/, has a unique analytic solution for-.| t| < R.’ On combination of this fact 
with (8), we see that the- solution (2) of (1) converges when | £T [Bena 

Now we define as a fundamental set of solutions of (1), a set such that 

` every solution of (1) can be expressed as linear homogeneous functions: with - 
constant coefficients. of the elements of the set: Then-if we denote by di the 
elementa of the fundamental Set, it follows that: the determinant of the $4 

| converges and is not zero for all |t| < R, and conversely. Furthermore it 


Z6 (t 
fias the form A— PL EL all | <BR, where A, is the value of 
the determinant A when t = t. If, for example, we take the’ solutions defined 
by $«(0) trm 1 and $4, (0) = 0, v7, We 800 from (8) and (9) that : 


Si d (60t — 1y bend LIES I (ee — 1) bv 


~ - ~ - ~ 
æ 7 
- - 


Ven Se 


: E 3. 


- 
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I 
à 
The differential equations which we shall consider are of the general type 


oo 
(1) Rs biz (t), t= 1,2, +: œ, 
Si 


where z^ is the derivative of z; with respect to the independent variable t. 
Concerning this system of differential equations we shall establish two 
existence theorems. 


Theorem J. Suppose the system (1) satisfies the following hypotheses: 
(H,) The 04, (t) are analytic — of t when | t |< RB. 
(H4) Positive constants, 8,, 8.,°°:, T4, Tas -++, exist such that | Ou (t) | 
< 8115, t| < E, and 8,T, + 8,T, Fi ++ converges. 
(H,) The z.(0) — Bi, where the Bx are constants such that B T, + B,T, 
converges. 


Then there exists a unique system of funcitons 
oo 
(2) T = Bi + X BP Y, t= 1,2, ° 7° &, 
jz : E 


which satssfg the system (1), and which converge for |t| < R. 


Although this theorem was established by von Koch,* it will be proved 
briefly here because the notation and the results are essential for the later 
parts of this paper. 

From (H,) we have : 


(3) 04 (t) =a qu pee ' $4 71,2, c 
Upon substituting the series (2) in (1) and equating coefficients, we get 
(1) Š (0) (C0) 
B; rd B ? 
sd 
cay | PRAY + a0") 
s e 


; "e 
(A+ Lypar s ah B®, where BO =m By 
=1 kz9 
We see that the formal solution is unique. 


* Loo. cit. 


On the Solution of Certain Types of Linéar Differential 
e Equations in Infinitely Many Variables. 


or l By WEBSTER G. SIMON. 


The main purpose of this paper is to prove the existence of certain types 
of solutions of particular kinds of linear differential equations with periodic 
coefficients in infinitely many variables. As a means to this end the.existence 
of exponential solutions is established for certain types of linear differential 
equations in infinitely many variables with constant coefficients. _ 

The starting point is tlie existence theorem given by. von Koch,* and a 
generalization of Poincaré’s theorem + concerning the development of the solu- 
tions of the differential equations as power series in a parameter p when the’ 
functions appearing in the differential equations are themselves power series 
in gp. Then our work is very similar to that of the finite case, the finite 
determinants becoming infinite determinants which together with all their 
first minors converge absolutely. 

‘The type of determinant used in this paper is more general than the ~ 
normal determinant, and is the following.§ The determinant | 


lcs s 5.9 ccc 
031, 1 + ayy, Gag) tot * 
Nr Asa, 1 -F da; fa 
` E dos d ied. LEM 
? 2 > 


is such that there exist two sets of positive constants 8,, S,,-::,7,,7.,°°°, 


oO | 
which are of such a nature that | a4, | < 9:7;, and.% 4,7; converges. This 
1-1 


is & type of infinite determinant given by von Koch,§ which together with all 
its minors converges absolutely. 

Using the methods thus indicated, we find that many of the phenomena of 
the finite systems are carried over into the infinite systems ps differential 
equations, || 


* Von Koch, Ofversigt af Kongliga Vetenskaps Akademiens Förhandlingar, Vol. 56 
(1899), pp. 395-411. 
f Poincaré, “ Leg Méthodes Nouvelles de la Mécanique Céleste,” Vol I, chapter TI. 
$ Von Koch, dota Mathematica, Vol. 24 (1001), pp. 89-192. Hereafter our paper 
will be denoted by K. 
See Moulton and MacMillan, AMERIOAN JOURNAL OF piace Val. 33 
(1911), pp.-63-96. - 
ae 
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the Green's function‘for a square with the point of a at the center 
and diagonal of lefigth 2: 


Gm —log r 28 —14 rt os 48 — 01 r” os 86-+.008 + cos 199 += 
= Be CD LE Er ae EE ) 5) 


: m 


approximately. 

Thus we see that the expansion for u, that is, G+ bes is the real aT 
of an expansion in fourth powers of s. This may be verified by examining. 
the expressions in elliptic functions, obtained by the method of images, for 
the square with the point of discontinuity ànd the origin of co-ordinates at the 
centér, `The character of the expansion for the Green's function for the square 
- suggests immediately that for a regular polygon of p aides (p any positive in- 
teger) with discontinuity at the center, u will be the real part of an expansion 
in pth powers: It is evident at once that this is true when p becomes infinite, 
for in that case we have a circle for which wis constant. This may be shown 
to be true in general by making use of Schwarz’ mapping VENUES for & 
regular polygon of p sides. 2° 7: ; D 


+- 
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From the second of equations (22) we have Can = 0 for every n. Thus we 
obtain a new set of functions 4", all of which are orthogon2l to &,, as follows: 


d — R cos 0 d; — R sin 6 
$ — E? cos 20 i! — R? sin 26 
l d; — R? cos 30 P= R sinse ~~ 
i, — R* cos 46 — .48826 - O%—=Rsin46 ° 
a — R” cos 58 l - | @== R sin 58 
$= E? cos 80 — 1.11259 $= E^ sin 86 
= R" cos 120 — 3.01549 $ = R” sin 126 
Now we take ©, and orthogonalize $/, d, d, =+ to it in the same way 


as before. This process is continued until a sufficient number of orthogonal 
functions has been obtained. Finally these orthogonal functions must be 


. $ 
normalized by dividing each function ® by æ? d i . Denote by Yp $, 
: o 


Puo ies , 88 in the preceding section, the normal, orthogonal functions 
obtained in this way. 
Next we determine the A’s by means of the formula 


arr l 
An= f log E(6) Yn (0) dé. 
log (6) v» 


Finally, substituting in equations (18), we have the required constants for 
the square, namely, ) 


oo 
Cy == X4 Ay = — .98653 —.05516 -I-.00883 -4.00474 -+ +++ — —28 
200 0429 l 


Cy mem Cy = Cy == C, = Cg = Cg == 0 


C, = H didis. —. 11296 —.02100 —.00834 -p - - -ma — 14: 

Ca = Cy = Cio = Cy, == 0,4 = Og m 044 == 0 . 

Cys = ET = — 00194 —.00018 -=m 01 
Cg == Cig = Cig = C, == Coq == 03, = 0,4 09 0 ° . 
C25 ads = +-.00153 + ++ == -4.002 -+ l 


á 


Putting these constants in equation (5), we have the following formula for 
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j zo + Gnir 608.0 + arain 6 
: Yam Ago ene een r-— cos 20 


"Now substituting for the ceti adis Ay from the oquation (15), we have 
T d —— log e + 3s. 0) fano v, (6) d$, (17. quy 


| which, since the matrix (as) is limited, can be written 
. i r co. on - X NN os 
G— —logr-k f log R(t) X [9 (n, 0) 90] t. (22). 
: a Q0 2040 jos ‘ " - 


. Thus we have an expression for the Green's function in terms of a line integral 
around the boundary. When r  R(0), y(r, 0) = Y: (0), and the last mem- — 
ber of the equation (21) becomes the i NUR for ing Rin terms of the Ws, 
80 that G vanishes Heer 


Ln t. 


Application to a Square Contour. 


As a simple application of the above, Jet us find the Green’s function for 
a square with discontinuity at the.center. If we make the apothem of the 
square unity and measure angles from it, we have for the function B` 


R(6) == sec ` —r/4 = u- on /4: | x 
R(6) = csc 8 riia aA (23) 
R(6) = — sec 6 Bx /4— = Ba /4 . 

| R0) =— ecb  ba/t= = Te /4. 


. Beginning with the first function @, == 1 we shall first orthogonalize all the ` 
other functions to it by determining ee and Can to uds the "ONE 


equations: ia 


I» Gms E Canio) Bp dO x= 0 EE 3 l (24) 
w ‘ : i 
) ar (Pox — Cis ba) o, dé mE 0. 


From the first of these equations we have Oms — 0 for n odd and n /2 odd; | 
that i 18, 


EAE TE EE -- SRR — (), 
For n/2 even ` a 


` Ozna = 2/7 f gec"Ó cos nd dé. 
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zT z 
J Er osno dO s B Hogna (19) 
2r 
f Br sin n0 db —= b* Po den pH. 
Hence for every k, we have 
2T ar "E: 
Dhan < S o E” cos n0 ag < f Be» do = 2e Bin . 


25,k 


zx af 
bf B™sin nd do < f dd =e RM ; 


so that we have, for the norm of the sequence {bix}, 


3 b? e 4r Rm i= 0, 1, 2, TERRE : (20) 


3g-; fag 


But the maximum value of R(6) is always less than unity. Hence the right 
hand member of equation (20) is an absolutely convergent series. Thus we 
have proved that (b,4).i8 of finite norm for every k. 

(2) The second condition is that the matrix (ax) of the coefficients in 
equations (18) shall be limited. This we can show to be true as follows: 
Consider first the matrix (biz) of equations (18). From (19) we have 


o i oo 
3 žb <4r3 HE" <M, a constant; 
4-0 k-0 2n MaS : 


that is, the 6’s are of finite norm and hence* the matrix (by) is limited. 
Now the matrix (a) of equations (12) is the unique reciprocal of the matrix 
(biz), and hence is itself limited.+ Therefore its conjugate, the matrix (ax) 
of equations (17) is limited. 

(3) The third condition is evidently satisfied; for the sequence {A;} of 
the right hand members of equation (17) is of finite norm since the A's are 
the Fourier constants for the expansion of log R(@) in terms of the Ys. 

_ Now by Mrs. Pell’s theorem it follows that equations (18) give an actual 
solution of equation (17), and hence give us the required expressions for the 
constants c. 

Formula (5) for the Green's function may now be written 


G = — log Po Ay T Ah + Aaya + Aspa H tereent ’ 
where ° * e 
Vo = Boo 


V, = Ayo F f COs O 


* Hellinger and Toeplitz: Math. Ann., Vol. 69, p. 307. 
" t Hellinger and Toeplitz: Math. Ann., À, o., p. 311. 
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for each c in the.form of an infinite series involving the b’s and the A's. 
then, we substitute,for the b’s from — (14), we arfive at the impie 
: reult - . 


+: pital igh Ral batten: 
at Oy Ay + ds F G43 + andy nn f 
«UU Lge z T Plin a7 a a Gidget RNC 
^ us db de d. ox. Ge OR COE. R6 dk xe X 4 UE m ACS) 


"E 
07 Cm — X Om Á 
2 im 
Substituting this solution in equation (6), we have 
| | o0 ^ O0 co l | 0 P. co 
X A oda T3 3 (3 M i A cos-nó +3 > 4, 4x AE" gin mnt) = 2 Aiti. 


It is sufficient to situs equations (12) by M5 Ag Ags ete’ respectively, 
and add, to verify formally the correctness of this sqastion: Now since we 
know the c's exist and are unique, if we can prove that equations (18) give 
an actual solution of (17), this is the only solution. To prove this we shall: 
make use-of the following theorem due to Anna J. Pell: LE 


l Theorem: If the sequences {Ax} and (4) are such ‘that the sequence 
eee (aA) is of finite norm for every b, and the matrix (Marx/p) is limited, 
then for every sequence (Ai) such that ees is of finite norm, the nee 
of equations 


.* .3 birti = Ay. 0 . (k =0, 1, 2, 8,: ++: . ) l 
` has a solution c such that {Arcs} is of finite. norm, and the solution is given by 


a= S aA, 00 (k=0, 1,2,8, y) 


ex 


Making M » pi = l, we can show that the three conditions required by 
the above theorem are satisfied, as follows: 

(1) The first condition to be. satisfied is that the sequence {bi} shall be 
of finite norm for every k; that is, the coefficients in equations (18), taken by 
columns, must give sequences of finite norm. This we can prove as follows : 
Since the Ys are normal, orthogonal functions.we ae for every. n, 


—Á 


^ Ana. of Math., Vol. 28, p. 85. We have changed Mrs. Pels notátion to conform 


“= o 


M 
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Solving for the ds, we have 
o, EX R cos 6 = bao Yo -L- b, v, 
®, E—— R sin a oo in + ae + si * 
Te = m cos Y= a Dae % d Dans "n + Dens, a pe p. (13) | 
4 bans ana Von ^ 
Pon as E^ COs n6 = Dan, os T ban, iv; + Ban, 2 + s al M ee 
|" Das, anii Vana F Don on Van 
. * * » ; 
where . | 
lmi E Gm, "al 0 0 Sox UE. eee 0 
mis, m msn, 41 mag, mas Ott n 0 
1 = * + * s * è *. * * * 
des NM LE LRL 
Bei Gm, m Ome, mai 77777 ann : 0 
On, m Gn, maz Cn, mí» Onymig 777 Qni n3 
f |On, m On, max On, mig Um mas Cr PP qc: 
Now expand log E(0) in terms of Po $y, Byres’ thus: 


-— 


log R (8) =% Ait, 
4-0 
where the coefficients are given by 
ar . : 
Age J log R(8) w: (8) dé. (18) 
. 0 

Substituting in equation (6), we have 
Cy (booto) + Cr (P4, + 0,19.) T Ca (b V, + ba Y, + eae 


pore —AAw. (16) 
where 6, €, Ca * * * ** are the oem constants required. Comparing 
coefficients of the Ws on each side of the equation, we have 

boo Co -F 539 €, + Deo Cy 0g 0s SE Ron ees == A, 
bii Cy H bar Op ~ Bar Cg + aaa v =Å | .. 
°. baa Oa F baste dort nnn =A, : (17) 


an infinite set of equations for the c’s. Solving this set of equations formally 
for each c by eliminating the other c's one at a time, we have an expression 
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functions which will be orthogonal for the variable 0 between 0- and 2r. 
These functions we can construct by the method of Goursat, provided the 
‘functions are linearly independent. We shall iret investigate this matter of 
linear independence. 

An infinite set of functions.@,(6) are said to be linearly independent if 
. no finite number of them are linearly dependent; that is, if no equation of 
the form 


Oor, + C, b, 1 T Cb, + C, + = ow eS : + Cnr err 0, ~ (11) 


where the c's are constants not all zero, exists between a finite number of them. 
For the set of functions we are considering there certainly do exist such rela- 
tions for some contours r== E(0). For example, if R == sec 0 we have 


— 


$, — D, = 0; ' ] 2b, — d, — 0. 


However, for no'closed finite contour can such a relation exist. For, suppose 
we consider a contour r == R(6) such that a linear relation of the form (11) 
exists. Then the left hand member of this equation is the value V(2,6) of a 
harmonie, function V(r,@) ona oe closed contour; hence by Gauss’s mean: 
value theorem, 


V(r, 0) za0 


for all points inside the contour, which is only possible if all the coefficients 
vanish. Hence the set of functions 


Po = 1, $, = A cos 0, b, — R sin 0, P, == B? cos 20, +++ +++: i 


and in fact any infinite set ,(6) obtained in the same way ion a inesi 
independent set of two-dimensional harmonics $«(r,0), are linearly inde- 
pendent for all closed contours, in particular for polygons. 

We can now apply Goursat’s method and form a set, Y, Y, ... . .. ; 
of normal, orthogonal functions, as follows: 


V = stb, ; 

V, = 0449, F 24,9, 

Pa = 0449, + Uy, P, -]- 04,0; 

F, = dh T e = z Gss, (12) 


Ya = Om Fuss Ere Fendt p tots t t OP Uma, - 
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sin ny, the function H(x) is nothing else than the value of u on the unit 
circle, 


H (x) e u(1, x) ; * 
and the kernel reduces to the. well-known expansion for ä 


1— R? | 
1— 2 R cos(x —6) + E? R«1 


Thus the integral equation (9) now becomes 


ar 1 — R? (0) 
1/2 f, u(x) i—B3RjoxQ DEED 


where the left hand member is Poisson’s integral. pence we may state the 
solution of the problem before us as follows: 

Consider a closed contour of such a nature that a circle, with center at 
a point 0, can be drawn completely enclosing it, but not enclosing any of the 
images of 0 with respect to the contour or arcs composing the contour. Make 
this the unit circle. Then the Green’s function for this contour is obtained 
by using Poisson’s integral backwards, as it were, to determine the value on 
the unit circle, namely H (y) == u(1, x), of a harmonic function u(r, 9) which 
reduces to log E(0) for points of the given contour. Having found H we 
determine the Fourier constants or coefficients corresponding to it and substi- 
tute them in formula (5) to get the Green's function. 

On account of the complicated character of the kernel in equation (10) 
the solution of this equation seems to be impracticable. We shall therefore 
take up in the following pages an entirely different method for determining 
the constants for equation (5.) 


dy— log R(0), (10) 


Practical Solution by an Infinite Set of Equations. 


Going back to equation (6), it is possible to reduce the problem of deter- 
mining the unknown constants Cm to the solution of an infinite number of 
equations for this infinite set of unknowns. One way to do this would be to 
expand the various powers of Z(0) as well as the function log R(6) in Fourier 
series and compare the coefficients of cos nô and si? nð on each side of the 
equation. This leads immediately to an infinite set of equations for the 
constants Cm, but these equations are very awkward to handle. i 

In order toeget a more easily manageable set of equations we will con- 
struct a normalized, orthogonal set of functions from the set 


&, — 1, $, — R(0) cos 0, &, = R(0) sin 0, à, — R? (6) cos20, -- --- 
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for the Green's function for any convex polygon whatever, with the point of 
discontinuity at any point whatever inside ‘the polygon. Evidently this 
method can be applied, not only to polygons, but to any conver contour what- - 
ever and the point of discontinuity may be e taken at any point whatever inside - 
ehe contour. — 

' The whole problem is then rediüced to the method of dieran the 
infinite sef of constants An and Ba, or cw. This problem may be solved in 
two ways: (1) by integral equations and (2) by an infinite set of algebraic 
equations. The first method gives only a formal PR. the second is a- 
n method as we shall show. 


— 


pi _  - Formal Solution by Integral Equations. s d 
'The c B are Fourier constants. Hence, ay a well-known A NE of 


Fischer and Riesz, the sum of their squares 3 Ons converges. Moreover, if - 


we select any set of orthogonal functions whatever; linear, planar or solid, 
' for example ha (x), there exists one and only one function H (x) for which cs 
are the Fourier constants with respect to this orthogonal set. Whether the, 
series thus obtained converges or actually represents the function at all is . 
immaterial; for in ary case the formulas for the coefficients hold, namely: 


cam f 00 i» do 8) 


where.the definite integral is either single, double or triple, according as the 
orthogonal functions chosen are linear, planar or solid. - Now substitute these 
constants back in equation (6) and we neve, provided the series in the bracket 
l convenges, ; 


CoAM rA P" Y: 07 NE ; e 
— fio [X he Gs) |x= Rro, (9) 
an. integral equation of the first kind with unsymmetric kernel K(x, 6) - ==- 


3 hu) Bm (0). -This integral equation has been studied by Pieard, 


' Schmidt, Bateman and others, and existence theorems have been -worked out; 
but no general method of solution has yet appeared in the mathematical 


_ literature. The following special form of the Saa, however, is of con- 
‘siderable interest: . 


If we take for the set of or fonctions ha iol the lines: get cos S ny, 


- 
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~ 


where z is a complex variable. Since u is harmonic the expression 
X(4.— iB,) 2^ is analytic in a circle extending to the nearest image 0’ 
of 0. Consider for example the polygon * ABODE (Fig. 3) with the point 
of discontinuity at a point 0 inside it. By means of Borel’s integral we cans 


co . z 
continue the function X Anz” analytically to the region enclosed by the polygon 
9 





Tia. 3. 


A'B'CSD'E" whose sides are lines through the several images 0’ and perpen- 
dicular respectively to the several lines 007. The expression for the function 
ihus extended is | , 


OO 


fla) fe uen dt. 


- 0 





Applying this to the problem in harid, we have, in the real plane, 
REN -$ no t n zt n 


OO oo [^ 
= A, /2 + fey (Anr* cos n0 + Bnr” sin n6) T di. 
0 1 ? f 


This function is harmonie inside the polygon A’B’C’D’E’ whose sides are 
respectively parallel to the sides of ABCDE. Hence thi8 gives us a formula, 


00 co 
: : i^ 
— — log r -+ A,/2 + fex ur cos no -+ Bar” sin nf) =y dt, (7) 
0 i 


* Some or all of the sides of the polygon could be replaced by analytic ares. 


Á + 
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expansion in the whole circle? "To answer this gueron we cite the following 
theorem due to Bogher. a | 


Theorem: If u is a function harmonic ouaou the neighborhood of 
athe point 2,95 and if, when this function is continued analytically, the distance 
-from Toyo to the nearest singular point of u, which lies in the same sheet of 

the Riemahn surface generated by the analytic continuation in which roy, lies, 
is K, then the development + in poai co-ordinates (the po LoYo being taken 
as pole); 

s u == Ay/2+ X (Asr* cog n0 + Bur” sin nô), > 


converges and represents u throughout the interior of the circle of radius 
-y — K and does not converge throughout any continuum which does not- lie 
in thas circle. 
Jf we restrict the problem, then, to eohtours of such a nature that a ud l 
.0 can be found whose images all lie outside of a circle about 0 enclosing the . 
contour (this we can make the unit circle), we have from the above theorem, 
for all contours of this type and ell such points 0 within each. contour, the . 
Green's function for the pons 0 and the given contour in en form 


(Pm loge A HĪ dar d + Burin 8) © 


= —log r + Sonim (r, 0). SE E (5) 


This expansion holds for all points inside the denm and on the boundary. 
Moreover it is unique and we must be able to determine the constants As and 
. Ba or Cm from the boundary conditions. 

i For the boundary we have r == R(0) and qus 0, that i is, 


- Ao? + X[A4 (8) cos n£ + Hur sin nb] == log R(6) | 
or E Sonn (1) — lee R(0), (6) 


where $, = 1; Bin, = E^ cos n; Das — R” sin nd. 


Now we can apply a method of analytic continuation due to Borel, to 
obtain a new expression for the function u which will -hold for a much more 
extended region, a8 follows: Equation (3) may be written 


= A,/2 $ Re X(4.— iB,) 2^, 


— 


* Trans. Am. Math. Soc., Vol. 10, p. 278. 
f Bochey gives here also an equivalent in terms of anes in @ and y 
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well-known theorem we can expand the harmonie function u uniquely in the 
series, - ; . 
o0 3 
u == A,/2-+ Xr" (A, cos n8 + B, sin n6), . (8) 
1 
Where A, and B, are the Fourier constants for the area enclosed by the 
circle: OS 0S 2r, 0 rm m, The functions r^ cog nô and r* sinnô form 


a complete set of orthogonal functions for the circular boundary. Let us write 
equation (3) for convenience in the form 


oo , 
uU c X Omdbn (r, 8) , (4) 


where ¢) == 1, œ, == r cos Â, dg==rsind,.....-....- 





Fig. 1. 


We can continue the function u analytically across the boundary C (Fig. 
1) by means of Schwarz principle of symmetry. The extended function thus 
obtained takes values equal but opposite in sign at every pair of points which 
are symmetrieal* with respect to an arc or segment of the contour. At the 
symmetrical points or images 0’ of the point 0, the function becomes infinite 
as log r, but at all other symmetrical points it is harmonic. Hence if we 
construct the images f of the point 0 in the several gres or segments of the 
contour, we know that the function u exists and.is harmonic at least in a circle 
extending to the nearest image. Fig. 2 is drawn for a spevial case where the, 
contour is & polygon. | 

Now; the question arises: Is the function u represented by the same 


* For definition see Osgood, p. 671. 
t For the method see Lery's thesis on La Fonction de Green pour une Contour 
Algébrique, p. 49. 


* 
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set of equatforie was simple. In the problem before us the solution is much 


more. involved, though entirely manageable in a large number of cases. 

This method of procedure is much more widely applicable than either 
of the two methods described above. These two methods give workable results 
for, at most, the regular polygons, two other, polygons, the five-pointed star, 
and the rectangle. .Our method is applicable, not only to all regular polygons, ` 
but to a large class of irregular polygons as well, and to many other contours. - 
It gives the Green's function in the form, log 1/r plus an expansion in cir- ` 
cular harmonics, r* cos n6 and r^ sin n§. The coefficients of this expansion 
are each given in the form of an infinite series of constants and can therefore’ 
be determined to any desired degree of accuracy by taking a sufficient number 
ofterms. ‘We are convinced that the method is actually workable in a psu 
sense in a large number of cases. 

We have confined our attention to a single class of Green’s UN ‘but l 


. the same procedure might be employed to get the Green's function for -any 


differential equation with any given boundary conditions, ee Tiga also be 


extended to problems in threé dimensions. ` 


e 


E Formulation of the Problem. 


M 


By & plane contour we mean any closed plane curve which i ig regular in 
the sense of Osgood; that is, is composed of a finite number of analytic arcs 
or straight segments. An-important -case is that of the polygon.  . 

The Green’s function for -any such oe is given by the following 
formula in polar co-ordinates: 


. 
+ ~“ 
-— 


-  G(r6) =—logr+ u(r, Oe + . @ 
where the function’ u is harmonie, that i 18, ‘satisfies Laplace’s equation, i 
l l vu. Dôu 18u 
WU rk DE 
M has no singularities in the region. | 
“Consider this function, u(r,0). We know that it ig everywhere harmonic 


in the, area g enclosed by the contour C and has.no singularities in S. More- 
ae on the boundgry, for which r = E(0) and u= U (0), we have (1 — 0 and 


U (E, 6) — log R(0). t xc dw (2) 


TR 


Pl 


Draw any circle, radius r, (Fig. 1), about 0 so tst it lieg US in 8. By a 


* Gea Hadamard’s Columbia lectures, pp. 47-52. 
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any given polygon can be mapped conformally on to the unit circle. Knowing 
this mapping function f(z), we can obtain the Green’s function for the poly- 
gon immediately from the formula: 


G == — Re log f(z) (Re = real part of) 


By this method we are able to get the Green’s function for the equilateral 
triangle, the 45 degree right-triangle, an infinite strip, a regular five-pointed 
star, and a rectangle. Beyond this it is difficult to go. Other polygons lead 
to Abelian integrals and hyper-eliptie functions. Moreover, except for regu- 
lar polygons, it seems to be impossible to determine the unknown constants 
which appear under the integral sign in the function f(z). For regular 
polygons, however, we could evaluate Schwarz’ integral, 


nl ae Gaji 


in the form of an infinite series, and take the real part of the logarithm. In 
other words, the series obtained by pg ; 


G == — Re log 1 i : 
gives us the value of the Green's function for a regular polygon of n sides in a 
circle of radius 


: f dz 
"m pg ee — o eM 
9 3 (1—2")* ý 


where the point of discontinuity is at the center of the polygon. This work 
of Schwarz has been considerably discussed and amplified by other writers, 
particularly in a recent book by Study.” However, very little of fundamental 
importance has been added to Schwarz’ original memoirs. je 
The method of arriving at the Green's function which we shall employ 
in this article is new, although in principle similar to the methods used by 
Fourier and Neuman in attacking various physical problems. We select an 
infinite set of linearly independent functions which are solutions of the given 
differential equation, and seek to expand the Green's function, or rather, the 
quantity G — y, where y is the principal solution (log 1/r in this case), in a 
series of these functions, determining the coefficients of the series so that the, 
boundary conditions are satisfied. The determination of these coefficients 
depends upon the solution of an infinite set of equations in an infinity of 
unknowns. In the problems solved by Fourier the solution of the infinite 


* Vorlesungen über Ausgewählte Gegenstünde der Geometries, 2tea Heft. 
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A @reen’s function is a function of a boundary and two points. The 
points, of which one is considered fixed and the other variable, both lie 


. .inside (or both outside) the boundary. In two dimensions.the boundary 


f 


is & contour. À large part of mathematical physics is devoted to the solution 
of boundary problems in two dimensions. “All such problems can be solved 
immediately if the Green's function for the pus SET Or. contour is 
known. S: 
The character of the Green’s function Mili on TN MUT 
the differential equation of which it is a solution, (2) the contour or 
boundary to which it applies, and (8) the boundary conditions. The class 
of Green's functions to which we shall confine ourselves in this article is 
the one of most frequent occurrence in mathematical physics, namely, the 
Green’s function for.Laplace’s differential equation, with what Hilbert calls 


. boundaty condition (I); that is, G@==0 on the boundary. Having found this 


particular solution G; we can solve the problem of Dirichet in the plane; 
that.is, we can determine a solution’ y satisfying any given condition of the 


. form u == Ọ (0) on PME boundary. 'This we can do by making use of the 


formula 
E SoU; U as, 
which in pos co-ordinates boma. 
a(t, 5) Mte f^ U (6) E. d9 + dr | 
There are two well recognized methods of óbtaining the Green’s function 


.. in two dimensions, both of which, however, are very limited in their applica- 
^ tions. These methods are the following : 


=. (1) The method f images. This method is easily applicable to the 
circle, semi-circle, infinite strip, half plane, equilateral triangle, 30 degree 


 eright-triangle, an@ the rectangle; but for other contours it would involve 


complicated Riemann surfaces and hyper-elliptic functions, c no 
one has attempted to apply the. method to other polygons. 

. (2) The method of Schwarz. Schwarz obtained & — formula 
tp ja where f(z) is in the form of a definite integral, by means of which . 


11 
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sary substitution is found to be 


| V ma(1— w) 
p 2z = D 
where 
n — —. 
| CNN ME NEN EE NEU en ub 
| . Vm — Vn 


Since p, c, and-z, are all positive, then m is also positive. If z, < p/9 +c 
then n is likewise positive, and therefore « is real and less than 1 numerically. 
When the above transformation is made in (10) we obtain 


= Rym (1—xw) dw NM 
Vn. Ved Ge) VO E tm 


which simplifies to 


2V mn I, — a1, 2K 1— 


Vm-L Vn —q1— 15s j crie 


where 


. dv 
Va Aa ew) 


an elliptic integral of the first kind, and- 


(1 — rw?) V (1 — w?) (1 — rw?) 
an elliptic integral of the third kind. Thus £ can be found for any given 
value of w or z. For most purposes, however, it is more convenient to have 2 
expressed as a function of f£. This will be discussed in the next section. 
The half-period, 7/2, of a complete oscillation can be obtained by 
integrating (10) between the limits z, and c — z, The corresponding limits 
for w are — 1 and +1. Hence 


S$vmn — TM 
EVE V. VU) E 
dw 
CM 4 xui) Vw) S 


SERT 


2 Ve (T/2) = 
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Win 


Sine  — NES, =0, | EC 
ieee. 4V mn = Wf 3 d dw 
| Vg(vm T Vm) RA REL (1— x*w*) . 


t x. —2 f£ dw l. L 
Ru o (1 — euw’) V (1— w’) (1 — yw?) 
'85. Construction of a-Periodic Solution for the Vertical Motion. Let 


e Ls e s ge + 6/2, . Q3) 
. where v is the new Taraia variable. Then the lagt equation of (8) becomes 
| PS | 4go + v^ yt 
. b+ +. 9o 


where b—-p-]-c. ‘This equation can be expanded in the form 


t (L/h) (Ago +07) P | 


which will converge for | v |. < he |, ors<p/2-+c. Hence i particle. 
müst not rise above the plane z == p /2 + c, being the plane at the distance o 
- above the horizontal plane poene HUE the focus of the generating pun ; 
— bola of (7). 

. Now let 


i a i tr 


v= yw, t—h—avijfg G8 (Q4 


vids y and 8 are arbitrary parameters. When (14) is substituted in (13) ’ 
the factor y can be cancelled off in the resulting equation, and we obtain 


fom L(t + A) EP TTL ho de CR + l8) 


where u = y/k, and ihe dots denote derivation with respect. to T. .. 
"The terms of (15) which are independent of » and 8 are eas: 
. and the period of the solution is 2r in r. Now an existence proof, based on 
Poincaré’s extension to. Cauchy’s theorem, would skow that a periodic solution 
of ate) exists having the form, ^ 


E 
i wm 3 wj, s= Boy, —— | 706) - 

: | j= l ja 

where the w; are periodic functions of r with the period 2x, and the 8; are - 

constants; and that this solution converges for all values of r in the interval 

CO 7S Er, provided | p | is sufficiently small. Instead of making this rather.. 


p oW i - i; 
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| simple existence proof, we shall assume the form of solution (16); , make the, 

formal construction, and then show that Macmillan’s theorem wil apply to ` 

prove the aix am of the solution. 
Since . 

z= V + 6/2 = yw iH c/9 — kuw + ¢/2, — (17) 

» 7 " i r 
and since 2/ == 0 at t= $, then at r= 0 (or $ = t) we may choose, 
i w(0) — a, i (0) — 0, 


where æ is a real constant. When these initial conditions are bia on 
(16), we have © 
wy, (0) dup w; (0) xc 0, j=a T5 oo, $,(0) e, j=0,1,: in: oo. (18) 
Let (16) be substituted in (15) and let the. resulting equation be 
denoted by (15'). ‘This equation is an identity in p and we may equate the 
coefficients of the same powers of u, thus obtaining differential equations which 
define the various w;. ‘These equations are to be integrated, and the constants 
of integration and the various 8, are to be chosen so that the solutions will be 
periodic and satisfy the initial conditions (18). 
Step 0: Coefficient of p°. The terms of (15’) that are independent of l 
: give the equation i, -+ Wo = 0, and its solution which satisfies (18) is 
== & COS T. 


Step 1: Coeficient of p. The differential or obtained from the 
terms i in p ig 
i0, + M, — — bwot omw,- — tb? — a8, cos r + (a*/2)(1 + 3 cos 2r). (19) 


In order that w, shall be periodie the coefficient of cos r in the right member 
of (19) must be zero, otherwise thé solution would contain the non-periodic 
or Poisson term rsinr. On. putting 9, == 0, the general solution of (19) 
becomes ` 
w, = A, cos r + B, sin r + (a?/2) (1 — cos 27). 


From the initial conditiong (18) it follows that the constants of integration 
A, and B, are both zero, and the desired solution at this (MED becomes 


i °, = 0, w, = (a?/2) (1 — cos 27). 
Step 2: Coeficient of p?. The differential equation at this step is 
Wy -F Wa = — 8,0, F AWW, — 4w, + 2w? — iboto, 
m — G(8, -4 72a") cos r— Taa” cos 8r, 


awe 


= ` 4 ' P 
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x 


and the desired solution is i; i ; "TP 


9, = — E W, = = arc cos r + cog 3r). 


` The remaining steps of the integration are ' entirely similar to the pre-. 
| "o step and by an induction to the general term it can readily be shown 
- that the process can be carried on indefinitely. It will be observéd that 8, is 
zero if j is odd, and that each wy carries the 4actor-a4 and is a sum of cosines 
of multiples of r having the oppaalta parity oe fi. The highest a ofr 
in wy is (J -+`1). 

So far as the computation has been — the iin of (15) is 


i — € (na"/2) (4— eos 2x) — “E* g (òs r — 008) ne 1 (80) | 
8 — — afa ast. l 


The convergence of this solution will now'be considered. In aidi to. 
put the differential inar P in the game form : as (11) of Macmillan’ 8 
theorem, we lt . 
w= Wa, dW, Jär = We 
-_ then (15) becomes | | 


V, fdr = f, (Wo Was js) = Wa l ' i 
WW, /h = f. (Wy Waset) — [0 48W 4 WAL — 3; PR 


The f, and f, are obviously expansible as power series in W,, W,, and p, mid 
vanish for W, == W, == p= 0. The coefficients are. constants and therefore 

satisfy the condition that they shall be uniform, continuous, and periodic 

functions of r. Further, f, and f, converge.for W,, W, and p» sufficiently 
small numerically. Hence equations (15) satisfy the conditions of Macmil- 

lan’s theorem and consequently the: solution (20) converges for n] suff- 
ciently small. ' 

When (20) is substituted for w in (17) we obtain 


0/2 + ka ens c P ea cos 2r) TEE (ens c — eon 3r) 4- de 


As p and a are both ins and as they occur only in products as indicated, 
we may suppress either without loss of generality. lt us suppose a= 1. 
Then the perigdic solution for the vertical motion of the particle: becomes 


oem 0/2 -- [p cos r + (9/2): (1— cos 9r) — (78/16) (cos T — cog Deor) 
c 


2! . (81) 
l 8 = — du? OO 


' . 
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In the expansion for z, the multiples of 7 in the coefficient of p’ have the same 
parity as 4 and therefore 
Z(m) = c/2 — kp = c/2 — y. 
e Further : 
, 2(0) = c/2 + ku = c/2 -+ y. 
Hence the partiele oscillates between the planes 2 == c/2 -+ y and z == 4/2 — y. 


The parameter y is therefore a scale factor denoting the amplitude of the 
oscillation on either side of the plane 2 — c/2.- 


$6. The Horizontal Motion. When the solution (21) has been substi- 
tuted in the first two equations of (8) and the transformation 


t— tm $V (k/g)(1+8)r, =p t c7, 


has been made, we obtain 

& -+ k/p[1 + €. + Om? +: ++ Opi +++ - emo, (22) 
and the same equation in y, where 

b= — cos r, 0, == — (1 — cos 27), 


and the remaining 6; are likewise sums of cosines of mane of r having 
the same parity as 7, the highest multiple being 7. 

Equation (22) is similar to the one first discussed by Hill * in 1877 
in his celebrated memoir on the motion of the lunar perigee. A very complete 
list of: references to the literature of the differential equations of this type is 
given by Baker on page 134 of his memoir “ On Certain Linear Differential 
Equations of Astronomical Interest.” + 

Three cases arise in the solution of (22) a upon the values of 


(k/4p).~ -They are 
Case I. 4Vk/p 0 and V k/p not an integer. 
Case II. 4Vk/p 0 and Vk/p an integer. 
Case III. $Vk/p — 0. 


Since k= pte and since p and c are both positive in the physical 
problem under consideration, it follows that 4Vk/p k/p 7 0 and- Case III need 
not be considered. i 


* The Collected Works of G. W. Hill, Vol. I, pp. 248-270; Acta Mathematioa, 
Vol. VIL, pp. 1-36. | 

f Phil. Trans. of the Royal Sootety of London, Series A, Vol. 216, pp. 120-189. 

tCompare also Moulton's Periodéo Orbite, Chap. IM, 8 52. 
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+ Case I.—This may be ‘regarded as the general case, 
; The form of the. solution of (22), first given by Floquet,* is 


E T = etary, TEN . (28) 


bb a and u are power series in p, the former having constant coefficients, ; 
: the latter periodic coefficients with the period Qe in r. When (23) is substi- a 
tuted in (22) we obtain | 


af Rint — hu + Ep + bnt i Eo b Oat Hu. oa” 
. ——— FTE To (85) 
u — us tsp d tap E 


be substituted in (24). We obtain a differential equation (84^), which is an 
identity in p. Since the right number is zero, then the coefficient of each 
power of » must also be zero. On solving the various differential equations - 
thus obtained, we determine the uy and aj, the uy as periodic functions of r, 
having the period 2x, and the a; as constants so determined that ds uy shall 
be periodic. 
Since the solution (23) is later multiplied by an arbitrary constant, see 
equations (89), we may choose u(0) = 1, from which it follows that 


to (0) mm 1, 47(0) == 0, feds oo. (26) 

Step 0: - Coefficient of u°. From the terms of (ou) that are inde- 
pendent of p, we have the differential equation | ID | 
tin + 5 E/p ù — 0, "us EO 
and its solution HB | | 
iom à; +. bye ive T, ; i l (27) | 


where a) and b, .are the constants of integration. ‘Since Vk/p is not an 


integer in this case, the term e~*V#/r does not have the period 2r and we put 
bom 0. From (26) it follows that a, — 1 and the desired solution at this ' 
step becomes th == 1. 


Step 1: Qoeficions one p. On equating to zero the terms in p in (847) 
“we obtain 


ti, -- iVk/p in = VER Rp CORT. . (38) 


: * Aonais de PReole Normale Supérieure, 1883-4, 


~ 


»* 
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The complementary function is 
Uy = a, + b,o-tVk/n T, 


e a, and b, being arbitrary constants. 
It is well known in the theory of differential equations that the presence 
. of any term in the right member which has exactly the same period as any 
term of the complementary function will yield Poisson terms in the particular 
integral, that is, terms containing r outside of trigonometric or exponential 
symbols. Since the constant part of the right member of (28) has exactly 
the same period as the constant in the complementary function, then non- 
periodic terms will arise in the particular integral unless a, — 0. On putting 
a, == 0 the complete solution of (28) becomes 





V, = a, + b.e tV Hp r -4 x aep [cos r —iVk/p sinr]. (29) 


From the periodicity and initial conditions it follows that 


k 
DE EMI el 
o, p—k 


and the desired solution at this step becomes 


— I cost + EVE/p sin s], a; em 0. (30) 


Step 2: Coeffictent of pè. The differential equation at this step is 


sete m 
ep(p—k) 
b (cos + — $eos 2c + $ iV k/p sin i. — (k/p) cos 2r , 


ü, + iV E/p d, m a, Vk7p + 5 (81) 


k? 
t G5) 
and the solution which satisfies the periodicity and initial conditions is 


"pk? — 92p3k* + 4p%h — k* ja 


Ue = Ap(p—k)(k*—4p) (p—k)i (cos vr—3iV k/p sin 7) 
2pk*? — 4p*k — k? k (k + 2p) duds (89) 


Panos) S SEMI a 4g) 
= VEA (=P). 





So far as the computation has been carried out it is observed that the 
i * 


P» 


nS. 


= : x 1 1 L| ; 
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ay ate real constants and that the u; consist of sums of cosines and 4 times . 
sines of multiples of r, the highest multiple being. j. It will now-be shown | 
by induction that these properties hold in general. 

Let us suppose that a < * , aa 4, ty, €^ t, , ts, have been com- 
puted and that the various a; are real and that.the.uj j—1,:-: , n— 1," 


have the form m D 


uà (Ae costr + iB? sin tr), . (33) 
where the Aw and Bt? are real constants. : We wish to iy ‘that an 
can be determined 88 & scd constant EX that us has the same form | as 488) 


when jefn. . 
‘Step n: Coefficient of u^. The differential equation at this gen is 
ün + SV E/p ún —as V k/p + Un(an * y Onas thy s Uma). (84): 
"The only undetermined constant which enters (84) is a4 and. it is e written 
explicitly in so far as it occurs. The function U, is linear in 4, ^ * 5 , Maa. 
The terms of U. which arise from 2iaü in- (24) have the form 


x 


Rater, L1, c, f —1, 


S 


~ 


and are cosines and 4 times sines of multiples of " the highest multiple being . 
^1. The terms which arise from o*u'in (24) have the form 


—( ) 1 am s. c1)» Lm: ,fi—1, Dt -mEna—1; 


where ( ) denotes 1 if l — m and 2 if 155 m. These-terms have the same . 
form as.the preceding terms. When 1= m = 0, the term — atis will cancel 
‘off with the term (k/4p)us arising from the last factor of (24) and therefore - 
the highest multiple of r in the gines and cosines is 5 — 1. Tho-last factor of 
(24) gives, in addition to the term dia just E terms of. 
the type o z 
s dux ded sisse d. 


These terms are also of the same form as ite) butethe highest aiik of T 
which lcu yield i is n. Therefore - - 


, E - 
e. 


e EE i dinis E d sin, - o Pu (86) 


| where G7" and 6™ are real constants. e 
Let us now determine the periodio solution of ( a In order that the 


- 
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solution shall-be peziodic, the right member of (34) must contain no constant 
terms. Hence 


an == — V p/k at, 
a real constant. The complete solution of (34) then becomes 


Un = D. +- bnet Vip T + Us, 


where a4 and b, are the constants of integration, and the particular integral 
Ü, has the same form as (35), except that it has no constant term. From 
the periodicity and the initial conditions we have 


by = 0, On == — Un (0), 


and the desired solution for u» is the same as when j — n. Hence the prop- 
erties of ay and u; already stated hold in general. 

A second solution of (22) could be constructed in an entirely similar 
way but it is not necessary to make the construction as this solution can be - 
obtained directly from the former solution. 

Lej the solution of (24) already obtained be denoted by u(r, +4). 
Then one solution of (22) is . 


j g == dior y(r, --4). (86) 


Since the differential equation (22) is "ic of t, a M in the gign 
 ofiin (36) will still give a solution, viz 


g — gar u(r, — i). (37) 


Thus a second solution can be obtained by changing the sign of 1 in the first 
solution. 

` . The determinant formed by the two solutions (36) -and (37) together 
with their derivatives with respect to r is a constant,* and its value can be . 
computed most readily when r==0. This determinant is 


| D — — [is + (0, + i)] = — i VER + terms inm, — (88) 


which is different from zero for & — 0 and therefore remains different from 
zero for |x| sufficiently small. The two solutions (36) and (37) therefore 
constituta a fundamental set and the most general solution of (22), as well 
as of the similar equation in y, is . 


* Moulton's Pertodio Orbtis, 8 18. 


| e n 
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d 
t 


g == A,eforu(O +. A etaty, 
y= B etary) -} B, g tar D, 


PISOS .Db—p. 
AVE 30 H Led 
wo e us -H£) mitpii arti pari 
q [ 1p? — 2p + Apk—k* 


"4p(p—k)(k—4p) (p— T$ 
2pk* — 4p*k — k? 


e 


pg eer iV EF sin) | en 


T'4s(p-—k) (b —4p) ^"? 
+ ivi tet sin 27) |p? +, = 


B® (4-40) uO (— i), E 


. where A,, dc B,, and B, are arbitrary conan 
By using Macmillan’s theorem, quoted in § 8, it can readily be shown 

that. the above solutions converge for all 7 in the interval 0SrSe BOUM 
| m E ig gifficiently small. 


M 


~ 


. Quia II. Suppose Vk/p == v, an integer. Since n" +e and p i 
c are both positive, then v 1. Two sub-cases arise ipsae upon the 
valué.of v. They are: 


Bub-case I. y= 2, l bc > 
Sub-Case IT. v4 8. 2 | 


~ 


Sub- -case I. The construction proceeds as in Case I until equation en 
ia Hanno and this becomes 


Wade (40) 


where both terms have the period 2x. From the. initial condition ty (0) —1 
it follows that b, == 1 — a,, and the solution for th becomes ` 


thy = Oy + (1— a) e*t, 0e (M) 
with the. constant a, remaining. arbitrary at this stop. f 


Step 1: Coefficient of p. When we TNR is zero the codant of no 


in (24/^), that ig in equation (84) after PD has been substituted and Vk/p kjp 
replaced by 2, we obtain - 


d + Dii Bayt — S; (1 —ay) eM + Bayete 2 ; 
: -F3e*--2(1—aj)e**r. — (42) 


— 
A Š 


N 


i 
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The complementary function of this equation is ' 
ty — 8, + b.e to. 


Since terms of eractly the same period as those of the complementary func- 
tion occur in the right member of (42), viz constants and terms in e**, 
the particflar integral will contain non-periodic terms unless the constants 
- and the coefficient of etr are put equal to zero. Since we seek a periodic 
solution we therefore put 


Rayo = 0, 2a, (1 — a) — 0. (48) 
These equations are satisfied by a, — 0, a arbitrary, but a, must be different 
from 1 or this case would be the same as Case I. The complete solution of 
(42) then becomes 
u, = à, + bett — Say + Beir — 96 (1 — a, ) e. (44) 
Since u,(0) — 0, then 
l b, HESS (% T to). 
At this step a, and a, still remain undetermined. 
Step 2: Coefficient of t The terms of (24^) which contain the factor 
p? give the equation 


d, + iú, = [arto + Wto + 2] + [— 2a, (1 x — "fü. + 196 |e? 
+ 2a, er — 194a, tr — S66 17 
—3(a, + Shyer — 195 (1 — m) or, 


On equating to zero the constants and the coefficient of e**7 in the right 
member, as at the preceding step, we have 


— Rag (1 — ag) — Ya + 1% — 0. 


_ These equations are satisfied by | 
a, XS Ma VIY, ay — Yo p VA RIT, (46) 


where the upper signs are to be taken together, also the lower. When equa- 
tions (46) are satisfied, the general solution for wu, will be periodic, being 


Ube == Oe -J- b.e fir — 260,017 + 54 oa 027 Bw Bha eiT 
+ 3 (a, + 15)etr + 95 4.(1—2a)etir. 


Since u,(0) = 0 then 
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(b == h + Sas — tHe: e 
The undetermined ‘constants at this step are à, and a,. | a 
Step 3: Coefficient of pè. The differential equation at this step is 


so 07 ü, F Biti, = U, = — Bing, — — Sia, + Past, + Sas; * 
| ` — eG tuü-- 4 cos r) + 4, c08 r. 


it we consider only the part of U; which : involves the arbitrary constants that. 
are determined at this step we have. : 


‘U, = Zash + dy (22, + 76) + d | 4 
+ [— 2 (1 — t) as + a (2a, — dte 00 04m: 


-+ terms in gtir, Oe, gom, et, etim, 


uim à, m" d, are known constants. To make ths periodic we à to mm 
. the constants. and the coefficient of eir in x giving 


Bas, + (3s + %) + dy — 0, E a“ 
—8(1 —&)o, H0 (2a — T6) + d, um 0. a 


f Tho determinant of the coefficients of as and a in (48) is . 
D, = ARI, P Ta (49) 


- where the upper sign here is to be taken with the upper signs in (46), simi 
larly for the lower signs. Since this determinant D, is different from ‘zero, 
equations (48) can be solved for a, and œ, and the solutions are unique for ` 
either set of values in (46). When (48) is satisfied, the solution for ts will 
therefore be periodic. Two. constants of integration, a, and ba say, will - 
arise from the complementary function. One constant, bs, say, will be deter- 
mined from. the initial condition.u, (0) == 0, while d. and by Te remain undeter- - 
. mined at this step. s 

The succeeding steps of the integration are o ‘entirely similar to step 3 
just considered. So far as the constants.of integration are concerned one of 
them, b; say, is determined by the initial condition u,;(0) = 0 at the: step c 
where it arises. The other constant a, of the step j, is not determined until 
the step j-+ 2 is reached, where, on equating to zero the constants and the 
_coefficient of- gir in the right member of the differential equation in uj, 
two linear equations in aj, and a; are obtained and the determinant of their - 
coefficients is the same as D, in (49). Hence aj, and a can be uniquely 
determined provided one set of values is taken in (46). 


i 


5 i " , 
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It is thus evident that two solutions of (24) can be obtained in the 
foregoing construction, according as the upper or lower signs are taken in 
(46). The corresponding solutions of (22) are 


g= t, = etna aT hes [16 — tha V217) 

: 065 4-34. V31T)er + ( )u i551 
and 
a e a, = otf f He [ (95 + 344 V 1T) 

+ 06— Wa V8lT)e?ir 4- ( )ubi T: 


If we proceed as in Case Ito obtain two solutions by changing the: sign 
of ( in the preceding solutions it would appear that two additional solutions 
could be obtained, but this is impossible since the differential equation (22) 
is only of the second order and admits of but two solutions. This apparent 
difficulty is overcome if the factor efr is multiplied into the part of the solu- 
tions contained in the square brackets,[ ]. Thus 


q, — etf Cat tos dr [ (35 — 344 V 217) er + 

+ (35 + Wa V21T)er + ( je t: d T (50) 
g, = et Oh UT S7 [ (15 + Ma V 917) efr 4+ 

+ OS— WO V2IT)er Jat 


It i8 obvious, — that the two solutions a and x, differ only in the sign 
of 4 or of V 217. 


If the exponentials in the square brackets of (50) are expressed in 
trigonometric form, these solutions become 


Ti c— etary) | Le PEN e fara 

a= Ya V217 E, | 

uP == cos r— i W VRIT sine -+ ( )n--- s^, 
ay (2) (4- 4) =y” (— i). 


The terms represented by u^? and u® differ ud only in 4 but also in the sign 
of V217. They are power series in p with sums of cosines and iV 217 times 
sines of multiples of T; the highest multiple in the coefficient of p/ being 
f+. 

The determinant of the two solutions in (51) together viti their deriv- 
atives is a constant, as in Case I, and its value at r==0 is 


D, — — 9 [ia + i0 (0)] =i VETT + ( Jat 
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which is different from zero for j jes 0, and therefore remains different fron 
zero for |p| sufficiently small. Hence the two solutions (51) constitute a |- 
^ fundamental set, and: the most Lain solutions of UM s the similar 
equation in y are 


iu A, char + Aue oru, yom Betar + B, tenuto, - (62) 
‘liane a,u™, and u™ are o defined i in (51), and A, Az B. B, are the constants 
of integration. 


Sub-case IT. When v is an integer different fron: 2; the construction 
is the same as in the preceding sub-case until equations e are reached. 
"The equations analogous to (43) are 


Vaathy = 0, wm(1i—5)-9.. (8) 
These are tinea by. a, == 0, a, arbitrary, but a must be different from 1 88 


in the preceding sub-case. 
P The equations which correspond to (45) & are 


y (5 — 1 
Pa a | mt TE a} =" - (54) 
oo [OTT 
Since d, A 1 in Case n, then the solutions of (54) are © 
7 | Nh) "E 
The: anii Ei to M. are 
y (5? —1 l i ' 
a {rat BOS TO Stropo, s (8) 


where 8% is the TRT, part of 0, in equation (22). "The solutions of these 


equations are l 
a, = 0, ag VI. 


The- constants a, and a, are determined in fhe same way at the next 
step -as a, and a, were found in the preceding step. They have the same , 
coefficient in the equations analogous to (56) as a, and & have in (56), and - 
similarly for tHe succeeding steps. It will be found that . . 


Ae j—=9,1,- bi gea 


and that the remaining à, are, in general; different from: Zero. 
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So far as the computation has been made we find 


Uy = EVT, 


gotor g iT 


y e ae ee NET 
rr — je Lm yt yp 
gio 


y l pe m| 
NrEIEA —$p- y—1 
e ám ag i097 giorim 


mm i -/8 y—29 4-3 


| bv? —1 
m=O, ST T 











When these terms are substituted in (25) and the result in (93) we obtain 
one solution of (22). Let it be denoted by 


qm eara (D, (58) 
Another solution can be obtained by changing the sign of ¢ in (58), thus 
g — etary ®, | (59) 
where u 9 (-- 4) =u (— +4). 
The TN, of these two solutions and their first derivatives is 


— [ia +d (0)] =w H ( Jet 


which is different from zero for | »| sufficiently small. The solutions (58) 
and (59) therefore constitute a fundamental set, and the general solutions 
of (22) and the corresponding equation in y are of the same form as (39) 
or (52), viz., 


Tem A ,eiarg O? t+ Ae tary, y= BetatTyD + Bie tety™, (60) 


where a and u(? have the values in (58). If the exponentials in (58) are 
expressed in trigonometric form then 


aj at $ 3 [Aw +BY 208 (v +1)cr+ 10 sin (v + + eda (61) 
jz0 [=0 : 


where A‘), BY, and CP are real constants. In nues 


AP == 0, j=0, 1,2, B? =— 015, j= 0,1,2, 1— 0, 12, 


m ae ee 
B L B em 1’ 


a 
2(y— 1) 2(y 4- 1) 
i 


- 
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yt ` y T l y 
(3) gems nico Sah ee enone — 
ua Hy c 3 pp tes = 36-0603)" 
i . : y* j à : y? . ae i 
BO a — c——— Á—— UR | | aS . , 
=p pHa? BPA 88(,—2)' i 
o | ME UN 
OY sets (PENNE, l PEUX 
SPA S RGF EE 


From, (57) it follows that 
AO — 0, j=0, l, =, y— 83. 


The remaining A? are different from Zero, in. € l 

If the factors e*(/27 and e-*G/9 are taken with «® and u, respect- 
ively, in (60), then u®™ and w(? will have cosines and sines or (v/8.: +1)r 
instead of (v+ Dr ag in (61). 


87. The Arbitrary Constants. lach of the solutions for z, y, and 2 - 
contains two arbitrary constants, and the values of these constants for the . 
physical problem will now be considered. u 

In this discussion no discrimination vill be made between the two cases 
of the preceding section. It was for this reagon that the.same notation WAS | 
` chosen for the solutions (39), (52), and (60). ` 

. Besides satisfying the differential NS (8),. the or for T, y, 
AR e AAEE S (7), Viz... ` . 


Spy? V^ A) 


id their derivatives with respect to ¢ must satisfy the vis viva bd (4). | 
When the transformation | 


^4—1,— $Vk/g(1-- 3) ir, Bae — hyn? + - 
js waei in (4), this integral becomes - 
+ ¥ TP = (k/3) (1 +8) cal (62) 
Since any horizontal. section of the surface (7) is a circle with centre 
on the z-axis, the zy-axes may be rotated about the z-axis without changing the 
form of (7), and we may therefore suppose that the particle lies in the zz-plane . 
at the initial time, or y = 0 at r i 0. Since 00) dio. em 1, then it 
follows that B, + B,— 0. l 
As 2(0) —0, the particle must be initinlly projected in a seminal A ; 
Since any horizontal section of the surface of constraint is a circle with centre 


. on the z-axis and since u(0) = 0, then it, follows that z(0) -- 0. When this 
condition i is imposed on the on for 2, ‘we have A 


7 
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+ [ia 4-89 (0)] [4, — 44] = 0. 
The factor [ta + jc (0)] is different from zaro for | p | sufficiently small and 


therefore 
* è : A, KL As. 


Hence the folutions for z and y become 
g = Af etary) + gary] , Y = Bl etary — g-targ(], (63) 


where the now unnecessary subscripts on the constants A and B have been 


dropped. 
On putting pono in (63) ma (21) we get 
a(0)=24,  ż(0)=0, 
y(0) = 0, g(0) — iso) | (64) 
2(0) — 6/2 -+ kp 2(0) — 0. - 


— When these values are substituted in (7) and (62) we find 


- A= + 4V ple $ kp) — + 4V ple + 8), 


"gua VEGESG—23,.— VEU ES CV), 
+- 4p 40(0)] Ft 4[a— di (0)] 


Thus A is real and B is purely imaginary. Hence the solutions of equations 
(8), in terms of r, are . 


om Vp F I) [oru + tery], 

y = T S tS YT ) [etary NA g tary, 0) ], 

z = 6/2 + k[g cos r+ $43 (1 — cos 27) i (65) 
— "Aen (cos r — cos 38r) tte |, 

$—— {t 


po y/k, ke p c. 

The terms a, uw, and u are defined in (39), (52), and (60) according to 

the value of Vk/p. The,double signs in (65) depend upon the octants of 
space into which the particle is initially projected. 

If the exponentials in (65) are expressed in trigonometric form, the 

solutions of (22) for z. and y become 


e= Vp(o-+ 2y) [ { },008ar — ( Juin ar], 


y= VELA 030 [ ( hsiner-+ ( },008 ar], 
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where { }, and { }, are power series in p vu have different: values for ilia 
different cases of 8 6. - For Case I, 


0 j 
(ho143 Slancostr]w, 
jzi 1-0 
o j 
( 33253 3 [bj sin Ir] ps, s 
ja ba "E 


where ay; and bj: are the coefficients of cos lr and sin lr, respectively, in us, 
equations (30), (32), and (33). 
For Case II, 


{ h- 3[49 +BY cos(y £ D) v] ud, 
{ }s -à E [09 ein(v + I) r] ui. 


The constants A‘, BY), and CY have the same values as in (61) £ for sub- 
case II, and for gub-case I they are, in so far as the computation has been 


carried out, 
AO 0, BO «1, 009 = —M 217. 


There still remain in the solutions (65) two constants which have not 
.been determined. They are'c and y (— ku). Since c is the constant of 
integration arising in the vis viva integrál, its value depends upon the initial 
velocity of the particle. As c'-— g == 0 at t= to, the initial velocity may be 
denoted by yf. Then from the vis viva integral (4) it follows that 


y? = 2g (c — zo) =g (c — dy), or c — 2y — 97/9, 
Since, further, c + 2y = 22,, then 
c = o 9/29, Y= (8 — 92/29) - 
Thus the constants c and y are functions of the initial velocity and the initial 


t 


height. ~ 
Let us now return to the three cases of 8 3. Since % = n -}- y these 
cases become: ü 
Case I. 0 < yE cR, 
Case II. Y — 0, Li 


© Case IIT. 3 «0, |y] c2. 


In Case I and Case YII the particle oscillates between the horizontal planes | 
40/2 4+ y and z«»c/2 — y. The two orbits are geometrically the same 
- but the motion in the one orbit is half a period ahead of the motion in the 


H~ 
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other. If y= c/2,€hen the initial velocity is zero and as there is no lateral 
projection’ the particle wil move in the vertical parabola z* —2pz. If 
y — c/2, then 2, — 0, and the particle is projected from the lowest point 
a With the initial velocity y'y = vV2gc. It will therefore move in. the vertical 
parabola y*-— 2pz which is dynamically the same orbit as z* — 2p2. The 
orbits when y == --c/2 correspond therefore to the simple pendulum. 
In Case II when y= 0, then 2 — c/2, a constant, and the differential 
equations of motion become 


T” + (g/p)z — 0, y" + (g/p)y — 0, 2" —0. 
Their periodic solutions which satisfy the initial conditions are 


z= Vpc cos V g/pl, y= Voc sinVg/pt, 26/2. 


In this case the particle moves in a circle the plane of which is parallel to the 
zy-plane and at a distance c/2 above it. 

In the first paragraph of 8 5 it is stated that the inequality z < p/2+c 
must hold in order that the expression in (13) will converge. Now the 
maximum value of 2 is 


z= 0/8 + | Y l; E 
and therefore the above inequality becomes 


c/2 + |y] & p/2 +c, 
Or . I| <4(p+ce). 
Since | y | must not exceed c/2 in order that the initial velocity shall be real, 


it follows that the inequality 2 < p/2 + c will always be satisfied for real 
initial conditions. 


(B). PERIODIO ORBITS ON A SURFAOE OF REVOLUTION. 


88. The Method of Solutton-—Let us next consider the construction 
of the periodic orbits described on the more general surface of revolution 
represented by the equation 


E(x y, 2) =a + y! — pz + Ref (2) = 0. (2) 


The differential equations of motion have already been found, equations 
(3) and (5). The method of constructing the periodic solution of these 
equations is to first make the analytic continuation with respect to « of the 
periodic solution for the vertical motion obtained in (A) where e= 0, and 
then substitute this solution for z in the first two equations in (8). We thus. ` 
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obtain two dietal equation having p coefficients somewhat uis 
. to (22). 


89. The Equation of Variation. —Let‘ us substitute i in the last equation 
of (83) ` | 
E di tema VITE) 7; -° = 
- (66) 
8 x--— ia? + , b: e 
-Where 2 denotes. the solution obtained i in en), and é is a function 9t T which © 
vanishes with e We obtain. — PE 


. E+ er e — Z, Tee dial MN 

where. ihe undefined terms have the following properties: zs 2n 

(1). The functions ©, and 6, are periodic functions of r, but we shall 

show that it is not necessary to know the explicit values of these functions in 
order to solve (67). 

. (2). The functions: Z, du rv Ži dnos: power series in £ harinig 
coefficients which are power series in a with sums of cosines of multiples of v 
in their coefficients. These functions also contain additional terms in é and &, - 
the former being multiplied by power series in u with surüs of sines of mul- 
tiples of r in the coefficients, the latter by similar series except that they - 


contain cosines. The function Z, contains-no linear terms in é or é 
If we neglect the Ben member of (67) we obtain — ~ 


e+oé+ogm0, 7^ 7070 0 — (68). 


which i is called the equation of variation. The generating solution i is 2 3, 
or the expression for z in (21). - : 
Now ‘it has been. shown by Poincaré * that if the generating solution 
contains an arbitrary constant which does not occur in the original differential 
. equations of motion, viz., equations (3), then a solution of the equations of 
variation can be obtained by differentiating the generating . solution with 
respect to this constant. "Three constants occur in (21), viz., c, p, and fp, the 
"latter entering implicitly through r. The constant c occurs-in 2A, equation 
(5), and therefore enters the differential equationg* (3).. The two remaining. 
constants, p and &, do not occur in (8) and therefore may be used in applying 
Poincaré’s theorem. Hach constant yields a solution of (68) and since the 
differential eqwation is only of the second: order, both its solutions may be 
obtained from the generating solution. Hence it is not necessary to know 
the coefficients 8, and 6, in (68) in order to solve the differential equation. 


* Les Méthodes Nouvelles de la cid i Celeste, Vol. I, chap. m. Loc. cit. 
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Consider, first, thesconstant tọ Then ‘one solution of (68) is 


= E NEU Ex ccr 
Em l/h — 2 Vici Lg uà Vee» — (9) 
where ; 

BS(r) = sin r — p sin 2r — Ugu? (sinr—3sin8r) +--+. (70) 
Since this solution is later multiplied by an arbitrary constant, see equation 
(76), we may drop the constant factor of S(r) in (69) and take 

E= 8 (T). (71) 

as the solution. | 3 i 
Considering the constant u, we obtain as the second solution of (68) 


0z -( 03v , 02 Or 08. 

dag! rm gar 08 Oy? — , WR) 
where the parentheses ( ) denote differentiation in so far as » occurs explicitly 
inz. Now 


i = kO (r) = k[oosr + p(1— cos 27) 
l l T (cos r — cos 8r) +--+: ], (73) 
Or ou 


SE Le a co T 
88 rer. 88 p[— 1 + power series in 44]. 


Therefore the solution (72) becomes 
E==k[C(r) + *K8(7)], 


where 
K == p?|— 1 -+ power series in 5? ]. 


As in the previous solution we may drop the constant factor k and take 
é= O(r) + rKS(r), - (74) 


as the second solution of (68). ^ 

The two solutions (71) and (74) constitute a fundamental set, since the 
determinant of these two solutions together with their derivatives is different 
from zero for | p | sufficiently small, being 


, A= — 1 + power series in p. | (75) 
Hence the general solution of (68) is 
é == N8 (7) + [C (r) + 7K8(7)], (76) 


where N, and Ñ, are arbitrary constants. 


- 
- 
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From the way in which S(r) and C(r) were derived, it is readily seen i 


. that the coefficients of sin (7 + 1)r. and cos(j + os in the coefficients of K B 


in 8 (7) and C (7), respectively, are equal. 

. B10. Construction of the Solution for the Vertical Motion. ` ©- 
de 077 | ü d. noe 

| (—3 De, PE Lo E m. 


/ 


nim ie č; are to be $ periodi with re period 2« in r. am 
Since the initial time was chosen for e» 0 go. that 2(0) e it may 
now be chosen so that z(0)==0 when e540. Now z—--6&, and as 


#(0) = — P it follows that £(0) — 0. Hence i | 5 
&(0) =0, j—1:::. | (08) 
Let (77) be substituted in (67) and let the resulting equation be 


. denoted by (07^). It is an identity in e, and on equating the coefficients of 


t 


‘the same powers of e we obtain sets of differential equations which can be- 


integrated and the various constants of integration can be chosen, a8 we e shall 
show, 80 as to satisfy the periodicity and initial conditions. uu ; 
Two types of series occur in this integration and they are similar to 
S(r) and @(r) in (ny and ies respectively. These series will be 
denoted by, 


- Bj(7), go (7), Bw, Ba (7), j—1,2,:':, 
Or. 
O,(»), OP (x), 0,0), 0o (1), j—1,2, 
according as they are gimilar to 8 (r) or C (r), DTN 
Coefficients of e When the coefficients of e to the first power are equated 
in (6%) we obtain l l ; 


E+ Qé, + 9,5 — OP (7). (09) 


The complementary function of this ipe ig the same as the solution of 


the equation of variation, viz, —— . 
—&enOS()-ae[O() +4 7K8(r)], -  . (80) 


where n and nf? are the arbitrary constants. By employing the method - 
of the variation of parameters to find the complete solution, we have : 


nS (r) + 50) [C(r) --«K S(r)] —0, — | (81) | 
APC) HAPI) HEES C) + 8(7) - OG). 


Pa 
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The ‘determinant of jhe coefficients of &CO and #° in the above equations is 
the same as (75), and since it is different from zero equations (79) can be 
solved for #@ and i. Thus 


MO es (1/A)O™ (r)[C(r) +7 K B(7) "| 


QAO (1/A)09 (7) S(r). (82) 


‘Since the coefficients of the same power of p in C (7) and G(r) are sums 
of cosines of the same multiples of r, the product C? (7) C(«) will yield, in 
addition to periodic terms, a constant 


ep, = p[ pt? + pp +: hoi T pP pi + $ vg d iP 
where p” are real constante. Then the integration of (82) gives 


nO ee NO — [pr p, - S9 (r) +r E GO de 


in 83 
nO e NO + 09 (7), ($3) 


where NC? and Nf? are the constants of integration. Since the coefficients 
of the sines and cosines of the highest multiples of r in the coefficients of p/ 
in S(r) and C(r), respectively, are equal, then it follows that 8% (r) and 


CO (r) have the same property. When (83) is substituted - in (80) the 
complete solution of (79) then becomes 


& =N PS (r) + NP[O(7) +r KB (7) ] — erp 8(7) + (1/999, (7), 


where C, (v) contains no terms independent of p. In ordo ihal & shall be 
periodic NX? must be given the value 


and from the initial conditions (78) it follows that 


NO e 0. 
i 
Hence 
= (1/2)0,), (85) 
where C, (7), like C, (7), contains no terms independent of p. 


Coefficients of è. Equating the coefficients of &? in (67) gives the 
differential equation 


&-e,h-e.-(1/)09(). —- (86) 


Except for the factor 1/p in the right member, this equation is similar to 
(79). The general solution is obtained in the same way as at the preceding 
step and is found to be- .. 


6 


24 
+ 
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o, ENDS) ENPIOG) + ES()] Fem SCJ + Q/)U9(), 


where ANS G and N® are the constants of integration, and p, is à power. 
series in Si In order to satisfy the periodicity E initial conditions ve 
must put | " 
E E Ld Ps uii: 
"a -o N wm popom iiis in p) ND wx 0, 
. Hence ' B . s 
EM | — Ge) (5, . 
where C, (7), contains no terms independent of p. 
The remaining steps of the integration can be carried on in the same 
way: and by an induction to the general term it can be shown that 


En = (1/p") On (r), | 


where.C,(v) as at the previous steps, contains no terms independent of p. 
On eras the solutions for the various 3 in (77) we obtain 


/ 


ek GM. o 0o 0. (m 


] ' By sis Macmillan’ 8 TH quoted in § 3, it i is found that the, solution ` 

(87): converges for | «| sufficiently small. 

/ When (87) is substituted i in: i ; the Potation for the vertical motion 
becomes 


4 


emë A Osla) (0). B |. (88), 


Since € iid A are both arbitrary we may put c — pp and therefore (88) john | 


am Bt i Ou (89). 
This solution converges for | a| ‘and lel sufficiently small. 


. 810. Lhe Horizontal Motion. When the first two equations of à) 
are Minero by the substitution 


d—h—iV79) TFS s B= +: 
| ibis used ir (A), and the value of z obtained i in (9) is substituted in 9A, 
these differential equations become 


TETERE T ` ]z—=0, \ 


G+ [6 + det dap + 19 — 0, (90) 


| : | 
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where each $; is a power series in » with sums of cosines of multiples of z' . 
in the coefficients. "The function $, has the game value as the coefficient of 
xz in (22). 

Now let p==op. Then the coefficients in (90) can be rearranged as 
‘power serfes in » and the differential equations take the same form as (2: 
Hence the selutions are ; 

oom L, etfrv, -- D, ery, y — M, ebro, + M, eBry, Q 
where Z4, La, M,, and M, are the constants of integration, and f, v,, and v, 
are similar in form to a, uj, and w,, respectively, of (39), (52), or (60) - 
according to the value of V k/p. 

When the initial values +(0) =—y(0)==0 are imposed on (91), it 
follows that 


[i8 + 9,(0)] [Z, —L,] —0, M, + M,—0. 
Since 18 +- ¥,(0)5£0 for |a| sufficiently small, then 
| L = L,-— L, say, 
and, from the second equation, 
M, = — M, = M, say. 
Hence the solutions (91) become l 
c L[et8Tv, + etPro,], y — M [es£rv, — e-t&ry,]. 


The constants L and M can be determined as in $ 7, and it is found that Lis 
real while M is purely imaginary. Suppose M — iN. Then 


€ oO f co j 
z == 2L[cos Br{1 + X X uai? cos lr} — sin ge(X X pid. sin Ir}, 
f= 1:0 j= pi 
, oo j oo j 
y = 2N [sin Br(1 4- hi 2 à p'a cos Ir} — sin pris E i PS ir}, 


where a‘? and 6% are real constants. These equations ‘pasion with equation 


(89) B the solutions of the equations of motion of the problem under 


consideration. 
D. 
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On the Convergence of Certain Classes of Series of 
Functions. 


By R. D. CARMICHAEL. 


81. INTRODUOTION. 


Let va(z), n= 0,1,2, i , be an infinite sequence of functions of x 
which may be written in the iun 


Msz) 
gh "(log x)" 


‘Un (z) -1 3 ai”) zat (log z)*-/4- (1) 


pb» 
where p, py v, v, are integers such that p, 2p, v, Z2 v, and where M,(a), for 
fixed n, is a function of x which in absolute value is not greater than a constant 
M, when | v | is greater than some constant X and c is in a sector V formed 
by two rays proceeding from zero to infinity and including the positive axis 
of reals between them. Let M n(x), for every n, be an analytic function of z 
jn every finite portion of the region of the z-plane just defined. 


Moreover, let one of the coefficients a in (1), say at? where k and / are 
not simultaneously zero, possess the following properties: 

1) As n becomes infinite af» becomes infinite, while its argument ap- 
proaches a finite limit, say that it comes to coincide with the argument of a 
given constant e, so that it may be written a™ — e (a? -+ ip) where aC? 
and B" are real. Suppose, moreover, that a‘ is monotonic increasing when 
^ is greater than some given constant. (It is easy to see that g(" /a\™ 
approaches zero as n becomes infinite, a fact for which we shall have use 
later.) 

2) The coefficient a‘ has a dominance property of such sort that 


s Hale) /ay) — 0 
for every z for which M,(x) is analytic and 
, lim ac» aim ms 0 


R=00 


unless simultaneously i == and j= l. 
3) When vn (z) is one-termed so that it has the special value v, (2) = 
ac z* (log z) '- and am is real we make no further hypothesis; otherwise we 


1 : zie 


— 


` 
— e 
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‘suppose that a paiite PER e, exists such that when n is greater than 
some appropriate N „ we have a(*) —a™ Z e 
nee let us Sonate? ‘the series of functions 


Te =3 3 one Pale) E | (8) 
a 
where. Cy, €,, €, * * : are constants. = | 
A point z will be called an exceptional Or 8, non-exceptional point for 
the series S8(z) according as z is or is not a singularity of Va a for some 
— value of n. 


The principal object of the ere paper is to consider the central con- 


. ` vergence problem for the series S(z) and for a certain other séries defined in 


$4 and having similar properties. It turns out that the convergence theory: 

of these series may be readily developed in an elementary way. The character ” 
` of the region of convergence and the uniform convergence of series S(z) are _ 
treated in 82. In 83 theorems are established showing the coincidence in 
special cases of the regions of convergence of series S(z) depending on dif- 


ferent sequences v.(z). In 84 are developed corresponding properties of a 


second class of series there defined. In 8 5 cases are considered in which series 
of either class define functions having formal power series expansions. 

A considerable variety of important classes of series are included in the 
- general form (2). We shall exhibit a few of these. 

(a) Let v4(z) == nloga. Our series is then an ascending power series. 
-Lf we take va (z) — — n log x we have the descending power series. 

.- (b) If we put vn(z) — — Ang where Ay, Ay, Ay * * - is an increasing 
sequence of real numbers tending to infinity then S(z) is the generalized 
Dirichlet series. "The.extension of Dirichlet series employed in Transactions 
American Mathematical Society 17 (1916), p. 218, is also essentially in- 
cluded here. 

(c) Lf we take S = log T (z) —log T (z doo 80 ) that our series 
becomes the factorial series, it may be shown that v,(z) fulfills the requisite 
, conditions, the asymptotic formula for T(x) serving readily for this purpose. 

(d) Indeed the more general class of series X cag (£ +) which I have 
treated in Trans. Amer. Math. Soc. 17 (1916), p. 207-232, may be shown to 
belong to'the class treated here. 

In the convergence proofs we shall have a of two lemmas which are 
reproduced here for the reader's convenience (for reference to the proofs, of 
. these lemmas see page 211 of the paper just cited) : 


Lemma I. Let a +a +a t: -bea convergent series of constants 
and let Bo, Br Bs, © > * be an infinite sequence of numbers such that the series 
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Xs | Ba — Bn | is cofwergent. Then the series aobo + 0,8, Habt °° ts 
convergent. d 


Lemma Il. Leta,-a,--a,-]-::- be a convergent series of constants 
"und let Bo Bo’ Bs * c c be an infintie sequence of functions of the complex 
variable z analytic in a given closed domain D and such that the series 
Sn | Bn — Ba | converges uniformly in D. Then the series aobo + 0,8, + 
as, --* * > converges uniformly in D. 


$2. Character of the region of convergence of S(z). 


Let us suppose that the serieg S(z) converges for a given non-exceptional 
value x, of z, say briefly that S(zr,) converges; and let us seek conditions on 
the non-exceptional value z, of x sufficient to ensure that S(z,) shall be con- 
vergent. We employ lemma I, taking 


ay == Cy gtn(Zo), Ba n on 2i) — Un (Zp) ^ 


The series Sn | Ba, — Bn |, whose convergence is sufficient to ensure the con- 
vergence of S(z,), may be put in the form 


x 
* | ga"? pair | tn (3) 
nzN 

where 


—Á 
- | gUnai (t) — Uny (£o) = etn (21) —n(%) | 


| gains a" | á 


n 


7 having the value 
r= Oo {z (log z,)! — s (log z,)!], 


where 0 is a positive constant not greater than unity. We shall now suppose 
that the real part R(r) of r is negative. 

We shall now show that a proper choice of 0 will bring it about that rn is 
bounded. If wu, (2) is one-termed in the sense of condition 3) then we take 
0 —1, whence rn = 1; otherwise we take 0 to be less than unity. Then if we 
divide the numerator and the denominator of the fraction ra by |,a(*7 | 
we have left in the denbminator a quantity bounded away from zero for every 
n in (3) is N is taken sufficiently large, as one sees from the condition in 
hypothesis 3). Moreover, each of the two exponential terms in the numera- 
tor of this fraction, and hence this numerator itself, approaches zero as n 
becomes infinite, as one sees readily through use of 1), 2) and 3) and 


~ 
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— of the dominance property of. am. Henos in any Case Ta is 
bounded.*- 
It follows therefore that series (3) converges provided that the series 
3 | jam ET. ar | . '. e 
s n= ~ i ° 
is convergent. - ` i | 
|. To prove the convergence of this series we nsn that 
l ^ es (n) ` gain | 
| " E = fis s P du 
. go that . | 
v2] gon G0 : (n+) o8 I 
| g% T — T | < (1/ T b f. e» En du, l 7 E . N 
The series of which the nth term is the second member. of this relation is ob- 
viously convergent since a‘ is ultimately monotonic and R (r) < 0 on account 
of the condition imposed on 2,. 
Hence we have the part of the following theorem which refers to con- 
vergence (not absolute convergence) : - 1 sete 


Theorem I. Let 2, and x, be two values of x which are non-ezceptional 
for the series S(x) and suppose that S(z,) converges [converges absolutely): . 
Then’S (n) also converges [converges absolutely | "n that 


; "M o Ror" (log z,)'] < Blox (log £o)'}. - 


The proof of the part of the theorem referring to absolute convergence 
is immediate. In fact.it is sufficient to show that the ratio Qva (2,) / ,Un (£o) 
is bounded as n becomes infinite; and this is an immediate consequence of-the 
hypotheses on va(z). f 

_ By a region C of convergence of the seriés S (z) we yt: mean 8 region 
such that 8 (2) converges for every non-exceptional value of v in the interior 
` of C and diverges for every non-exceptional value of z exterior to C. In & 
similar way. we define a region T of absolute convergence of S(z). li 

. By means of théorem I and the application of a classic method it is easy 
. to determine the character of the regions of convergence and absolute con- 
vergence of B (z). Compare the similar argument om p- 214 of the memoir 
already cited. We have the following TE. 


F 


^ 


l .* It should be observed that the only use of condition 3) in this proof is that. 
made in showing that r, is bounded, so that the theorem obtained is true when r, x 
bounded even though eondition 3) should not be satisfied. 


- 
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Theorem IL. There exists a unique real number X [u] such that the 
region of convergence [absolute convergence] of the sertes S (a) is bounded by 
the curve 
| R{oa*(loge)"}—=A [=p] (4) 


and lies on that side of this curve for which R{ox* (log x)"} is less than X [p]. 


By the use of lemma II and a modifieation, mostly verbal in character, 
of the argument by which theorem I was established we may prove the BE 
lowing theorem: 


=- 


Theorem III. The sertes S(x) converges. uniformly in any closed 
domain D which les within tts region of convergence and contains no point 
which is exceptional for S(x) or is a limit point of points which are excep- 
tional for S(z). ^ 


As an immediate consequence of this we have the following: 


Theorem IV. The sum of the series S(x) 1s a function S (1) of z which 
is analytic at every non-ezceptional point which is in the interior of its region 
of convergence and is not a limit point of exceptional points; and the deriva- 
tives of Sle) at every such point may be found by differentiating the series 
S(s) term by term. 


We should examine briefly the nature of the curves defined by equations 
of the form (4). For the case when 1—0 and k is positive I have already 
briefly described them in Bull. Amer. Math. Soc. (2) 23 (1917), pp. 424-425. 
In this case they are obviously algebraic. In particular, when } == 0 and k = 1 
the curve is a straight line. 

Suppose next that 1—— 0 and k is a negative integer — t. ‘Then the 
curves have equations of the form E(oa*) =», and are again algebraic. I 
we write c = | o | 6, 5 — m/| e | and cre‘? where r is real and not nega- 
tive, the equation of our curve mu be written in polar coürdinates r and 0 in 
the form 

nrt = cos(ó — t 0). 


In case n= 0 our curve cOnsists of 2¢ rays proceeding from 0 to œ and 
dividing the angular space about zero into 2¢ equal parts.or sectors. The 
quantity cos($ — t 0) is negative within alternate sectors of this set (the sec- 
tors of convergence) and positive within the others (in general €he sectors of 
divergence). When y is not zero the curve consists of ¢ branches lying within 
alternate sectors of the preceding set of 2t sectors, and in those for which 
cos($ — #6) is negative or positive according as y is negative or positive. For 
the case when t= 1 this curve is a circle. 
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& 


When k —0,1—1 and o is/real equation (4) may Be written in the form 


| E[logz] ==, or |z | — n, so that the curve is a circle about. as a center. 
- As we have already seen, this includes the case when S(z) is 8 power series 


either ascending or descending. 
Except when | = 1 and'k = 0, or 1 = 0 and k is unrestricted, “the curves 


E (4) &re in general transcendental. - 


83. Coincidence of the regions of convergence of different series 8 (2): 


In connection with series S (2) let us consider the two. related series 
. Sale) = =F eno Sty (log z); Bala) — 3 one 2a 2 (log z)*. ` 
ene ies! 


It is clear that each of these is a series of the general class S (z) defined in § 1. 
Consequently the four theorems already established are valid for these series 


. also. In the present section we establish relations among them and the more 


general series S (v). 


— 
* 


Theorem V. ‘The boundary curve of the regton of convergence | absolute 
convergence] is the same for the three series S(z), Aril), Sur (zx). 

. It should be observed that the theorem says nothing i about convergence 
[absolute convergence] on the boundary of the region of convergence [absolute 
convergence]. 

It is obviously sufficient to prove the theorem for the case of amy two 


pairs of the three series, say for S(z) and Sei(x), and for Sz:(x) and Sg (a). 
In fact, it is enough.to prove it for the first of these pairs. The method of 
proof is identical in the two cases, so that it is sufficient to carry out the work 


.for either one of them alone. For the latter pair the formulae are somewhat 


simpler than for the former, so th&t we shall give in detail the proof of only 
that part of the theorem which relates to the series Syi(z) and Ba(2). This 
proof falls into two parta. 

1. Let z be any non-exceptional point in the interiór of the region of 
convergence of Sài(z). We shall prove that z is likewise in the interior of the 
region of convergence of Ski (x). | 

‘If R{ox* (log z)*} — A is the boundary of the region of convergence of 


Sei(z), then,E(ez*(logz)'] < A. Then it is obvious that non-exceptional 


numbers z, and z, exist such that 
E(oz* (log z)!) < B{ox,*(log z,)!) < (cz; (log 2») 7 «x (5) 
Then z, and z, are points of convergence of Si:(x). Taking 


4 
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an — Cne py Do" (hg 2,)', Bs = goa "a, (log z,)'! — aim aye (log zo); 


and applying lemma I we see that Su (z,) converges if ža | Bn — Bn | con- ` 
verges.. Now the exponent in the value of B4 may be written in the form 


k 


a) (az, (log z,)! — az," (log 25)!) — B" taz; (log 2)". 


We can now proceed by the method employed for a like matter near the 
beginning of $2 and show that $» | Bn — Bn | converges. Hence Sy (z,) 
converges; and therefore S4;(2) converges, as one sees through theorem I and 
the relation between z and z, in (5); and z is in fact in the interior of the 
region of convergence of Da (z). 

2. If we suppose next that # is in the interior of the region of con- 
vergence of Jz: (x) it may be shown that it is likewise in the interior of the 
region of convergence of Syi(z). For this it is sufficient to apply lemma I as 
in the preceding case, taking this time for a, and fj, the values 


an = 6,870 7 T (log 25) t, Bu = e$ T" (log 2;) ' — ca" z;* (log To), 


where z, and z, again satisfy relations (5), the curve R{or*(logz)'} =A 
being now the boundary of the region of convergence of Sri (2). 

From the conclusions of the two preceding paragraphs we see that 
theorem V is true in so far as it relates to the region of convergence of Sy: (T) 
and Si:(z). The part relating to the region of absolute convergence of the 
same two series may be proved in the same way; or it may be proved more 
directly and more easily by & term-by-term comparison of the absolutely con- 
vergent series Syi(z,) and Sgi(2,) in the first case and Sxi(z,) and Sut (xp) 
in the second case, s, and v, being connected with an interior point € of the 
region of absolute convergence by a relation of the form (5), the curve 
E(ez* (log z)'} ==) being now the boundary of the region of absolute con- 
vergenoe. 

Theorem V thus established brings out the fact that for a given set of 
coefficients co, €, Ca * * in S(s) the functions v&(z), subject to the perma- 
nent hypotheses a8 to dn. can be modified in any way whatever so long as 
aC? is left unchanged (and indeed go long as o and a are left unchanged) 
without disturbing the position of the boundary curve of the region of con- 
vergence. Such changes may introduce or remove exceptional points or modify 
their character; but beyond this it affects convergence [absolute convergence | 
only on the boundary of the region. 

Again, Theorem V affords us a satisfying means of finding the conver- 
gence number X [the absolute convergence number u| of the series S(z). In 
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tdi it is the TEET of the convergence ace:  [fibsolüte convergence 
abscissa | of ‘the Dirichlet series 


"EY a? t 


D(t) -3 Cub. 


~ 


as one sees by comparison with Sy;(z) where — t is thought. of %s replacing 
ox*(logx)'. Convenient formulae for-the convergence abscissa of Dirichlet 
series are quoted or otherwise referred to on pages 224-225 of my memoir 
~- already cited. - : 


8.4. GSimar properties of à second class of sertes. = 


Let us now consider similar questions for. 8 series of ihe form 


T(z) = 0 +3 P, (2) P (2) - l y) ; 


,Where Co oy Cz °° * are constants and P (2), Pi(@), P(t), ^ à given 
sequence of functions. 

A point g will be called exceptional forthe séries T (s) if any one of the: 
functions P,(z) has a singularity or a zero at 2; otherwise it vil be called 
non-exceptional. 
| Let a, be a E E point such that T (s,)- converges ad ‘let Tı 
ke a second non-exceptional point. Consider what relation between x, and T, 
is sufficient. to ensure the convergence of the series "Ne We employ lemma 


— I, taking, 3 


“an = CaP, (2) Pat) © © © Pa (2o); "m 


Then T (2,) converges if ihe. series X, | 8s. — Bn | converges. Now the ratio 
Ry (2, £o) of two consecutive terms of this series (ine nih tó the (n —1)th): 
may be put in the form 











| Pan) 1 | 
— Ps (2) Pan (25) 
AUSSI T EEG UP) | 
Ps (t) - 








Denote bs l(z,, z,) the greatest limit (the superior limit) of Rala, To), a as 

n becomes infinite. | 
| "Now if [(z,, Zo) depends explicitly upon z, and we determine z, so 
that 1(z,,%)) <= 1— e, where e is a positive quantity, we are assured that our 
series Yn | Bn, — Bx |, and hence that our series T (z,), converges. Moreover, 
if this inequality holds uniformly for x, in a given closed region containing no 
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exceptional points afd no limit point of exceptional points either in its interior 
or on its boundary, then the series 7'(2,) converges uniformly in this region. 
Moreover, if /(z,, £o) can be written in the form 6(2,) /0(2,), then it is easy 
to show that a number A exists such that 6(2) = A is the- boundary of the 
region of convergence in the sense that T'(r) converges for every non-excep- 
tional point for which 6(z) < A and diverges for every non-exceptional point 
for which 6(x) >A. Again if Lz, x,) can be written in the form 
6(z,) —0(z,) + 1, we may likewise readily derive a similar result. 

Now if L(x., 2,) is independent of z, and z, and is greater than or equal 
to unity we get no information concerning the convergence of T'(z,). But if 
[(2,,2,) is independent of z, and z, and has a value less than unity we con- 
elude that T'(z,) is convergent without further restriction on z,. Series of 
sort therefore have the interesting property that if they converge for & single 
non-exceptional value of z they converge for every non-exceptional value. 

In one of the cases in which the foregoing argument fails, namely, that 
in which lim, |. E, (2,, To) = 1, we may profitably proceed to a consideration 
of the greatest limit of the quantity , 


n(E4(2z,, to) — 1). 


We denote this greatest limit by l (2i Zo). . If it is less than or equal to 
— 1 — e where e is a positive constant, then the series 3n | B«,, — Bn | con- 
verges, whence we conclude that T'(z,) also converges. 

. Now if l(z,,2,) depends on z, and we choose v, so that l (z, t) € 
— 1 — e we have a situation similar to that just treated above and as before 
we can proceed readily to the determination of the character of the region of 
convergence, at least when } (z, z,) can be written as the quotient of a func- 
tion of z, by a function of z, or 1,(z,,2,) — 1 as a difference of such 
functions. = 

Again, when l (Zp zo) is independent of z, and z, we may treat the 
problem in the way indicated for the similar case above. 

Out of other general criteria for the absolute convergence of series, as 
applied to the series Sn | 85,,— Bn |, we may derive other related results. 
Those which we have stated have actually arisen frequently in special form in 
the investigation of the convergence of particular classes of series.* 

It ig desirable to examine certain special cases in which the foregoing 


* One desiring to examine these special cases will find some of them treated and 
the others referred to in two papers of mine, namely, those in Bull. Amer. Math. Soc. 
(2) 8 (1917) : 407-425 and Aamm. Journ. MATH., 86 (1014): 267-288, and in a paper 
by E. Cotton in Bull. Soc. Math. Fr., 46 (1910): 69-84. The last paper is interesting 
for its general theorems, some of which are to be associated with the results of this 
gection. x 
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greatest limits exist in such way as to give rise to an elegant theory. 
. ^ Let us suppose that | 
Ps (2) 
n=09 Py (2) 
exists, and let us denote its value by m (£, Zo). Then if m(z,, zo) 7551 we have 
lim | Hn (2 %) = | m(z,, 2,) | so that | m(z,, 2,) | is to be identified with 
the (£, 2,) of the preceding discussion. An instance of this sort is afforded 
by a certain class of expansions in polynomials. Thus if we have | 


P, (2) = as (2 — a) + a (2 — 4)? ++ + aan (2 — 2)*- mn (2 — 2)" 
where one of the coefficients ay, dominates the others (in case there are any). 
in the sense that the quotient of any other by ax, approaches zero as n becomes 
infinite, it-is clear that m(z,, To) — (2,——a)*/(z, —a)*. We see readily 
that the region of convergence is bounded by a circle about the point a as a 
center. For the special case of this in which P,(t) ==s—a we have the 
usual ascending power series in z—— 6G. By taking P,(z) a polynomial in © 
(r— a)? we obtain a like generalization of the usual descending power series 
in £ — a 
This obviously may be further generalized b taking P.,(z) in the form 
P, (z)— au (2) +++ estis (a) +- + amatin (2) 
-where u, (£), ‘°°, Um(z) are given functions of x and the coefficient arn 
dominates the others in the same sense as before. The boundary of the region 
of convergence is now defined by an equation of the form | ux(z) | = A, and 
the region of convergence is on that side of this curve for which | w(x) | < X. 
[It is clear that the finite series for P,(x) may be replaced by an infinite 
series if suitable hypotheses are made as to the character of its convergence. | 
Let us now consider the case in which the foregoing limit value 
m(z, zo) is unity. Suppose that P«(z,) /P«(z,) may be written in the form 


Pg. (2,) - m, (25, Lp) ds En (2, To) > 


1 
į F n(zo) T Nn nite 
where e is a positive constant and &,(2,,2,) is bounded when n becomes infi- 
nite. 'Then we have e 


M, (T To) , Eny (Tu To) 


-+ 























= Px (2) not (n + 1)'** 
Him airs T) E s * Palo) | | M, (Ti, To) ^. En (Ty To) 
n + nite 
E =i s [T1 4 058991 aam] 


= R{m (2, 2,)] — 1. 
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Hence R(m,(z,,2,)) — 1 may be identified with the limit l (T Zo) of the 
preceding more general treatment; and the relevant convergence properties, 
are therefore expressible in simple and elegant form. 

It may be observed that it is essentially the Gauss criterion of converg- 
ence which. lies at the bottom of the special result just obtained. Significant 
extensions of this result may be secured, if needed, by using & more delicate 
criterion than that of Gauss, say one of the infinite sequence of criteria due 
to Kummer (see Encyclopédie des Sc. Math., I, p. 223). 

The condition last indicated in detail is realized in the case of factorial 
series. Here we have P(x) —1/(z--n—1) -—-r(z--n-—1)/r(z -- n) 
so that l 

Ps(z,) %+n—1l pii) To)... 


= —— =] 
Palto) v, 4-n-——1 ics ow 





Hence if the factorial series converges for a non-exceptional point z, it con- 
verges also for the non-exceptional point z, if E(z,) > E(z,), as is well 
known. 

It may be seen also that this condition is simply.realized in & much more 
general class of cases. Let us put 


M E 
oic ES EET 


where g(x) is a given function possessing the asymptotic expansion 


g(x) awe Br (1-p (a2) +++), o0, 


valid in a sector V formed by two rays proceeding from 0 to œ and including 
between them the positive axis of reals. Then we have as to n an asymptotic 
relation of the form 


P,(z) ~ nre ?(1 + (n d-o2)/n4-: ++); 
whence l 


P.) Ce 
Px (2p) oa B 


From this we conclude that our series T'(z,) in this case converges if 
R(ez,) < R(oz,), and that the boundary of its region of convergence is a 
straight line E (oz) =A. 

There is another range of cases, of which the generalized Dirichlet series 
affords an example, in which one may readily conclude to the convergence of 
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a 


Sn | Bau — Bs | and hence of'T(z,). Let us suppose that Bni — Br may be 
„written i in the form of an integral AP" | ; ; 


Ln i, n Tı, Xp) dt 


Mw 


~~ 


where C, is a finite path of T— for each | ^, no two of these *paths hav- : 
ing a common arc. Let C be any path made-up of all the paths Ci, Cry, 
Ci, °° * (where / is a given integer) and any. other paths which it is con- 
venient, to include. Then if the integral l ] 


J, | w(t, 2,, Zo) |. dé 


exists when z, is related in a specified way to £, it is clear that the series 
Sn | Baar — Bs | , and hence the series T'(z,), converges under the same hypo- 
thesis as to the relation of z, and We UN 

^ If we take | Rc. 


í 


~ -— 


P (2) =e MT, Pa(2) omg M9 + Ma? when n> 1, 


sio Ay Ag Ag, © © is a monotone increasing sequence süch that A» becomes 
infinite with m, our series T'(z) with c= 0 is the Dirichlet series and. the ' 
method indicated may be applied in the classic way illustrated already in 8 2. 
-.In the problem of representing functions with given properties or of 
finding functions with anticipated properties in given regions, it is sometimes 
desirable to have representations of them valid in certain preassigned regions 
of the plane. It is therefore of interest to ask under what simple conditions. _ 
- one will have a region of convergence of specified form: ‘We add here a few 
remarks on this matter. ` BC 
. One of the simplest regions of convergence is a half plane bounded bs 
straight line. ‘We have already observed certain cases in which the region of 
convergence is of this form, having the equation R(ez) =A. This suggests ` 
.8 more general case in which the same type of region of convergence arises. 
Let us.suppose that the limit m,(z,,z;) of the preceding discussion is such 
that we have the relation dE. l E 


> 


Rim, (a; 2,)] = BE adis 9 (Bs; £o); 


where (2,, Zp )eis positive whatever x, and z} are. - Then’ it is easy to see that 

the region of convergence is bounded by a curve’ whose equation is es the form 

E(oz) =À. - 

From this special case it is clear that we "may determine rudes 
under which any one of a great variety of curves may be realized as the 
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boundary of the region of convergence and that we may attach this discussion 
to any one of the four limit quantities (z, 2o), L (2,, To) j M (Ty Toh 
M, (T1, Zo) employed above. We have already seen in particular how circular 
regions may be realized in & great variety of instances. For other circular 
regions and half-plane regions, see my papers already cited and the papers 
referred tð in them. 


85. Cases in which the Series Define Functions Having Formal Power 
Series Expansions. 


Owing to the great importance, in the theory of differential and differ- 
ence equations and in other parts of analysis, of functions possessing formal 
power series expansions either convergent or divergent, it is desirable to know 
the circumstances under which our series T(z) and S(s) can be formally 
transformed into power series and these conversely into series T'(z) or S(z). 

Let us consider the case of series T'(z) where P,(z) has the aie 
formal power series sc 


Can 


Pasta ts 4, meer, — (D 


where C,, is different from zero for every value of n. It is obvious that the 
series T'(z) is then transformable formally into a descending power series in z - 
and that the coefficients may be reckoned out by means of readily solvable re- 
currence relations. 

A simple case of such a series T'(r) is the factorial series in which 
P,(z) =1/(z-+n—1). The generalization of factorial series introduced 
in 84 by aid of the function g(x) also belongs here when o= — 1, as one 
may show without difficulty. If we should take o to be the negative reciprocal . 
of an integer k we should have a generalization to the case in which the formal 
descending power series in c are replaced by formal descending power series 
in the kth root of z. 

If we have two functions T,(z) and T,(x) defined.by two series T(z) 
each depending on the seteof functions (7) and if the product T,(z)T,(z) is 
expansible into a&'geries T (a) of the same form, then the coefficients of the 
expansion may be found in the following manner: Transform the series for 
T, (z) and T,(z) imto formal descending power series in g, tgke the product 
of these latter and transform it formally into a series T'(z) ; this series will 
represent the product T,(z)T,(z). This process will certainly be valid at 
least when T', (z) and T',(z) are asymptotic to their formal power series repre- 
sentations and the functions P' are such that no function has two representa- 


- 
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. tions in the form of a series T (a). An instance of this sort is afforded is the 


^ 


'series defined in 8 4 in terms of g(x), provided that c = — 1, as one sees from. 


the results in Amme. Journ.. Maru. 39 (1917): 385-408. It is not difficult 
to see that the case just treated is an instance af series S(z) as Mm as of 
series T (s). | 
Universtiy o OF ILLINOIS, D a pom 
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On the Solution of Linear Equations in Infinitely Many 
. Variables by Successiye Approximations.* 
= By J. L. WALSE. 


In this jipe we shall consider systems of equations of the type 


Mit, F liats A lagt H't e, , 
52, F daz, F Gogg f° c o0, (1) 
gL, F Gast. F agg + c = Cy , 


2 


where the ai; and c; are given real or complex numbers and the 2; are to be. 
determined. Systems of type (1) have been solved by various means, in- ` 
cluding the method of successive approximations, but this method has been. 
used chiefly for Hilbert space [i. e, the space of points {ax} for which 
J zy |? converges] with corresponding restrictions on the ai; and c, It is 
the object of the present paper to give a number. of new conditions under 
which (1) can be solved by successive approximations; in particular, it is 
shown that if (1) has a non-vanishing normal determinant and if a simple 
transformation of the system is made, then the method of successive approxi- 
mations can be used. The method of successive approximations is very 
convenient for numerical computation. 

We shall use the method of successive approximations to prove the 
following theorem, which applies to a iia of equations of type slightly 
less general than (1): - 


Theorem I. If there exist positive constants C, M, and P such that the 
coeficients of the system ; 


T, Hs lat F lygt 0106, 
Ta + arsta c = 48, 
La F’ = ss 


$ * .- * LI = 3 


(2) 


satisfy the restrictions 


* Presented to the American Mathematical Society (Chicago), Apr. 7, 1917. 
+See, e. g, F. Riesz, Equations Linéaires. 

{t See E. Goldschmidt, Würzburg Dissertation (1912). 
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lal SMO, ws | convergent (b — 1, 2, ° o), Sfo [EP for every 
k>K,C < (1/P), O51, then (2) ww solution and-only one solution. l 
for which || Says y< Q/P,ySi. | ! 


"We first consider the special case. K == 0), and we take for d 
mations > "uS 


siu oy = 2, T C } 
l poom Bice lamat D, H Ata pae Be J] (£—4,23,:-).]- 


“h 


; From (3) it follows that - Te Vili 
? ^ am a T - ` is ; l = 1 
aP— ato: — [mossa Eas aun bt o es 
Pgd — [an sS A) +a mal E pe OG: 


and therefore 
C 


amat (ap cop) d opea apes MEM (B) 
2d << MO + PMO +. PMO +. e MO (1 — PC). - (6) 


The zy 88 defined by (5) are a solution of (2), for if we add all the equations | 
of (4) and sum by columns the peau) ang ar ait double m 
we have ; 


u fy = Cy — [Cee Teer + Ok aia cT]. 


By (6) "we see that for the zy defined by (B) there exist p and y Midi 
that | ze | Spy, y< (1/P), y zi 1. Under this restriction the solution is. 
unique, for if a,’ and sẹ” denote two solutions satisfying this restriction, their. 
difference Te =~ my — qx” is a solution of the homogenéous gm COITOB-' . 
ponding to (2): — s | 


~ 


` i EE E EA fias. EE M 


u | By + dys + = 04. uu" 
7 mE Bg feet tome O, f . T 
` l RE ; : f 
" and we have | n 
oo. [ee | SNK, X< (1P), Sr 


Place i 


xem De (k =a 1, 2, e) | 2i oo 


aED am — Tang H Ges a T e] (ged, 22°). 


- 
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from which it follows that | |< P*NX**, Hence 
lim zy? = 0. 


i-oo . 


But we have a‘ — z,0)— zy by equations (7). Hence zy--0, which 
proves the uniqueness of the solution and completes the proof of Theorem I 
for the case K — 0. The reader will easily complete the proof of Theorem I 
in its generality [K 54 0] by the use of mathematical induction. In this 
proof, it wil appear that equations (3) and (5) will give ax for every 
value of k. i x 
When the ay defined by (3) and (5) are computed in terms of the a; 
and cs, it is found that . 


oO oo oo $ 
Te = Cr — X rjj tH 3 X ayana, (8) 
frk+1 j=k+1 4-j41 


which is the so-called Neumann series. : 
‘The following special case of Theorem I will be used in the sequel: 


eo 
Theorem II. If for the system (2) we have X | ar} convergent for 
= . ji 
every b Xl G4 | SEP <1 for every k > K, 
| ce | SC for every k, 


then (2) has one solution and only one solution for which the zx are bounded. 
Moreover, this solution 4s given by the Neumann series (8).* 


We now return to the system of general type (1), and shall proceed to 
show that if (1) has & non-vanishing normal determinant and if ihe cy are 
bounded, then (1) can be- transformed into an equivalent system of type (2). 
This latter system will be shown to satisfy the hypotheses of Theorem II, 
and therefore the.method of successive approximations can be used. To show 
the possibility of making this transformation we need the 


Lemma. In any non-vamshing determinant 


Gy, ha ^ Coco Ok 
Q3 Bg, | ' oO 
AO = b oU GG x 
2 
S =. 
Qk, Gig ' * ° Akk 


* Theorem dI is similar to a theorem given by von Koch, Jahresbericht, 1913, 
p. 289. 
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the rows can be arranged so that no minor d 
Gy, Qi 7 "oC Ou 
" Og, Gas "o Co la| 
A edu xx o. x tesh e 


e 
Qi, Gig * ' ' i 


will vantsh. 


| 


This lemma is evidently true (although trivial) for k = 1 and k= 2; 
_ the reader can readily complete the proof by induction. 
We have supposed (1) to have a non-vanishing normal determinant; 


1 4 m oo 
that is, we suppose $ |a;—-d;| to be convergent [di; is the Kronecker 
: 4, fal ~ Li b 
symbol whose value is zero or unity according as $24 j or t==j] and 


lim AG? — A 3 0, 
8-00 : 
Then there exists k such that A™ 540 for n == k, k-41,- . Hence, by 
the Lemma, the order of the equations can be changed (if necessary) so that 
AG 350 for n1, 2, -- - . Such rearrangement will not affect the con- 


oO . ? 
vergence of the double series X | as; — di; | nor the value of A. ` 
4, ja ; 


We suppose, now, that this arrangement has been made, and we proceed, 
to transform (1) into an equivalent system of the type 


Diit, F biata + bista H'l = B, , 
bata F bast H't = Ba, (9) 
basta + c Bs, i 


This transformation is made by placing * bik = a,x, 8, = c,, and for n 1, 


Gy, Gig > 7 04, a Oo 
bn, y == coe fe xc we wb o eee aae 
Ani Ong ' Co Os na On, X 


Oy, Ayg OC C Ayn €. 
Ba == À . . .: . . « . n 


Üni Ong © ` Co Gn, na Cn 


The Bn as thus defined are bounded for if we set 


* 


* Riesz, i. o, p. IL 
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oo oo | 
Aa = 3 | aa — da |, E= IE (1-F Ax), 
(Eai ki /— / 


we shall have 


yy Bis Mio Ay, n-i Cy 
| Bn = absolute value of idc cec ae X10) 
» Any Ong * ` * On, n3 Cn j 
where | e| € (k —1, 2, * - -). 
o 
Similarly, we shall prove that X|5,,| converges for every 4. For by 
jin 


using a method similar to that used in (10), it follows that for n < k, 
|o.» | SUL | an] + | ae] + ^ +] on | J. 


Hence we have 


| On, ns | RS | Dn, nas | cee 
=u f | Oy; na | + | dy, ns | spes 
+ | ds, mar | + | da, na | F? 223 
| an, na | 10s n | + d = $ 
Then for every value of n, the series of absolute values of the coefficients 
bax, k > n, converges; and its sum approaches zero as n becomes infinite. 
None of the bss is zero and they approach a limit different from zero, 
30 when we write system (9) in the form (2) the hypothesis of Theorem II 
is satisfied. Therefore we have shown that if (1) has a non-vanishing normal 
determinant and the ce, are bounded, and if (1) is transformed into an 
aquivalent system of type (2), then the method of successive approximations 
zan be used. Incidentally we have proved the. theorem of von Koch that if 
(1) has a non-vanishing normal determinant and if the c; are bounded, then 
(1) has one solution and only one solution such that the z, are bounded. 
We shall now state two theorems, each of which is proved precisely as 
Theorem I was proved. The z, of each theorem are given by the Neumann 
series (8). 


oO 
Theorem III. If system (9) is such that X | ax; |? (p > 1) converges . 
s: J-k+1 
T : 
for every k, 3 | ax; |? € Q? for every k > E, à 
=ķ+1 


L, 
|. cx | SMC, Ü <A FODD 


then (2) has one solution and only one solution for which 
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D a d. | > . 1 : 
e jm | Se, y< X reo» i 


- 


Theorém IV. Under the restrictions | a | S NT*-* for every k > i, 

: [al MO, TO«1/0--N), . | 
-system (2) has one solution and only one solution for whsch 

la [S^ Tri NM 


"Manton, Wis. 
June, 1917. 


* A slightly less general theorem for the case p = 2 was proved by von Koch Mang 
infinite determinants. See Proc. Camb, Cong. Math, (1912) I, p. 354. 
In proving Theorem III there will be found useful me following inequality ane 


to Holder: ° 
ans lal) Sloe. | 


B Riu Ep 4b. 
t Of. von Koch, ho, p. 355. 


Self-Dual Plane Curves.of the Fourth Order. 
: By L. E. WEAR. 


81. Introduction. 


The reciprocal, r”, of a plane rational curve, p”, may be regarded as 
j)btained by a polarity which sends any point of p” into a line of f" and 
xonversely. The singularities of p* will go over into their dual singularities 
on r^. Now the reciprocal is, in general, distinct from the point-curve and 
m&n. The question naturally rises as to when will the two curves coincide. 
Curves having this property may be called self-dual.* It is evident that for 
:urves of this kind there must be a one-to-one correspondence between the 
singularities of p” and r™. In other words the order and class must be the ` 
ame and we have a necessary condition for self-duality expressed by the 
»xquation, 

l n — n(n —1) —2d— 3e, i.e. 2d + 3e — n(n —). 


In this paper the quartie curve is to be considered and the equation 
necomes, for n = 4, 
2d -+ 3c — 8. 


There are two solutions for this equation, viz.: 


I. d=1, c=2 
IL. d=4, c=0 


These are, pnto the limagon and the degenerate case of two conics. 
They will be considered in this order. 


Part I. THE Limacon. 
§ 2. The Equation of the curve. 
The curve is symmetrfcal with respect to an axis which cuts it in the 
double poinb and in two other points which are the vertices of the curve. If . 


we take, as triangle of reference, the axis of the curve and the tangents at the 
vertices, then the equation is ° 


ty == aft — (a 4-2), m, — (4—2?) P —a, t= (a—1)P—(a--1)t. (1) 


* Appel, in Nouvelles Annales de Math., XIII, p. 207, calls such curves “ auto- 
polaire." In that article he considered the problem of finding curves self-polar with 
regard to a given conio—the reverse of the present problem. 

| f 97 ` 
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The Jacobians of these, two at a time, give the line equation of the 
curve, which is 


& = (a— 1) (2 —2)7?—a(a+ 1), : 
imeat (etet to 0) 
a ™ Ra (2 — a)r? + 2a(2 + a)r. T 


That equations (1) are the equations ee & limaga may be seen as 
follows: 

The curve is reflected iut itself in the axis T7, — 0, the reflexion being 
effected by the transformation, © 


t+ e, 


of which t= 0, ¿== œ are the double elements. These are the vertices of 
the curve. In addition to these two points, the line z,—— 0 cuts out the 
parameters i — (a -+ 1)/(a — 1). If these are substituted in the equations 
of the curve they give only one point, which must, then, be a double point of 
the curve. 

The fundamental involution,* i. e. a pencil of binary forms per to 
each of (1), is 


(a — 2)1* -+ 4(a —1)# + bat + 4(a + 1)? -+ (a 4- 2) 
+A [(a —2)1* — 4&(a — 1)? (3) 
+ 6a — 4(a -+ 1)? + (e+ 2)]- 


If we substitute the coefficients of this pencil in the condition for a cusp 
which is given by Professor Morley in his “ Notes on Projective Geometry,” 
p. 40, we find that the condition is satisfied, and, hence, that the curve has a 
cusp. Since the curve is reflected into itself in z, — 0, and since the cusp . 
does not lie on the axis then there must ba a second one, the reflexion of the 
first. The curve is, therefore, one having a s point and two cusps; 1:85 
is the limacon. 

The two cusps are given by t= 1. The flexes are given by the Jaco- 
bian of the two members of the fundamental involution, } and are 


D 1). (a-+2)/(a—1) (a — 2). 


: g 3. Polarities. l . 


Now any correlation which eends the curve into itself must interchange 
cusps and flexes. Hence there may be two such correlations corresponding to 


* See a paper by Stahl, Orelle, Vol. 101, p. 300. 
t Meyer: - Apolaritàt und Rationale Kurven, p. 244. 
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the two ways in which the cusps and flexes may be paired. .'These two corre- 
lations are given by the transformations 


ieu Duaa («D$ (Y (4) 


ad e tr — Va + 1) (a T 2)7 (a — 1) (a — 8) (5) 


We require now that (4) and (5) shall.send any.point of the limaçon 
into a line of the curve and conversely. In order to do this operate with (4) 
or (5) on the equation of a point and identify the resulting expression in the 
parameter with the equation of a line. Thus will the parameter of a point 
of the curve be interchanged with that of a line of the curve and conversely, 
and hence there will be obtained a correlation which sends the curve into itself. 

Now if we substitute in the incidence condition 

l (2€) = D, 
of point and line, the coórdinates a; from equations (1), We have the equation 
of any point of the limaçon ; likewise, if we substitute the codrdinates é; from 
equations (2) we have the equation of any line tangent to the curve. Making 
these substitutions we find as the equations of point and line respectively, - 


[at* — (a + 2) #7] E, + [(a— 2) # — a] Å. (6) 
T [(e—1)8 — (e--1)1] & — 0 


and - 
[ (a — 1) (a — 2) — a(a + 1)] za + kesit +1) (at 2) le 
-+- [2a (2 — a)r? + 2a (2 + a)r]z, — 0 | (7) 


If we now make the transformation (4) in equation (7), i. e. put 


rem (1/0) V (a + 1) (a 4- 2)/(a—1)(a— 9), clear.the resulting equation 
of fractions and remove the factor (a — 1), the result is 


(a? — 1) (a— 2)? V («— 1) (a — 2) [att — (a+ 2) *]z, . 

+ (a 4- 1)*(a -+ 2)* V (a — 1) (a—2) [(a— 2)? — ajr, (8) 
— 2a(a + 2) (a— 2)*V (aF 1) (a +2) [(a— 1) — (a+ 1)f]z, 0. — 
| Since this is a line on the point ¢ of the curve, it is identical with equa- 
tion (6), regarding ‘both equations as functions of the poene SUE 
this identification, w have 7 . e 


— af, = a (a! — 1) (a — 2)? V (a — 1) (a — 2). zo 
a£, =—a(a + 1)? (a +2)°V (a — 1) (a — 9) t, 
(a+ 1)& = 2a(a +1) (a + 2) (a — 2)? (a+ 1) (a F 2) t, 
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" 
wherein we have equated the coefficients of ¢*, ©? and ¢ respectively. Dividing 
the first equation by — a, the second by a and the third " a + 1, the equa- 
. tions become finally, 


patsata e a . Y. 
&=— (a+ 1) (a 4- 2)? V (a— 1) (a —2) a, | (9) 
& = 2a(a +1) (a +2) (a — 2)! V (a+ 1) (a 3-3) to 

If the. transformation " 


r7 — (1/1) V (a+ 1) (a F 8)/ (a — 1) (a — 8) 


had been made in the equation of a line, then only & will be changed in (9), | 
since it comes from odd-powered terms, while é and é come from even powers. 
Furthermore the coórdinate € will be changed only in sign. Hence there 
arises from the second transformation the correlation 


& == (1— a’) (a — 2)* V (a — 1) (a — 2) To 
& =— (a d- 1)* (e + 2)* V (a— 1) (a—2) z, (10) 
a = — 2a(a + 1) (a + 2) (a— 2)? V (a -+ 1) (a 4- 2) Ta 
Equations (9) and (10) are two correlations which send any point of 
the curve into a line of the curve, i. e. send the curve into itself. In parti- 
cular dual singularities are interchanged, as may be easily verified. 
Furthermore if we examine the determinants of equations (9) and (10) 
we find them to be of the form 


a €. 


h 
b 
f 








3 


i. e. the two correlations are actually polarities and the conics giving them are 


(1— a?) fe 2)?V (a—1)(a—2) a 
adar V(a—1)G—3)a* - (11) 
+ 2a(a-+2)(a—2)'V(eF 1) (a 3) af 0 


These conics are conjugate, in the sense that they have double contact 
and are reflected, the one into the other, by a pair of reflexions in the reference 
triangle. It follows that each conic is its own polar recibrocal as to the other. 
This fact is seen from a geometrical viewpoint, since a polarity leaving the 
curve unaltered must also leave the conie of the other polarity unaltered. 

The points of contact of the two conics lie on the axis s, — 0. This 
can be proved from general considerations as follows: Call the vertices of the 
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limagon A and A’ (See Fig. 1); the polar of A (t= œ) is the tangent at 
A'(f— 0) and conversely. Hence A and A’ are a pair harmonic to the meets 
of T, = 0 with both of the conics. Also the polar of the double point D is. 
the double line which cuts the axis at D’, say. Then D and D’ are also a 
pair of theinvolution on the line and the Jacobian of the two pairs (A, A’) 
and (D, D’) wil give the points (C, C^) where the conics cut z,-— 0 and 
where they have contact,—since the polars of those points are tangent to 
both conics at the poles themselves. Further, the line z, == 0 is an axis of 
each one of the conics, since the polars of points on it, (A, A’, D, D’), are 
lines perpendicular to the axis of the limacon, and the pole of the latter is a 
point at infinity where any two of these perpendiculars intersect. 5 





Fre. 1. 


There will be certain points on the curve which will be fixed under the 
polarities, i. e. are transformed into tangents at the same points. "These 
fixed points are four in number and are found by letting ¢ and 7 come together 
in equations (4) and (5). They are given by 


t — (a 4- 1) (a + 2)/(a — 1) (e — 3). 


Since at these four points the polar of f is a tangent to.the curve at t, there- 
fore each of the conics (119 thas double contact with the limagon. One conic 
has real contacts with the curve and the other has imaginary contacts. 


. 84. Special Cases. | 
Conies (11) will degenerate when their discriminants vanish. ‘The 


latter are + 2a(a — 1) (a + 1)*(a — 2)" (a + 2)* V (a + 1) (a 41- 2) which 
vanish for the values a == +: 1, +2. But equations (11) vanish identically 
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for a= — 1 and a= 4+2. Since the flexes are given by 
E P = (a+1)(a+2)/(a—1) (a—2), ` 


the value a == + 1 signifies that two flexes have united at ¿= oo and it may 
be easily verified that they unite to form a third cusp. The cusp-tangent is 
z, == 0, which, taken twice, is the equation of the conics for the value a = — 1. 
For a==— 2, two flexes of the curve unite but in this case they form an 
undulation point, i. e. a point where the tangent to the curve meets the curve 
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in four coincident points. The conics, for a == — 2, degenerate into the line - 
T = 0, which is the equation of the undulation tangent. 


85. Summary. 


We have seen that the limagon admits of a reflexion given by the 
equation | 
t+ ¥ == 0, 


' 


and is invariant under the two polarities s, and m,. Call the reflexion R. 
Since E? =u 1, the elements 1, E, form a group (G,) of collineations under 
which the curve is invariant. Itis evident also that 


mH — m, and rB = my 
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Further “| a 
Tot, == E and m = 7,2 = 1. 


Hence the 


Theorem : The limaçon is invariant undena G, consisting of two an 
lineations and two polarities. 


Furthermore all possible polarities and correlations which leave the 
curve fixed are exhausted in a, and Tı. For, suppose another to exist—say 
Tm. Then either 
TyT. = 1 or gym = À 


In the first case 


Tm =" Toy 


and in the second Tm = ty. 


In Figure 2 are shown the limacon (in Cartesian coordinates), with ‘the 
two conics, for the case a = 4. 


86. Satellite Conic. 


Of some interest in connecting with the plane quartic curve is the Satel- 
lite Conic of a line. In the case of the cubic curve the corresponding thing 
is the Satellite Line. Any line, £ will cut the cubic in three points. The 
tangents to the curve at these three points meet the curve again in three other 
points which lie on a line,* called the Satellite Line of £. In the ease of the 
plane quartic a line, é will cut the curve in four points 7;. The tangents 
to the curve at these four points meet the curve again in eight points which 
lie on a conic,+ the Satellite Conic of the line é The problem here is to find 
the actual equation of this conic for the limaçon. 

- The condition that three points of the plane rational quartic be on a 
line is as follows: 


Pos? + PosSa53 A (Pos — 12) S183 + Pras? + (Pos — Bis) Sa 
T Pase + (Pia — Pas) Ba F P2393 + P3481 + Dog = O. 


Q4 04 
by by 
(at)* -+ A(bt)* (See Art. 2), and the S; are symmetric functions of the three 
parameters of the points. Substituting the appropriate values of the pı; from 


The p; refer to the determinants of the fundamental involution 


* Salmon, Higher Plane Ourves, Art. 179. 
+ Salmon, 1. o, Art. 30. 
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the fundamental involution of Art. 2, we have, as the condition that three 


points of the limacon be collinear, 


— (a—1)(a— 2) 8,? — 2 (a? —a—1)8,98, +a(a—1)8;? 
+ 2(a? + a — 1)8, — «(a 4-1) ,* + (a+ 1) (a 4- 8) =. 


Herein set t = é = T, 1, == $ and we have 


— (a — 1) (a — 2) 8T* — 2 (a? — a — 1) (t + 27’) (£T?) 
+ «(o — 1) (UT + TP)? + 2(a* + a — 1) (2T + T*) (13) 
— a(a 4- 1) (6 -- 2T)? + (« 4- 1) (a 3- 8) — 0. 


This is a relation, f (T, 1?) — 0, connecting T, the point of tangency 
of a line, and the two remaining points of intersection, t. It says that, given 
the line T, the two remaining pointe of intersection with the curve are given 
by (13). Conversely, given any point ¢ on the curve, there are four tangents, 
T, to the curve from this point, given by (13). Since any line T, on one of 
the cusps will be incident with a i; then (7'* — 1) must be a factor of equa- 
tion (13). Rearranging the latter in powers of T we have 


[(a — 1) (a — 2) — a(a — 1) ]T* — 4tT? — 2[ (a? — a + 1) (13^) 
— (a -- a -1)]T* + &T + [lot 1) — (a-- 1) (a --8)] 0, 


and dividing by (7? — 1) we have, finally, 


[(a—1) (a — 2) —a(a— 1)] T? — 4tT (18^) 
— [s(a -- 24 — (a --1)(a--9)] — 0. 


We have here a relation, F(T”, 8) — 0, connecting the point ¢ and the 
line T of the limaçon. For the self-dual quartic, then, on a line T'.are two 
points £, and from a point ¢ are two tangents T', i. e. the relation is a per- 
fectly symmetric one. It is invariant under.the reflexion, i -]- i/ — 0, and 
also under the transformations (4) and (5). Letting t= T, we have a 
quartic giving the four points of the curve where a point ¢ is coincident with 
a point of tangency, T. This quartic is 


(a — 1) (a — 2) T* — 2 (a? + 2) T + (a + 1) (a +2) — 0, 
which factors into, 
(1? —1) [(a — 1) (a —2) T? — (a + 1) (a 4- 2)] — 0. 


These two factors give the cusps and flexes, respectively. Evidently at these 
points the tangent lines have three coincident intersections with the curve. 
The incidence condition of point and line is (zé) — 0. Put therein the values 


M 
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of a; from cqustion (1), obtaining 


[a4 — (a + 2) T7] & + [(a—2) T9 —«] & (14) 
"wes Ipsa Dj & — 0. 


Arranging in powers of T' we have | 


ak T^ + (à— 1)&T* — [(a +2) — (a — 2)&]T* (14^) 
— (a + 1)&T — a£, = 0. 


Given a line £, equation (14^) fixes the parameters of the four points of inter- 
section with the curve. | 

Now let the T"s of (14^), be the same as those of (13^) ; i. e. let the 
two equations have common roots. The condition that the two have common 
roots is the vanishing of their eliminant, which will be of the fourth degree 
in the coefficients of (13^), and of the second degree in those of (14’).* 
Hence a f (£, t) — 0, a relation connecting ¢ and the eight points ¢ when the 
points of tangency 7; lie on é This eliminant, formed according to Syl- 
vester's dialytic method,{ is 


a[a(a -- 1)* (a4 + 4o? — 8a + 4) &? + 2a(a +1) (a — 1) (a — 2)? 
(a? T 2a — 2) && + a(a—1)*#(a—~ 2)*6? — (a + 1) (e — 1) 
(a — 2) £? 123 — 8a (a + 1)* (a — 1) (2a — 1) £j — 4[a(a -- 1)? 
(a 42) (at + Sa* — 4a + 8) &? + Ba (a — 8) 
(a* + a" — bat — 3a* + Ya? — 2a — 1) fof, + a? (a — 1)? (a — 236 
— (a J- 1)*(a—1)* (a —a* — à —a + 1) &*] + 8[2 (a +1) 
(2a —1) (e* + a —1)& -F (a— 1)*(a—2) (9a + EET 
-+ 2I (a -- 1)? (a + 2)?(3a* + ba? — 4a + 2) &? + 2 (8a — 210° l 
-+- 46at — 28a? + 8) &€&, + (a — 1)? (a — 2)*(8a* — ba? -- 4a -- 2)&* (15) 
— (a -+ 1)*(a—1)*(Bat — Bat — 4&5] — B[ (a + 1)*(a +2) 
(2a — 1) && -+ 2(a — 1)? (2a + 1) (a? —o—1)6&]? 
— A[a? (a + 1)? (a + 2)3£* + 2a(a + 2) (a$—a5—ba*-]-3a?-]-7a* --9a—1) 
&£& + «(a — 1)* (a — 2) (a* — 3a? + 4a + 2) &* — (a + 1)* (a— 1)* 
(at + à? — a? +a + 1) &*]? + 8a(a + 1) (a— 1)* (2a + 1) &&t 

4 a[a(a -- 1)*(a 4-2) Ei tala + 1) (a — 1) (a 4-2)? (at — 9 — 2) 
hi + (a — 1)*(a* ene — ED Say 
(a+ 2)&? ] = 0. 


Let a line £ cut the curve in four points T. Draw the fôur tangente et 
these points. These tangents cut the curve in eight other points the para- 


* See Salmon'e Lessons on Higher Algebra, Art. 70. 
+ Salmon, 1l c., Art. 88. 
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meters of which are given by the octavie (15). "The " step is to find the 
equation of & conie passing through these eight points. 


209 conie 


4 k Nani o 0, Gi — i j . 


will cut the curve in eight points which are E by ETE in bhe 
equation of the conie the values of a; from equations (1). We have then 
doo [af* — (a + 2)E] + a [(a — 2) 8 — a]? + Gas | (a — 1)? i 
© — (a + $)]* + 20s [att — (a + 2) P]1[(a— 2)5, — a] + 2as[ot* (16) 
— (a+ 2)P][(a — 1) — (a +-1)4] + 9a, [(a— 2) t? — a] 
[ (a — 1)73 — (a + 1)4] — 0. 
Simplifying and arranging in powers of ¢ we have 


a^a, t* + 2a(a— 1) x + [—2a(a T 2) doo + (a— 1)7a,, . 


-+ 2a (a — 2) do, |Ë 


Ppa E E call) Gee ae) ae, 
+ [ (a 4- 2)? dog + (a — 2) ?a, ,.— 2 (a + 1) (a — 1)a,, — 4 (a? — 2) to | U4 


+[—2(a+1) (a + d'a ifte À l (16^) 
+ [— «(a — 2)a, + (a + 1)5a3, + 2a(a + 2) aq]? : 
+ 9a (a + 1)asf + oa), e 0. 


This octavic in ¢ gives the parameters of the eight pointe cut out by any conic. 
By identifying (16’) with the octavic of equation (15), we have more than 
enough. conditions to determine the coefficients a, of the conic. On identi- 
fying the two we have: 


Coefficients of 15, 
ato == a (a + 1)? (a* + 4a" — 8a + 4) éo + 2a(a -+ 1) (a— 1) (a—2)* - 


of i', 


of t, 


of £, 


of tt, 


(a?-+ 2a — 2) && + a(a — 1)* (a — 2) té? — (a + 1)* (a —1)* 
(a— 2) é; , 


day — (ad 1*8 — 66; 
dy = (a — 1)? (2a + 1)66: f 


day, == a (a -H 1)? (a -- 2) 48, + ala 1) (a — 1) (a+ 2)? 


(a3 — 2a — 2)&£& + a (a — 1)* (a* — 4a? + 8a + 4) & 
— (a + 1)? (a— 1)?(a -- 2)&" ; 


— («-1)(a—1)4 —2(e — 2) a = 2(0 + 1)(0 + 2) 

(at + 2a* + 2a* + 4) &* + &(a* — 5a® + 2a* + 180? — 12) boé, 

TF 2(a— 1)? (a — 2)*(a$— 20% + 2a? — 4)&* — (17) 
:— 2 (a + 1) (a — 1)? (at + a —4)5; —— | 
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of v, (ok haa Bala 4 8). mm daa EE 
Lal od e le A e a eee 
2a* (a — 1)? (a — 2)*&? 4+ 2(« + 1)* (a — 1)? (18) 
e + 2a* + 8a? + 2a — 2) & 


By muliipiging (17) by (a + 1) and (18) by (a — 1) and adding the result- 
ing equations, we eliminate as, and obtain 


485, = 4(a + 1)*(a + 2)? (a? + 2a —2) £&? + 8(a* — 9a* + 180? — 6) &£, 
ST 4 (a — 1)? (a — 2) ° (a° — 2a — 2) &? — 4 (a + 1)? (a — 1)? (a — 3) £5, 


or 


= (a +1)*(a-+ 2)? (a? + 9a — 2) go" + 9 (a — 9a* + 18a* — 6) 6f 
+ (a — 1)*(a — 2)* (a? — 2a — 2) & — (a + 1)? (a — 1)? (a? — 3) £. — 


Substituting this value of @, in equation (18) and simplifying, we have 


(a + 1)*2), = — 4a (a + 1)* (a + 2)*& — 8a? (a + 1)? (a+ 2) (a— 2) 
(s — 8) 66 — da (ua +1) (a— 1) (a — 9*6 + 4(0-+ 2)*(a— 1) 
(at + 2a* — 9a — 1)&' 


Henoe, 


as = — ha (a + 1)* (a + 2)*6 — Sat (a + 2) (a— 2) (a? —3) bo, 
— daa — 1): (a — 2)*&,* + 4(a — 1)? (at + 2à* — 2a — 1) &*. 


All the coefficients of the conics are determined. By substituting the 
proper values in the coefficients of t° and ¢° the conditions arising from those 
two terms are found to be satisfied by the above values. Hence the coefficients 
of the conic are the following: 


aly = ala + 1)? (at + 4a? — 8a + 4) é? + 2a(a +1) (a — 1) (a — 2)? 
(a+ 2a — 2) && +- a (a — 1)? (a — 2)*&,* — (a + 1)?(a — 1)? (a — 2) é, 
Ally, = — fa (a -+ 1)* (2a — 1) 66s, | 
80,5 4a (a — 1)? (2a + 1) &&; 
al = a (a + 1)? (a + 2}? + 2a(a + 1) (a — 1) (a+ 2)? 
l (a? — 2a — 2) && +- a (a — 1)? (at — 405 + 8a + 4) * 
— (a + 1)* (a — 1)*(a + 2) 6,3, 
ad, = ala + 1)’ (a -- 2) * (a? T 2a — 2)&* -+ 2a (af — 9a* -+ 18a? — ĝ) $é 
+ a(a—1)*(a— 2)? (a? — $a — 2) £&? —a(a-4-1)* . 
(a— 1)? (a? — 3) é, 
alos == — fa’ (a + 1)? (a 4- 2)*5,* — 8a? (a + 2) (a— 2) (a — 3) 66, — 
— ĝa? (a — 1)* (a — 2)*&? + kala — 1)? (at + 2a — 2a — 1) 6,3. 


2 
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[a(a + 1)? (at + 4a* — 8a +- 4) £5? F Zala + 1) (a— 1) (a—2)! 
(a? + 2a — 2) éé, + a(a — 1)* (a — 2)*6,* — (a +1) (o— 1)’ 
(a — 2) £,7 zo? 
+ [a(a--2)*(a + 2)*6 + 20(a+1) (a — 1) (a 4-2)? 
(a? —Ra— 2) é 1& + + a(a—1)? (a* 6 88d 66 . 
— (--1)(a—1)(a--3)6'a ^. (19) 
— 4a[a(a + 1)? (a + 2)*& + 2a (a + 2) (a — 2) (a — 8) i 
Fala 1)! (a— 2) — (a +1) (a — 1hr 
+ [$a (a — 1)? (2a--+ 1) éé: ]z,; — [8a (a + 1)* (2a — 1) foér] Tot: 
+ 2la(a + 1)* (a + 2)? (a? + 2a — 2) &? + 2a(a° — 9a* -+ 18a? — 6) 
éé, + a (a — 1)? (a — 2)* (e? — 2a — 2) &* dd (a—1)? 
(a? — 8) ba" Jeor — 0. 


Given a line £, cians the limagon in four points T: the tangente at 
the points T cut in eight other points ven lie on the conic given in equa-: 
| tion (19). 

Among interesting special cases is that of the line z, = 0, the axis of ` 
the curve. Here & = 0, é = 0, & — 1. Substituting these values in (19) 
we have, after simplifying, 


(a+ 1)*[ (a -H 1) (a — 1) (a — 2) z,* + 2a(a* — 3) aoa, + (a + 1) 
(a — 1) (a + 2)2,*] — 4a (a + 1)? (a — zs = 0. : (20) | 


This is a conic symmetrical as to the line z, — 0 and passing through the © 
double point. The latter fact can be seen from the following considerations: 
The line z, — 0 cuts the curve at the vertices and at the double point. The 
two tangents at the double point have there three points in common with the 
curve, Hence, two of the eight points, t, being at the double point, the Batel- 
lite must pass through the latter. . 

Again the line joining the two cusps is r, — z, —0. Putting é = 1, 

é = — 1l, & — 0 in (19) and simplifying, we have ` 


(2a — 1)*z,? -+ 2(16a4 — Sat — 1) ag, + (20+ 1)*n 
(00 888 (2a + 1)? = 0. NT 


This satellite of the line of cusps goes through the cusps themselves and 
through the two residual intersections of the cuspidal tangents. - > 

| Consider next the Satellite of a line £ tangent to the curve. Such a line 
cuts in only three points 7, the point of fangency and two others. The tan- 
gent lines at T, will be the line £ itself and the two tangents at other two 
points 7;. Call these tangents y and ¢. They cut the curve in t,, fa» and 
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4^, ty’, respectively. binc: £ itself counts as a tangent at one of the points Ts, 
therefore the Satellite passes through the other points T, T,. Since Ta, ty ta 
ire on the conic, and likewise T,, t’, ta’, therefore the Satellite is composed 
3f the two lines y and (. Hence, the Satellite conie of a line € tangent to the 
surve is composed of two lines, the tangents at the two points where £ cuts the 
"urve. s 

-For example, the equation of the double line is 


(a — 2)?z, — (a + 2)?z, — 0, 


Substituting é = (a—2)*, & — — (a+ 2)?, ¿= 0 in equation (19), we 

find the Satellite of the double line to be 

—— (a—2)'z—2(a--2)(a— 2)9zm, + (a+ 2)*2—=0, — - (22) 

ar j 
[ (a — 2)*z, — (a + 2)*z, ]* — 0. (227) 


That is, the Satellite of the double line is the double line itself taken twice. 
. The equation of the flex tangent at 


V (a-+1)(a+2)/(a—1) (a—2) is, 
(a + 1) (a— 1) (a — )*s, + (a + 1)*(a + 2)%x, —2a(a + 2) (a—2)* 
V (a +1) (a + 2) /a—1){a—2) 2, — 0. (23) 
Setting he (a+ 1)(a—1) (a—2)%, & — (a--1)*(a--2)5, — 
— — Ba(a +2) (a — 8)*V (a F 1) (a E 8)/ (a— 1) (a— 3) 
in (19), we have, as the Satellite, 


(a -- 1)? (a — 1) (a — 2)*(a? + 2a — 1)a,? + 2(« +1) (e+ 2)? 
(a. — 2)? (at -+ 4a* — 1) aye, + (a + 1)* (e — 1) ( + 2)* 
(a? — 2a — 1) z,? — 4o? (a + 1) (a + 2)*(a — 2)?z,? . (84) 
— 4a V (a -+ 1) (a 4- 2)/(a — 1) (a—2) [(a— 1) (e + 2)* 
(a — 2)? (2a + 1)2,2; — (a + 1) (a + 2) (a— 2)* 
(2a — 1) aya, ] = 0. 
In this ease there is only one intersection in addition to the flex point, namely 


(o lt) (@FD 69). 
| (a +1) N (a—1) (a—2) 
The tangent at the latter point is ° 
(a +- 1) (a — 2)? (a? + 2a — 1)2, + (a— 1) (a + 2)? (a — 2a — 1) a, 
dea — 1) (s 2) (0—2) V («ED («E 9)/(8— 1 (8— 3) 
2, — 0. | ; (25) 
qu as 
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The Satellite (24) is the product of the fiex tangent itself, and the line (25). 

Let us consider now the dual idea. From any point z in the plane four 
tangent lines, t can be drawn to the curve, touching at four points. From 
each of these four points are two tangents, 7;, to the curve. By a process 
exactly analogous to the preceding it can be shown that the eight Knes, Tx, lie 
on 8 conic, the Satellite of z. The relation f(a, &) — 0 so found is identical 
with equation (19). To prove this statement it is sufficient to say that, owing 
to the self-duality of the curve, the relation f (é, z4) — 0, connecting a line £ 
and its Satellite must be identical with the relation f(z &) == 0 connecting 
a point v and its Satellite, since the two ideas are dual ones. Hence equation 
` (19) has a dual interpretation: Given £, cutting the curve in four points, T, 
it is the equation of a conic on the eight points where tangents at T, meet the 
curve again; given z, from which are four tangents, /,, to the curve, it is the 
equation of a conic on the eight tangent lines of the curve | drawn from the 
_ points of contact of the lines ti. 

The center of reflexion, admitted by the curve, furnishes a good illus- 
tration. The codrdinates of the center (0, 0, 1) substituted in (19) give the 
Satellite | 


a(a + 1)* (a + 2) + Ra? (a + 2) (a — 2) (a? — 3) £06, 
T ala — 1)* (a — 2)*6* — (a + 1)! (a — 1)*6? = 0. (26) 


This conic is on the double line and the four tangents drawn from the two 
vertices of the curve. 

From! a point z on the curve are only two tangents to the curve (4, t) 
in addition to the tangent at z. The lines f,, £, will touch at y and z, say. 
From each of the points y and z are two tangents to the curve which lie on the 
Satellite of x. Furthermore, since the point x is the point of contact of one 
of the tangents from x (the tangent at z) therefore t, and t, lie on the Satel- 
lite. Hence, from each of the points y and z are three tangents to the conie, 
which must, therefore, break up into the two points y and z. Thus, the Satel- 
lite of a point v on the curve is composed o two points, —the points of contact 
of tangents from s. 

For example the Satellite of the double poit, [ (a + 1), —(a — 1), 0], 
is > | ] 
[(e + 1) — (a—1)é,]? — 0, (27) 


i. e., the square of the double point itself. 
The codrdinates of one of the cusps are 1, 1, 1. If substituted in (19), 
they give for the Satellite 
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(a +- 1)?(a? + a Da quie ds ebd ia. 
(a? — 2a — 1) &* — (a + 1)*(a — 1)26,? — 2 (a — 1)? (28) 
(2a + 1) && + 2 (a + 1)* (2a — 1) ffa = 0. . 
From the cusp there is only one tangent to the curve (in addition to the 
cuspidal tangent) and this meets the curve at t = — (a + 1)/(a — 1). -The 
equation of the latter point is. 


(a+ 1)* (à + 2a —1)6 + (a— 1)? (à — 8a— 1)6 


—(a-1)(a—1) —0,  - (29) 
and that of the cusp (1, 1, 1), is : 
& + & + & = 0. zo (30) 


Equations (29) and (30) multiplied together give (28), i. e. the Satellite of 
the cusp consists of two lines one of which is the cusp tangent. 


Part II. Two Contos. 


87. The Gy, of a Four-Potnt. 


It was pointed out in the introduction that only two cases of self-dual 
quartics are possible and we come now to the second case, that of two conics 
regarded as a degenerate pf. P 

To study the properties of the curve it is necessary to aides the four- 
point common to the two conics and the group of collineations connected there- 
with; since, if the pair of conics is to be unaltered by correlations then their 
common four-point and four-line must be merely interchanged. The pair of 
conics intersect in the same four points, after being acted upon by the corre- 
lations, as they did before. In this sense the common four-point and therefore 
the common self-conjugate triangle are fixed. We assume then that the two 
conics have a proper, common, self-conjugate triangle, which is taken as the 
triangle of reference, and that the four poe are in the canonical form 
(Lut) 

The four-point is neri under a G,, of collineations, consisting of 
reflexions and collineations of periods three and four. Call the four points 
by the numerals 1, 2, 3, 4 and indicate by subscripts the interchanges made by 
the transformations. E. g., the notation C1, (k(t) means a collineation inter- 
changing + and j and leaving k and | fixed. Then, in the first place, there is a 
set of four reflexions (including identity) in the reference triangle 1. e. leaving 
the vertices of the reference triangle for centers and the sides for axes. In the 
notation just explained they are: ' 


Firstly, Casco» Caen Wd Canas 


-~ 
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These are of the type 
Zp’ MM Tos T’ EIE Tis x,’ rg EES Za. 


Secondly, there are reflexions 


Coca» Canas Oana C aoc» C asy co) ca» Cahn 


which interchange two of the points and leave the other two fixed. E. g. 
vd mE Ly, x,” — Zo ez em Le; 


the center of which is (1, — 1, 0,) and the axis z; — 2, == 0. 
Thirdly, eight collineations of period three, leaving one pom fixed and 
interchanging the other three cyclically 


Camay Casna C asoc» C aan aoa» Caso ca» C dokn C ise) (3 Cirsa) {1)° 


To illustrate, take the transformation 
fy = Ly L =X, Ty = T, 


which is a member of the set. 
Lastly, six collineations of period four, interchanging the four points 
cyclically 


O 1284) C (1824) Ü aseo» C asa» C asas?» C 482 


E. g. "n —€—G T! = — Ty, 2, — 2, ig a member of this set. 

The twenty-four collineations form a .G,,, under which the four-point 
is invariant. Consider now the effects of these transformations on any conic 
passing through the four points (1, + 1, + 1). Such a conic may be taken 
in the form 


aT? -F 0,2," + ata = 0 
provided that (a) — 0. 


The reflexions 1, C(4) 1) involve only a change of signs and will, therefore, 
leave the conic unaltered. The other elements of the G,, in general send a 
conic on the four points into some other member of the pencil of conics deter- 
mined by the four-point. Given, then, two conics considered as a quartic 
curve, the problem is to find correlations, and in particular, polarities, which 
will send an¥ point of the curve into a line of the curve and conversely. This 
may be accomplished in either of two ways: 


1°. The two conics may be interchanged under the Poora NONA 
29. Each conie nu be unaltered. ^ 
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§ 8. General Case. 


Consider, first, the general case of two conics between which there exists 
no special relation. In general it is not possible to find a polarity that will 
leave each Cynic unaltered ; but two conics related in a special manner do admit 
of such polarities and will be considered in the next article. It is necessary 
to look, then, for polarities that interchange the two conics. __ 

aso? + a,%,* + apt,’ = 0, (31) 
and 


Bots? + Bios? + Bet? = 0, (82) 


where (a) = (f) = 0, be two conics on the four points (1, + 1, +1). One 
of these is to be the polar reciprocal of the other as to some base conic. The ` 
ae may be taken in the form 


dz, +- bz? + -— ex l; (33) 


- 


since any polarity interchanging (31) and (32) will leave their common 
self-polar triangle unaltered and hence, either the latter is self-conjugate with 
respect to the base conic or else the base conic is tangent to two sides of the 
triangle, the third side being the chord joining the contacts. The latter pos- 
sibility is considered in the next article. Now, if we require that the polarity 
as to (33) interchange (31) and (32) then the constants a, b, and c are 
determined to be 


a:b PEN Pe >+Va,8, : Va, 


Take all possible combinations of signs and we obtain the INE four 
polarities: 


To T, ZEE D E n 
Éo = V aola; == Vasto, = V asfsto; Be V apBo%os 
& = V'a;B,zi, = Vab, eee Va, B2, e V a4E,2,, 
Ea = V 028222, scd V asy; ne V abata TIU V as 2;, 


One of these, say 7), having been obtained as above, then the others are 
given by the products x, * C xo. These are evidently correlations and they 
interchange the two conics, since m, interchanges them and (ui, leave 
them fixed. That they are polarities appears from the fact that the products 
FoU mn) y ^ ToC cra) (e). Which are collineations leaving each conie unaltered, 
must be contained in the set Cupan, and in particular vC 45a * vU apa 
must be identity. Furthermore no other correlation could exist which would 


- 
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kaer the one conic into the other. For supposing such a one to exist, 
say Tm, then the product s, ' 7m must be contained in the: set Capa i ie 


To ' "Tm =S Comm oa) = 

But | s pn 
ANT x m : Ü con [oes C ww) co 

| And hence 

` Tm = To . Cenny" ` zt 

Hence the number of polarities is exhausted. 

That there are just four polarities which interchange the cónies is evi- 
dent from a geometrical point of view. For, the four points of intersection 
of the conics miust go into their common lines. It would appear then that 
twenty-four polarities are possible; but any polarity sending one of the four 

- common points into one of the four common tangents carries a unique trans- 
. -formation of the three other points into the three other tangents. Hence there ` 
are only four polarities possible. 
' - ' The elements 1, Ciian form a G, of collineations under which the 
quartic is invariant. Furthermore it was shown above that all correlations 
leaving the curve unaltered are included in the set mo [mo : Cupan] and 
that the products of the latter, two at a time give C ajai- 


Hence the Theorem: A quartic curve, composed of two conics, 4s in- 
variant under a G, consesting of ia colneattons and four correlations. 


89. Two Contes Subject to the Condition Ad, 8 a= A OP, 


We come next to the case of two conics admitting not only the polarities 
of the preceding article but also a second kind, viz. those "which leave each 
conic separately unaltered. - f 

- Assume a pair of conics on the fur "-— (LT su and guch 
that either one of them is reflected into the other by one r the collineations 
Can am; —58y by the. collineation : 


TQ == Ti, c. = c; Tg’ n Tis | a 

" Buch a pair are | | ; 

" aT F a424* + ay; = 0, (34) 
AZo" + agt,* + a42,* = 0. (35) 


- * * See Weber, Lehrbuch der Algebra, Vol. II, p. 4. 
+ On relations between two conics see Olebsch, Lécons sur La Géométrie, Vol. I, 
p. 150 ei seg. 


-— 
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Furthermore, since 


C amoo ' Cum oto se Coo a cv» 


then the conics will be reflected into each other li & second member of the 
set Cun exp 

Just as in the preceding case the curve is unaltered by the group 
1, C 44 ck) To To ' Capan, the polarities being ag follows: 


To Ti T3 Ta 
Éo == Tos <a oTo = 0979; == Ay Zo, 

i= Vaas Tp = Vaa Tis = —V agas £y g V a, Ts, 
{= Vaa Ly == V aya, tz, = Vaa, Tg = —V aas V. 


Now the reflexions Cupa have the effect of interchanging the two 
conics, and Cujan leave each unaltered. Hence the effect of the products 
Canad ^ Cas at is to interchange the two. By these products we obtain 
four collineations which send each conic into the other. The four include 
the two reflexions Caj 04,41, and two of the set Cz, i. e. collineations of 
period four. The eight elements form a collineation G, under which the 
curve is invariant. Add now a polarity m, which interchanges the pair of 
conics. The products ro * C (ijt, as before, interchange the pair of conics; 
but the products mo © Canach and mw, * Cryer, leave each conic fixed. Of 
these the first two are polarities and the other two correlations of period four. 
The four correlations are as follows: 


To * Cun (ED To ' C ai, 
o == Agbo; = — loto = Gg, m olg 
É = V atg 7,, — Vaya, Ly, — — V-a104 Ty = V yt T5 
Éa = V aay 2,, = Vaya, Ti, = Vaag Dy == — Vaya, 2}. 


It is readily seen that the determinante of the first two are symmetrical 
and that those of the other two are not. Hence the former are polarities 
while the latter are correlations. That the correlations are of period four. 
may be easily verified and is evident from the fact that they are m * Casen 
which, raised to the fourth power, i8 m,f > O*tasen, i. e. identity. Further- 
more there can be no other correlations leaving the pair of conics unaltered, 
a fact easily proved just as in the preceding case. Hence the curve is invari- 
ant under a G,, of collineations and correlations. Of the latter six are polari- 
ties and two are of period four. 

Consider now the baee conics of the polarities To ^ Canama Their 
equations are 


ato? = 2V a.a; LT, = 0, . (36) 
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These are of the nature of conjugate hyperbolas and may be called còn- 
jugàte conics. Furthermore each of the original pair is conjugate to both of 
= (86). What we have then is this: Two conics (31) and (32) which admit 
of a reflexion, the one ‘into the other; two conics (36) each of which is conju- 
gate to the other and is also conjugate to both (31) and (32). 

We inquire now as to whether or not it was necessary to assume conics 
that admit of one of the reflexions Cj, (1) in order to obtain polarities 
whose base’ conics are conjugate to the original pair. Two conics admitting 
e reflexion may be taken in the forms 


AL," + onis + er? + 992,2, = == (), 


The invariants, using AA notation (Conic Sections, p. 334), are 88 
follows: 


A -—abc——bg?*, A, = abc —.bg?, 0 = (3abc—bg?), 0, (8abc — bg*). 


Since an invariant relation must be homogeneous and of the same degree in 
the coefficients of both forme, the only relation subsisting between the in- 
variants is 

A0,? = A 88. 


We seek next the condition that two conics have a common conjugate 
conic and may admit, therefore, of polarities such as wy © Cup au. The 
pencil of conics having double contact with (z?) == 0, and with (zé) = 0 as 
the common chord of contact is o 


(aé) — AEG?) (&) — (28)*] — 04 20 (80 


Values of A that are equal but of opposite signs give conjugate pairs. For 
A= +1 we have 


(2°) (@) — (zé)? = 0 |, (88) 
and (2?) = 0 | (89) 
Now a second line, (z1) = 0, 


will determine another pencil | 
(ay)? — wl (2*) (q?) — (a) ^... (4) 


and for u = + 1 the conjugate pair 
(28) (q?) —2 (an)? = 0, | (41)4 


* See Salmon’s Conic Sections, p. 340. 
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(a?) = 0. | | (42) 


Hence (38) and (41) are both conjugate to (z*) — 0. Writing o, = (€) 
and o, = (n°), the invariants are 

N Aca~~g3, A ==—o,3, GSA 0,—0, 7 
where : : 


A= [0105 "e 4 (Ego + ém + Eom) ad 


The only invariantive relation subsisting between them is 


A0, = A,6?. 





That is, the invariant relation that two conics admit of a reflexion the 
one into the other is identically the same as the condition that the two have 
a common conjugate conic. Hence the necessary and sufficient condition that 
polarities of the type m, * Cup aon exist, is that the pair of conics admit of 
a reflexion and is expressed analytically by the above relation between the 
invariants. | 

— We summarize this case by the Theorem: Two conics characterized by 
the relation A6,9 — A,0* are invariant under a Gs consisting of collineations 
and correlations. Of the latter str are polarities and two are of period four. 

In Fig. 3 the circles are the original pair of conics admitting a reflexion. 
Only three polarities are real, as shown in the figure. 


"- 
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810. The Clebschian Pair. 


= 


We come finally to a special pair of conics which is invariant under the 
entire G,, of collineations and therefore, by adding a polarity and a Gy, 2 


J. eollineations and correlations. 


-_ Suppose the conics of the preceding case are required. to admit not only — 
of two members of the set Cunan, as in that case, but also of a third mem- 
ber of the same set of collineations. aves this further condition in the 
two conics we obtain the pair 


ore. + otz? = 0, n + of? + ot, 0. (43) 
These are either interchanged or left separately unaltered by the entire (,, of 
collineations. Hence, by adding a polarity, they are unaltered by a G,, of 
correlations and collineations. Of the former ten are polarities. Hence the 
- Theorem: The Clebschian pair of conics is invariant under a Gy, of colline- 
ations and correlations. Of the latter ten are polarities and the others of 
periods three and four. | 


On the Groups of Isomorphisms of a System of Abelian 
Groups of Order p" and Type (n, 1, 1,°°°, 1)." 
\ By Louis C. MATHEWBON. 


Introduction. . 


Early in the study of groups of isomorphisms Moore showed that the 
group of isomorphisms of an abelian group of order p™ and type (1, 1,---, 1) 
is the linear homogenous group, extensively discussed by Jordan in his Traité 
des Subststuitones (1870). Miller discussed the automorphisms of an abelian 
group of order p”, type (m — 1, 1),f and later gave incidentally a formula 
for the order of the group of isomorphisms of any abelian group of order p*.8 
In 1907 Ranum through his study of the group of classes of congruent ma- 
trices showed that the group of isomorphisms of any given abelian group of 
order p* was simply isomorphic with a certain chief n-ary linear congruence 
group.| In the present paper the viewpoint is different and the groups are 
treated as abstract groups. The object is to study the groups of isomor- 
phisms of the system of abelian groups of ordem p™, type (n, 1, -:,1),n >1, 
and to show that these groups of isomorphisms may be built upon the group 
of. isomorphisms of an abelian group which contains no operators of order 
greater than p. To serve as a stepping stone to the general theory as well as 
to bring out the relations true for the first case, the case n == 2 will be con- 
sidered immediately for p = 2 and for p > 2. — In each development thé group 
under consideration will be represented by G and its group of isomorphisms 
by J; p is used for an odd prime. 


Theory. 
Theorem 1. The of an abelian group of order 2", type (2,1, =:, 1) 
is of order 9^ (8^ — 2) (9n — 2?) - + + (2% — 2") and is simply ore 


with a subgroup of index 2"^ —1 in the holomorph of the abelian group of 


* Presented at the Dartmouth Meeting of the American Mathematical Society, 
Sept. 5, 1918. 

+ Cf. also Burnside, Theory of Groups (1897), T 171, 172 and Chap. XIV. 

‘t Miller, Transactions of the American Mathematical Society; Vol. 2 (1901), 
pp. 259-204. 

$ Miller, Bulletin: of the American Mathematical Society, Vol. 20 (1913-14), 

364. 
? | Ranum, Transactions of the American Mathematical Society, Vol. 8 (1907), 
pp. 71-91. 
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order 2^, type (1,1,--+,1). This I may be obtained by extending an abelian 
group of order 2^, type (1, 1,---,1) by those operators from its own group of 
isomorphisms which leave one arbitrary operator in this abelian group fixed. 


Suppose m > 1. The operators of order 2 in G 'evidentlyf with the 
identity form a characteristic subgroup, H, of order 27. In H there is one 
(and only one) characteristic subgroup besides the identity. It is of order 2 
and consists of the identity and the operator of order two which is the square 
of all the operators of order 4 in G. AN the operators outside of H are of 
order 4. With the operators of H in ‘identical correspondence any one of 
these operators may stand first, and an automorphism of G is then determined. 
Since these automorphisms are of order 2, commutative and number 2” — 1, 
the I of. G contains an invariant abelian subgroup, H’, of order 2", type 
(1,1,-°-,1). For, let H==1, 8a 8° 5: , ss, let #—s,, andlet G e 1, 
So Sy't, Shy É 185, 7 + * , #8, (all operators being commutative). Any 
operator tsi, $ = 2, - ++ , h, may correspond to £, so that the order of H” is h. 
Let H’ == 1, va 95 ^-^, vs Let the v that transforms t into ts, be va into 
ts, be vs, etc. Then, since each s is invariant under the v's 


prls = $4, 


vj iv; — ts: l = 32, ttt h; $3, AEQ i (1) 


That the v's are of order 2 is evident from the fact that 
vrt (oi tvi)vi == gsm = vrti, vy swi = ts? =t; 


and since all the operators of H’ excepting the identity are of order 2, H’ is 
abelian,* or, 


Va vy tuple — Valts Va == Ug the * Va SVa "= 18585, 
Vy Va tad, == vy sau, == vy iUn c VETS Vo = 895a, 


and since £s485 = t8p8a, Va UD iVa = Vy ve tivat, OT Vay == Vota. That Vavo 
transforms ¢ into ís,8, makes it possible to put H and H' into simple iso- 
morphism in the following way: si m~ Vi $ 9, zs 

From the nature of:G, evidently H can be Me in all the ways 
an abelian group of order 2", type (1, 1,: - - , 1) can, except that s, must al- 
ways correspond to itself. This means that one subgroup of order 2 in H is 
always fixed, so that the order of the quotient group of the I of G with respect 
to the invariant H” as a head is equal to the order of the group of eee 
of H divided by 2% — 1.* 


* Cf. Burnside, loc. cit., p. 60. 
* Burnside, loc. ott., 8 172. 
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It will now be shown that the I of ay may be E by extending H’ by 
operators which transform it in just the ways H may be transformed in G. 
This will be done by showing that &n operator effecting any permissible auto- 
morphism of H, would produce a similar isomorphism among the operators of 
H’; i. en iË usu = sy, then u^vau-— vx. It may be supposed that u is so 
chosen fróm the J of G that it transforms ¢ into itself; for if not, u can be 
multiplied by such an operator from H’ that the product will transform £ into 
itself and at the same time effect exactly the same Se of H. 
Using (1), 


(uonu) "C t(uwyu) = utoy utu vu = uw voy tou = uisu = 
wt | usu m tsp just as vy ivy == 08x; (2) 


and since the v's are a with the s's and so also is u?viu (because 
(uvu) s (u viu) = uwiusiuwiu = si, for usiu™ is some 8, and hence 
priusu Iw = usu, and urtusiu tu = 8) ; therefore, wtwpu and vy effect 
the same isomorphisms of G with itself. Thus, u^ viu = vy. 

From the preceding it is obvious that the I of G is a subgroup of index 
9" — 1 in the holomorph of the abelian group of order 2^, type (1, 1, - * * , 1). 
This I should have exactly $(4), or 2 invariant operators.” The operator 
besides the identity is easily shown to be v, according to the notation here used. 
(Note too that here v, corresponds to s, in an invariant subgroup of index 
21 in H). All the v's are commutative with v, and if in (2) k = 2 remem- 
bering that us,u=<=s,), the result from the end of the preceding paragraph 
18 UV u = V 


Next, the case in which p is an odd prime will be considered, and it will © 
be shown that in this case the I of G is a direct product of two groups; and 
what these two groups are will be discussed. 

The operators of order p in G evidently with the identity form a char- 
acteristic subgroup, J, of order p™; also in J there is a characteristic subgroup, 
H, of order p whose p — 1 operators of order p are the pth powers of the opera- 
tors of order p? in G. The operators of order pë correspond among themselves 
in every automorphism of G. With J in identical correspondence, amy one of 
the p* operators of order p? having the same pth power in H may stand first, 
and the automorphism of G is then fixed. Moreover, every such automor- 
phism of Gis of order p, and these p"— 1 automorphisms of order p are com- 
mutative. These two facts may be proved just as similar facts were proved in 
the preceding case where the prime was 2. Let this invariant abelian sub- 
group of order p and type (1, 1,:.: + , 1) in the J of G be E, and let its oper- 


* Miller, Blichfeldt, and Dickson, Finite Groups (1916), p. 162. 
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ators be v’s. If the generators of J are 5, Sa) '  * , 8m Where 8, generates H 
(and tf — s,), then by a method analogous to that used for the even prime 2, 
it can be shown that the correspondence between J and E can be taken as 


8,7294 (4==1,--°+, m), where vtu, = tsı and where vj8105 = s; (i= 1, 
0, milei +++, m). / 

From the nature of G, evidently J can be automorphic in all the ways an 

abelian group of order p*, type (1, 1, , 1) can, excepting that H must 


always correspond to itself. Since J has a 1)/(p— 1) subgroups of . 

order p,* this means that the order of the quotient group of the 7 of G with .- 

respect to the invariant E is equal to the order of the group of isomorphisms” 

of J divided by (p^"—1)/(p— 1), which gives the order of the I of G as 
DE pst =p) ay eee esprit) 

Consider those automorphisms of G in which the uid of H are in 
identical correspondence. Suppose that the operator, u, effecting the iso- 
morphism under consideration transforms ¢ into itself; for if not, u can be 
multiplied by such an operator from Æ that the product transforms t into 
itself and at the same time effects exactly the same automorphism of J. As 
in the preceding theorem, it can be shown easily that u transforms the opera- 
tors of E among themselves in the same way it transforms the corresponding 

operators of J; that is, if —— 


UTS U mm 8, Ueu 8, (J=, >, m; md, ++, m); 


then uiveu = v, uru = vy, (j and 7’ have the same values bores 
before). 

Since all the automorphisms of G with the operators of the character- 
istic subgroup H in identical correspondence have been considered, the F of G 
evidently contains an invariant subgroup J’ which is simply isomorphic with 
an abelian group of order p", type (1, 1, +<- , 1) extended by those opera- 
tors from its own group of isomorphisms that leave the operators of one and 
only one of its subgroups of order p fixed. Since all other automorphiams of 
G arise from the automorphisms of H, and H is cyclic and of order p, obvi- 
ously the quotient group of I with respect to I’ is a cyclic group of order : 
p—1. It will now be shown that the I of G is simply isomorphic with the - 
direct product of I’ and the cyclic group of order p — 1. 


The central of the I of G is the group of totitives (mod p°) of order ` 


ó(p*) = p(p~-1); that is, a cyclic group, the product of a cyclic group of 
order p by a cyclic group of order p — 1. Each of these operators in the 
central of the J of G transforms every operator of G into the same Dou of 


* Burnside, loo. cit., p. 59. 
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itself.* The cyclic group of order p in this central has been already obtained. 
In the notation here used, it is generated by v, since v, ‘tv, = 13, = 1", 
v, 75v, = Es? — EH, etc. ; and since, for any 8, v,*s;0, — 3 (t=—=1,---, m), 
and the (1 + kp)th power of s, is s; and since wvu == v,. If now sa~ s”, 
then sinog i? = 4, t can ~ f^, and the remainder of the automorphism of G - 
may be get up by having the other generators (besides 8,) of J correspond to 

their own nth powers, si ~ s” (t==2, :-: , m). If w effects this auto- 
‘morphism of G, wsyw — ge ($21,:::,m), wtw = i^ (also ws; w — 
84, 07940 == 1), it is necessary and sufficient to show that w is commutative 
with all the v’s and with u. First, it will be shown that www =w. Since 
vite; em ts; (1= 1,- , m), (wow) T t(w vam) = ec + wiw? - ow 
em 17 ^ TA 4p em D Qv tug) w == wn! (tay) w — wp ^ wo em Esi, 
Just as v7 0v, = ts;, and since the vs are commutative with s; (J= 1,-::-, m) 

and so also is www (because (wiuw) s; (ap w4w) = wut + wesw + vw. 
= Wys uw = 18, = 8;) ; therefore, these two operators from I are - 
identical or www = v, Second, to show that w is commutative with u, 
use will be made of 


poteit (j/—52,:-::,mj i 55, m) and uttu = t Here 

(w07* uw) si (107 uw) — 077 "sw? uw —w?u?suw  (je1,:::,m) 
if j= 1, ws iw = 8, just ds usu = s. 

-| if j= 2,- y m, Wsp wW =a gp, just as ute = 8j; 


also (www) t(w^ww) = wuy? + wth: uw = www == im e t, 


Hence, not only is the quotient group of J with respect to J’ the cyclic group 
of order p — 1, but 7 contains such a cyclic group whose operators (excepting 
the identity) lie outside of I’ and are commutative with each of the operators 
of I’. Therefore, I is simply isomorphic with the direct product of I’ and 
the cyclic group of order p — 1, and for m > 1 there results the 


Theorem 2. The I of an abelian group of order p***, type (9, 1,°°+,1) 
is of order p^ (p —1)(p* — p) +++ (p? — p") and ts simply isomorphic 
with the direct product of a cyclic group of order p —1 and the group `. 
formed by extending an abelian group of order p", type (1, 1, ^ - , 1) by 
all those operators from its own group of isomorphisms which leave the opera- 
tors of some one of its subgroups of order p in identical correspondence. 


As a side step from the main problem of this paper the following general 


*Miller, Transactions of the American Mathematical Society, Vol. 2 (1901), 
p. 260. 
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proposition concerning a property obtaining ih the abelian group just con- 
sidered, will now be discusséd. 


Subsidiary Theorem. Jf an abelian group G contains a characteristic 
subgroup H of prime order p, the I of G 4s simply isomorphic with a direct 
product, one factor of which.ts the cyclic group of order p — 1. 4 This I is 
then dunistble tf p > 2. = 

Since " every abelian group is the direct product of its Sylow subgroups 
whenever its order is the product of more than one different prime," * H is in 
the Sylow subgroup, 9, of order p^ and type (Muy m4,:::, mi), m, E m = 

| Goma, where m = m +m +: +m and m,>0. If m, is not 
greater than m,, there is no characteristic subgroup of order p. If m, > m, 
- the group of order p in the cyclic group of order p™ is a characteristic sub- 
group of G. (and the only characteristic subgroup of order p), since its opera- 
tors gre the path powers of all the operators of S, its operators of order p 
being the p™“th powers of the operators of order p™ in S. Incidentally then, 
it has been shown that a necessary and sufficient condition that an abelian 
group of order p™ contain a characteristic subgroup of order p 1s that there 
be one and only one largest invariant. .This group, H, of order p is a funda- 
mental characteristic subgroup.t The remainder of the proof will now: be 
worked out with respect to S, since the J of G is the direct. produer of the 
groups of isomorphisms of its Sylow subgroups. 

The operators effecting the automorphisms of § in sieh the aa 
of H remain in identical correspondence form an invariant subgroup, I’, of 
the group of isomorphisms of 8 (Z). ‘The quotient group of I, with respect 
to I’ is the group of isomorphisms of H; i. e., the cyclic group of order p — 1. 
In the notation here used and with p > 2, the central of I , 18 a cyclic group 
of order ó$ (pm) — p" (p — 1), the product of a cyclic group of order p? 
` and another -cyclic group of order p — 1, and each of these operators in the 
central of I, transforms every operator of S into the same power of itself.] 
“The cyclic group of order p» is in J’, its operators being those which trans- 
form operators of order p™ in S into their (1 +- kp)th powers, k = 1, 2, 

, pe, The operators of order p in H are invariant individually under 
such transformations, since these powers of each opeartor of order p in H 
are that operator itself. ‘The operator of I. which transform every operator 
of S into the 2nd, 3d, - +- , (p — 1)th powers of itself, evidently transform 





* Miller, Bliehfeldt, and Dickson, loc. cit., p. 87. 

+ Cf. Miller, AMERICAN JOURNAL oF MA THEMATIOS, Vol XXVII (1905), p. 15; 
also Miller, Blichfeldt, and Dickson, loo. cit., p. 110. 

t Miller, Transactions of the American Mathematical Soctety, Vol. 1 (1900), p. 
397; Vol. 2 (1901), p. 260. 


« of Abelian Groups of Order p™ and Type (n, 1, T x. 125 


the » operators of H among themselves, so are not in I’. They with the iden- 
tity, constitute a cyclic group of order p — 1, and since they are in the central 
of I,; they are individually commutative with the operators of 1’. Hence, | 
since the quotient group of I, with respect to I’ is a cyclic group of order 
p — 1, and f, contains a cyclic group of order p — 1 having only the identity 
in common with J’ and each of its operators is commutative with each of the 
operators of I’, therefore I. is simply isomorphic with the direct product of 
I’ and a cyclic group of order p — 1. 


The theory of the second theorem will now be extended to any abelian 
group, G, of order p, type (n, 1, 1, * - - (m —1) units), n>1, p a 
prime > 2. Let i be the operator of order p”, and sa ‘+ * , 8m independent 


generators of order p, and for convenience let i?"^ — &,. From the observa- 
tions under the Subsidiary Theorem, s, generates a characteristic cyclic sub- 
group, H™, of order p. All the operators of order p in G form a charac- 
teristic abelian subgroup H"-? of order p™, type (1,-::,1). H™ is in 
Hr, Then there is a characteristic abelian subgroup, H 9-9, of order p™, 
type (2, 1, - - , 1) generated by the p("-?th powers of operators of order p” 
and HX", So likewise, H‘*-® is generated by the p'-*th powers of operators 
of order p? and H} ; and in general, Hn, of order p"*r* and type (r, 1, 

, 1), is generated by the p”rth powers of the operators of order p^ and 
Hor), r= 2, + , w—1. Each of these characteristic subgroups contains 
the preceding, and the largest (H?) is of index p in G itself. This series 
of subgroups forms a characteristic series of G.* 

Now with the operators of H™ in identical correspondence, evidently t 
can correspond to any one of p* — 1 operators besides itself; it can corre- 
spond to itself multiplied by any one of the operators of H), since these 
products (and ¢) alone are of order p” and have the same pth power that t 
has in H®, As was shown in connection with Theorem 2, these isomorph- 
isms (excepting the identity) are of order p and commutative. Hence, the I 
of G contains an invariant abelian subgroup, E, of order p™, type (1,---,1), 
which is simply isomorphic with H“-» ; and, moreover, if the same conveni- 
' ent notation be employed here as in the theorem to which reference has just 


been made, the correspondence, 94 ~ 3; 1==1,° °° , m, can be set up, where 

the v's are the independent generators of the subgroup E. The transforma- 

` tions, accordingly, are v4 tv, = ts, ife 1,'::, m), VISIVI =e 8;, Wes 1, 
', m; j=l, m). 


Now, let the is of H® be in identical correspondence. i? can 


* Frobenius, Berliner Riieungsberichte (1895), p. 1027; cf. Burnside, loc. cit, 
85 163, 164. i 
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correspond to #™*+r, ge" +9...» qQG—OS +p (or (a, 13,2, oy. 


i?s,?1, respectively, since 1?" ^ == s) besides itself, because these and these 
alone have the same pth power in H™ and at, the same time are themselves 


- the pth powers of operators outside H®. Simultaneously with Pe~ b^» t | 
must correspond to some operator of order p” whose pth power is it? > 


such operators are 19" ^-H times operators from HY. The operators from 
H'^) may be supposed to be in H™ also, for if not, the operator effecting . 
the automorphism of @ under consideration can be multiplied by such a v 
that H® is transformed as stated in the preceding and¢ corresponds to 


i?" ^-F: times some operator from H™, Accordingly, this isomorphism of @ 
may be said to be effected by an one which transforms every operator 
into its (kp™* +-1)th powers, k—=1,:-:, p— 1. 

Similarly, if the operators of H® are in identical correspondence, the 
additional isomorphisms of G spring from those in which the operators cor- 
respond to their (kp? --1)th powers, k——1,:-:,p—1. | 

More generally, if the operators of H, r—2,--.-,mn-—1, are 
in identical isomorphism, i?" ^ can correspond to i?" ct» ^, m^», 


fl 


, 106—209 +o (or wits». + , dp ^ gi —1, respectively) besides 
itself, "becuase these operators and these only have the same pth power in H” 
and are themselves the p'-^th powers of operators outside H™®. These iso- 
morphiams are those effected by an operator which transforms the operators 
of G into their (kp** + 1)th powers, b—1,---,p—1. These auto- 
morphisms are p'**? in number (because r= 2, -+ , n— land k==1,:°--, 
p—1). If when re=1, v, is included, these isomorphisms number p**, 
and they are, moreover, those in which the operators of G go over into their 
(1-++ kp)th powers, k—1,2,:-:-, p"3. The only other powers are the 
ist, 2nd, - + , (p — 1)th, and when these are effected the characteristic sub- 
group H™ takes all its automorphisms. But the operators effecting the pos- 
sible transformations of all the operators into their same powers constitute the 
central of the 7 of G, a cyclic group of order f(p") — p*"(p—1), (because 
the highest order of operators in G is p^), the product of two cyclic groups, 
one of order p — 1 and one of order p*"*. From ihe Subsidiary Theorem the 
I of G is the direct product of this cyclic group of order p — 1 and another 
subgroup, 7^, The cyclic group of order p**! must be in I’. Suppose u to be 
employed to represent & inaug of this cyclic group, F, of order p"^, so 
that utu = iv b-—1 sy pn, With the operators of H^? in iden- 
tical correspondence, all the MEM isomorphisms of G are effected by u and 
the v's. They all are commutative (since u is in the central of I) and the 
cross-cut of E and F is the cyclic group of order p generated by v,( = u??). 
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Hence, J’ contains an invariant abelian subgroup of order p™***, type (n — 1, 
Lll ) ns 

Finally, if the operators of H™ alone are in identical correspondence, 
the remaining operators of H‘*» have exactly the automorphisms of an abel- 
ian group of order p"-!, type (1, 1,::-, 1) when the operators of some one 
‘subgroup of order p remain fixed. If w effects such. an automorphism (and 
leaves ¢ invariant), it can be shown just as in Theorem 2 that w is commu- 
tative with v, but transforms the other operators of E just as the operators of 
HO outside of H™ are transformed, and w, furthermore; would be found 
to be commutative with u. The number of the isomorphisms effected by ws 
would be (p^ —p)(p^—p*) «++ °° (p? = pt) -t 

The following may be stated as a summary of these results: 


Theorem 3. The I of an abelian group G of order p™*"+, type (n, 1, 
1, :::, 1), p a prime > 2, n>2, is of order (p—1)p™*?(p™— p) 
(B= 97) sos xs (p'* — p*), and is simply isomorphic with the direct 
product of a cyclic group of order p —1 and a group formed by extending 
an abelian group of order p^, type (1, 1,: + , 1y by all those operators from 
its own group of isomorphisms which leave invariant the operators of one 
its own group of isomorphisms which leave invariant the operators of one cyclic 
group of order p, and then multiplying this extended group by an operator 
of order p'-* which is commutatwe with each. operator of the extended group 
and which has one of the invariant operators of order p for tts p**th power. 


This shows that for a gwen odd prime p and a fixed value of m > 0, 
the group of isomorphisms of each abelian group of the system (n= (2), 3, 
4, * * ,) contains the group of isomorphisms of the preceding as an invari- 
ant subgroup of index p, since they differ only in the order of the operator 
by which the extended group is multiplied. 

Again, since multiplying the extended group by the designated operator 
of order p"* is equivalent to taking an abelian group of order p**"-?, type 
(n—1, 1,::: , 1) and extending it by all those operators from its own 
group of isomorphisms that leave invariant the operators of exactly one of 
its subgroup of order p", the preceding theorem can be stated as follows, 
and from it can be seen that the group of tsomorphisms of each abelian group 
of the system under study is an extension of the one of the system just before 
tt and of indez p in it. 3 
Theorem 3’. The I of an abelian group G of order p™ 1, type (n, 1, 
|: 1,:-:-, 1), p an odd prime and n > 1, is of order (p —1)p™*?(p™ — p) 


* Cf. Burnside, loc. cit., $48. 
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(p™— p°) * *- (p'* — p") and is simply isomorphic with the direct prod- 
uct of a cyclic group of order p — 1 and the groug formed by extending an 
abelian group of order p*'?, type (n — 1, 1, - -- , 1) by ail those operators 
from tts own group of isomorphisms that leave invariant the ag of 
exactly one of tts cyclic subgroups of order p". 


If p is the even prime and n > 2, F is not-cyclic but is an abelian group 
of order 27-7, type (n — 2, 1),* and the 2*-*th power of the operators of 
order 2** generates the cross-cut of F and E, a group of order two. Accord- 
ingly, the counterparts of the preceding two theorems are: 


Theorem 4. The I of an abelian group G of order "=, type (n, 1, 
10::-,1), n> 2, is of order 2™*2(2" — 2) (20^ —23) -- - ($m — 29) 
and ıs simply tsomorphich with the direct product of a group of order 2 and a 
group formed by extending an abelian group of order 25, type (1, 1, * -* , 1) 
by all those operators from its own group of isomorphisms which leave invari- 
ant one operator of order two, and then multiplying this extended group by an 
operator of order 2^3 which 4s commutative with each operator of the extended 
group and which has the invariant operator of order two for sis 2° °th power. 


This and the following equivalent statement of the proposition show the- 
inclusive relation between the groups of isomorphisms of two consecutive 
groups of the system: 


Theorem 4. The I of an abelian group of order 2*7, type (n, 1, 1, 
» 1), n>2, is of order amm- (Rm — 2) (2m — 2?) -= - (8m — ama) 
. and is simply womorphic with the direct product of a group of order 2 and 
the group formed by extending an abelian group of order 2™"-3, type (n — 8, 
1,:--, 1) by all those operators from its own group of isomorphisms that 
leave invariant individually the operators of exactly one of its cyclic sub- 
groups of order. 277, 


DARTMOUTH COLLEGE, 
Haiover, New Hampshire. 


* Burnside, loc. oit., 8 160. 


On the Satellite Line of the Cubic. 
Bv R. M. Wriwaxs. 


THe RATIONAL Cusic. 


1. Introduction. While Salmon * discusses the satellite line of the 
cubic at some length he fails to give its equation. The equation was supplied . 
by Cayley t who calculated it laboriously by a direct method. Several co- 
variant expressions for this remarkable line were given by Walker.[ And 
another has, been furnished by Morley.8 In the present paper the explicit 
equation of the satellite is exhibited both for the rational and the’ general 
cubic, in canonical form, and some associated loci are considered. Several 
interesting chain. theorems are obtained and a generalization is made for the 
plane curve of order n. 

We consider first the rational cubic B3, eae as its equations in points 
and lines respectively 


| $38, g= 3t, t= 1, (1) 
or Lo? + c? — 8ao,2, == 0, 
uQ—1—98, u—1H-—9t wu 3t, (2) 
or us* ~~ Uoti tg” — BUG h? + lo ta + Au ua = 0, 


when the triangle of reference is the invariant triangle of the G, which leaves 
the curve unaltered. 

An important curve for the satellite theory is the conic N; || the locus of 
lines joining pairs of contacts of tangents from por of the R. The equa- 
tion of N for the eubie (1) is 


Ua? — uth, = 0. (3) 


* Higher Plane Curves, third edition, Art. 149 ff. 

+ “A Memoir on Curves of the Third Order," Phil. Trans. (1857), p. 439, or 
Colleoted Papers, Vol. II, p. 405. 

f Phil. Trans. (1888) A, p. 170 and Proc. Lond. Math. Soc., Vol. XXI (1890), 
p. 247. . 

$ University lectures for the session 1910-1811. 

| Morley, AMERIOAN JOURNAL Or MATHEMATIOS; Vol. XI (1889), p. 316; Winger, 
* Inyolutions on the Rational Cubic,” Bulletin, Amer. Math. Koo., October, 1918, p. 28. 
This conie.touches the nodal tangents where they meet the line of flexes and has 
' contacts with the curve at the sextactic points. 
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While every line u/ has a unique satellite u, a line u is in T gatel- 
lite to four lines w’. Continuing the figure we shall call the line u” the 
primary of u. Combining these statements we have the theorem: The 6 
contacts of tangents from 3 collinear points (on u) of a rational cubic lie by 
threes on the 4 sides u’ of a quadrilateral whose diagonal 3- line is circum- 

scribed to N. 
When w’ is tangent to the curve, the satellite is likewise tangent, at the 
‘point where u’ cuts again. If however u is tangent two of the primary lines 
coincide. Thus the tangent at a point is satellite to the two tangents from 
the point and the line, counted twice, joining contacts of those tangents. 


2. The line w == (ur) = Uoto F hat, + ue, = 0 
cuts the curve in three points with parameters 


ut + But? + But + u, = 0. (4) 


TÉ s refer to the symmetric functions of these ¢’s and c; to the parameters 
(— 1/1?) of the three tangential points we have 


8, = —38uy/Ua, 8, == OU, / ua, — S4 m — 1, (5) 
o = — $ 1/4; == — (2s, + 8), 03 = 8,7 — 28,, gg = — 1. 


Whenee the equation giving the tangential points is 


P A- (28, + Sa) E -+ (8? — 28,)t + 1—0 (6) 
and the equation of the line u on which they lie is 
X,: (Buy? — uota) Lo F (Buo — Mizta) T, + uz, — 0. (7): 


For gwen w (7) is the equation of the satellite line. Equally for given -> 
€ and variable u tt is the equation of a conic, the locus of lines whose satellites 
pass through z. When considered as a conic we shall denote (7) by 3. 

Tf v is on the curve the conic degenerates to the two contacts of tan- 
gents from z. Hence the discriminant of the conic is to within a factor the 
point equation of the E,*. Ji \ 

3. lf v is not on the cubic 4 tangents u, can be drawn to the curve. 
From each point of contact i, canbe drawn 2 tangents u/,, and u'4,, with con- 
tacts ta, and t'ia These tangents u’ and the line Win joining their contacte 
are all primaries of u,. Hence the four pairs of tangents Wi Wis, which can 
be drawn to the R, from the contacts t; of tangents from a point æ, together 
with the four lines Win joining contacts Vi t's, of the pairs touch a conic 3a. 
The four pairs of tangents are the common lines of conic and R} and the four 
lines Win are the common lines of X, and conic N. 
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Continuing, from each of the 8 points 7’ can be drawn á pair of tan- 
gents w” with contacts i^ and these contacts determine a line u/',. These 24 
lines all touch a curve of class four, viz. the locus of lines whose satellites 
envelop the conic X,. The 16 lines w” are the common lines of the quartic 
and the R while the 8 lines us are the common lines of the quartic and the 
contc N. 

Starting with a curve Z, of class one, namely the point z, we have thus. 
a chain of theorems on class curves associated with the rational cubic for thé 
process can be continued indefinitely. This chain is however a special case 
of another which can be obtained by direct generalization of the theorem, 
implied by equation (7). Since the equation of the satellite line is of the 
second degree in the coefficients of the primary, we may say: If the satellite 
line u run around a curve Xs of class 8, the primary u’ envelops a curve X, 
of class 28. The equation of Z, can be found at once by replacing up, ui, Us 
in the homogeneous line equation of Xs by 


(9, — Augu) : (BU? — 2u,u,) :u, 
respectwely. 

Now the R, and 33 have 48 common lines u. If the contacts be desig- 
nated by £, then from each ¢ can be drawn two tangents u’ to the cubic. The 
contacts ¢’ of these tangents determine a line w’,. ‘These lines u’ are the 
three primaries of u and hence are lines of 3,3. We have thus 128 lines of 
X,,—l0he 88 lines u’ which are the common lines of X,s and R, and the 48 
lines Wa which the common lines of X, and the conic N. From the 88 
points ¢’ can be drawn in turn 88 pairs of tangents w” which determine 88 
lines u’’, joining contacts t” of the pairs. These lines all touch a curve X, 
of class 48, the locus of lines whose satellites envelop 3,3. The 168 lines w” 
are the common lines of X, and the cubic and the 88 lines un are the com- 
mon lines of Z and the comic N. And so on ad infinitum. Hence any curve 
Xs establishes a chain which reduces to the old when 3 = 1. 

. 4. We come now to the converse problem: given a class curve to find 
the satellite locus. Theorem. If a line touch a curve Ss of class 8, the 
satellite envelops a curve S,s of class 28.* In particular tf Ss is rational so 
also i$ S,» If we denote the satellite locus by 8 , then we want the number 
of lines of 8 which pass through an arbitrary point. Now ‘those lines w” of 
Ss whose satellites pass through a given z touch a conic X. But Ss and the 
conic have just 28 lines in common i. e. there are 28 lines of B, on z and 
p 28. i 

' * This involves no contradiction with the theorem of the previous section; for 


each line &.has four primaries u’, hence as w’ runs around È p wu will Ede an S» 
which is Z, repeated four times. 
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To prove the second part of the theorem, let 
Uy (t) By F U(t) T, + Uy (t) ty = 0, - (8). 


where the ws are binary forms of order 8 be the map equation in lines of a 
rational curve Es of class 9. The map equation of the satellite locus is found ` 
by replacing the coefficients of the z's by 


(3u? — otis) : (BU? — 2u,u,) tu, 


respectively. The result is obviously an equation in which the coefficients . 
of the z's are rational and of degree 28 in t. 

To find the common lines of 9,3 and E? it is uu necessary to recall 
that the satellite is tangent to the cubic only if the primary is a tangent of the 
cubic or a line of conic N. Ss and Ej? have 48 common lines whose satellites, 
- viz. the tangents at the points in which the lines cut E? again, account for 48 
common lines of R, and S, The 28 primaries which touch the conie N 
therefore must take up the remaining 48 common lines, i. e. each of ne 
satellites will count for two. 

‘As an application of these theorems we observe 


(a) The satellite locus of the conic N is the cubic itself. 

(b) The cubte taken twice 4s tts own satellite locus. 

(c) The locus of lines whose satellites touch the cubic ts a composite 
curve of class eight consisting of the cubic and the conic N repeated’ 


' Toe NON-SINGULAR Cusro. | 


5. Most of the theorems stated for the rational cubic can be extended 
- at once to the case of the general cubic C,°. The tangent at a point P is now 
satellite to 10 lines, viz. the 4 tangents from the point and the 6 lines (re- 
peated) joining in pairs the contacts of these tangents. Salmon * has re- 
marked that the envelope of the 6 lines for variable P is a certain composite 
curve M, consisting of three class cubics. l 

Morley t has shown that the satellite of the line (uz) is 


(0* — % (uz) Q9) CPP, ` | (9) 


where C? and T, are respectively the point and line Conon of the curve and 
Q is the ternary differential operator 





. p | p 
Eh + 0z,0u, i Ex) . 
* Higher Plane Ourves, Art. 161. | 
t Loc. cit. 
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Calculated for the canonical form 


$$! + c? + 24? + battit, = 0, (10) 


the equation of the satellite line is 


- 


2^ - l 
E vr à {ut — 2 (u,* + up") uy — 6a uj ui) = 0, ijk (11) 


Again for given v equation (11) represents a class quartic T, the locus 
of lines whose satellites are on z. This curve is of the Humbert or desmic 
type.* ` A line quartic is desmic if it belongs to a pencil of quartics which 
contains three degenerate curves each composed of four points, the three 
degenerate curves then being desmic quadrangles. That T, is desmic can 
be shown as follows. Consider a line u cutting the cubic in points a, b and c. 
Denote the contacts of tangents from these points by aj, Bi, yu (i= I, 2, 
3,4). Any point z on u will determine a curve T,. Two pee z and g’ 
thus determine a ME 


Pam o (12) 


of curves associated with the points z -+ Az’ of u. Now the primary lines of 
the (line). pencil on a are obviously the four (line) pencils on points as. In 
other words points a constitute. a degenerate member of the pencil (12). 
This pencil of quarties thus contains the three desmic quadrangles a, B, y 
which proves the theorem. 

We have the following theorems for the general cubic, omitting the 
proofs which follow closely those given at length for the earlier case. 

If the satellite line run around a curve Ts of class 8, the primary en- 
velops a curve T'4s of class 48 whose equation is obtained by replacing tp, Uz, tis 
in the homogenous equation of Ts by the coefficients of the gs in equation(11). 


: Ts and C,? have 68 common lines u with contacts s. From each point s can 


be drawn to the cubic 4 tangents u’ with contacts s'. Joining the points s' 
in pairs are 6 lines u’». There are thus 608 tangents of T's which comprise 
the primaries of lines u,—the 248 tangents u’ which are the common lines 
of T, and the cubic, and the 368 lines u'm which are the common lines of 
T, and the curve M,. 

This is the first link in a: chain of theorems - associated with every 
curve Ty. A chain Ds especial interest is that originating with a point T: 


* After Humbert m discusses such curves in two papers, Journal de Mathé- 
matiques, 4e Série, Vol VI (1890), p. 423 and VII (1891), p. 353. Professor Morley 
, ealled my-attention to the fact that T, is desmie. Since it depends on eleven constants 
' it would appear to be the general deamic quarte " 
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From a point z can be drawn in general 6 tangents u with contacts s. From 
. each point s can be drawn 4 tangents u’ with contacts s&' and the points 
- S can be joined in pairs by 6 lines u'm. The 24 tangents w and 36 lines 
Wm touch a curve T, of class four, namely the locus of lines whose satel- 
lites pass through s. The tangents w are the common lines of T, and C 
` while the lines u’m are the common lines of T, and M,. Again the 94 
points s' determine 96 tangents w” with contacts s" and 144 lines u”m 
joining these contacts in pairs. These 240 lines u” touch a curve T,,, of 
class 16, the primary locus of Ty, and comprise the lines which T,, has in 
common with O and M,. And so on forever. 
. . Most of the peculiarities of Humbert’s curve as summarized (for the 
" dual) in section 12 of his first paper can be recovered readily with our present 
apparatus. Indeed it seems preferable to reverse his procedure and derive 
the properties of the quartic from the cubic and point which define it. 

The six characteristic 4-points whose diagonal points are nodes and 
whose connecting lines are the nodal tangents are the six sets of points s' 
in the theorem just stated. In other words, the 36 intersections of T, and 
the cubic are at these 18 nodes and the common lines of T, and M, are the 
36 nodal tangents,—each component of M, touching the tangent pair of one 
node in each set. Or again from the tangentwals of the points 8 can be drawn 
18 tangents (in addition to the lines u), the contacts of which are at the 
18 nodes. l ' 

Likewise the satellite locus of a curve Os of -class 8 4s a curve Oa of 
class 48 rational if Cs ts rational. The common lines of Cy and C,? are (a) ` 
the satellites of the 68 common lines of Cs and the cubic and (b) the satellites 
of the 98 common lines of Cs and M, the latter lines each counting for two. 

The satellite locus of M, is the cubic repeated six times. 

The satellite locus of the cubic 4s the curve itself four times repeated; 
while the primary locus consists of the cubic and M, repeated. 

Since M, is the double curve in the primary locus of the cubic it must 
be the Jacobian of the coefficients in the satellite line.* Calculated thus and 
verified for special lines the equation of M, is found to be 


~ U* — 36a? U? — 54aU — 54 (1 + 449) = 0 (13) 
3 3 8 
Uti us 
Hence the factors of M, are 
Ug? + a + us? pee Kitt, us ore 0, (14) 


* Likewise the Jacobian of the coefficients in the satellite (7) of ‘thé rational 
cubic is Wu, which incidentally proves the defining property of N. 
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where k, are the roots of (13) considered as a cubic in U. It follows that the 
three components belong to the syzygetic pencil of class cubics determined 
by the nine harmonic polars. ~ 
M, also touches the cubic-at the 27 sextactic points. Hence the tan- . 
. gents to the cubic from the flexes account for all the common lines of the two ` 
curves. 


THE QENERAL PLANE Curve. 


6. Consider now the plane curve Ce” of order n and class 8. The 
tangents at n points of a line (us) constitute a curve T" which meets C^ 
in n? points. Since 2n of these points are the complete intersections of 
C* and a curve of order 2,—the line repeated,—it follows from the theory of 
residuation that the remaining n(m—2) lie on a C'*?, the satellite 
(n —— 2)-ic of the line u. 

The equation of the satellite curve, f(u*z"-?) = 0, will contain u 88 
well as z. For a given a therefore, f == 0 represents a curve of class b, the 
locus of lines whose satellites pass through z. To ascertain the value of k, 
it will be sufficient to enumerate the common lines of C h and f considered as 
a class curve. Let u’ be such a line. Then since u’ is a tangent to C^ its 
satellite curve degenerates into the n — 2 tangents at the remaining inter- 
sections of u’ and O^". . One of these n — 2 lines must pass through z in 
virtue of the defining property of f, i. e. u’ is a tangent to C* from a contact 
of one of the tangents from z. Since Cs" is of class 8, there are precisely 
8(6—2) lines v’. Hence k —8—2.* 

We have at once the following generalization of the first link of the 
special chain theorem for the cubic. Denoting by. tp 63, 7 cc ts the contacts 
of the 8 tangents from an arbitrary point x to a curve Ca” of order n and class 
8, the 8 sets of (8 — 2) tangents from points t4 comprise the common lines of 
C's” and a curve f of class (8 — 2), namely the locus of lines whose satellite 
(n— 2)-tcs pass through x. If Cs" is non-singular f is of class (n + 1) 
(n — 2) and there are (n-+1)(n)(m—1)(n—2) common lines. 

UNIVERSITY OF OREGON, 

January, 1918. 


* It can be shown by the analytic method employed by Morley, 1. c. that f involves 
the coefficients of Opn to the degree 2n — 1. For an application of that method when 
f! 34, Bee a paper on the satellite conie of the quartic by T. Cohen, AMERIOÀN JOURNAL 
ov MATHEMATICS, Vol. XXXVIII (1916), p. 325. 
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By Wim B. CARVER. 


The Clifford chain theorem* defines, for a set of n lines in a plane no 
two of which are parallel, a Clifford circle when n is odd and a Clifford 
point when n is even. The Clifford point for two lines is their point of 
intersection, and the Clifford circle for three lines is the cireum-circle. 
For any odd n, each set of n — 1 lines out of the n lines determines a 
Clifford point, and the n such Clifford points lie on a circle, the Clifford 
circle of the » lines. For any even n (greater than 2), each set of n — 1 
lines determines a Clifford circle, and the n such Clifford circles pass through 
a point, the Clifford point of the n lines. In his proof of the theorem, 
Clifford does not raise the question of the existence of exceptional sets of 
lines for which the theorem may fail. 

Kantor pointed outt that when five lines touch a deltoid (a hypocycloid 
of three cusps) the five Clifford points of the sets of four lines lie on a straight 
line instead of a circle; and that for six lines touching a deltoid, the six 
Clifford lunes for the sets of five lines are not concurrent but are tangents 
of a new deltoid. | 

In his paper “On the Metric Geometry of the Plane N-Line,"1 Morley 
gives, incidentally, an analytic proof of Clifford's theorem; shows that 
any odd number of lines (greater than three) determine, when they satisfy a 
certain analytic condition, a Clifford line rather than a circle; and intimates 
that further degeneracy may occur. 

It is the purpose of the present paper to consider all the possibilities of 
failure of the Clifford chain, and to examine the conditions on a set of lines 
which cause such THUS 


Sb: Lisa: Constants; Map and Envelope Equations. 


The analysis used will be the circular coórdinates and characteristic 
constants of Morley’s paper. It will be necessary to give a few preliminary 
definitions, and to state certain fundamental relations to be used later. 
These relations will be stated without proof, as some of them may be found 


* Clifford, “ Synthetic Proof of Miquel’s Theorem,” Messenger of Mathematics, Vol. 5 
page 124; 1870. 
+ Kantor, “ Die Tangentengeometrie an der Steiner’schen Hypocycloid," Wiener 
Sitzungsberichte, Vol. 78, page 204; 1878. l 
f Transactions of the Amer. Math. Soc., Vol. 1, page 97; 1900. 
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in Morley's paper and the others may be verified by the reader without 
difficulty. . mE 
The circular coórdinates x and y of a point are defined by the equations 
x = X + iY, y = X — iY, where X, Y are rectangular Cartesian coördi- 
nates and i is the imaginary unit. A complex number whose absolute 
value is unity will be called a turn. A real line is represented by a linear 
equation tt -+ y = ci, where c is any complex number and £ a turn such: 
that à = ct. The point* c is the reflexion of the origin in the line (briefly, 
the reflex point of the line), and the turn £ gives the inclination of the line 
and will be called the clinant. Two lines with clinants ¢; and & are parallel | 
if ¢; = i, and perpendicular if ti = — te. i 
À set of n lines (no two of which are parallel) determine uniquely a set 
of n characteristic constants, defined as follows: 


Gi, dr dp ow h i 
noi 2 P3  ... "e 
a= IL a i z ] , $-1,2,::5,nm, 
GET Wet quy aie x | 
where 
ft d? oe f 
T = ns hoa ©- k 
ptg suu d 


Between these n a’s we have the relations 
di = (— De Salaat t= L 2, tn 


where S4 = titta eta. Since 84 + 0, a; and a4 441 (called complementary 
a’s) vanish together. 

To fix an arbitrary set of n lines, 

(1) for n even, a, Ge, *--, Gaye and the n clinants i), &, ---, t4 (no two 
of them equal) may be chosen arbitrarily; and the remaining a’s and the 
set of n lines are then uniquely fixed: 

(2) for n odd, ai, a5, +++, &(.4./$, and any n—1 of the n clinants £i, tz, 
-++, h may be chosen arbitrarily; and the remaining t and a's and the set 
of n lines are then uniquely fixed. 

If one of & set of n lines is omitted, the constants for the remaining set 
of n — 1 lines are 


a= ü;— lanp —$—1,2,-,n—1,. 


* The phrase “the point c" is used in the sense of the usual relation between the 
complex numbers and the points'of a plane. The point c is the real point whose circular 
coórdinates are (c, c). 
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where ¢ is the clinant of the omitted line. More generally, if r lines are 
omitted, the constants for the n — r lines are 


Qi = ay — S10; + NH E (= 1) Sdin i= 1 2, c0, f, 


where the S's are the ordinary symmetric functions* of the r clinants of 
the omitted lines. 


A set of n lines are concurrent if, and only if, 
Q3 = Q3 = eee = (a 


and the lines will then meet at the point a. If n — r lines out of a set 
of n lines are concurrent, we must then have 


dg — Bids + Saa — «++ + (— 1)'S a2 = 0, . 
ag — S104 + Sods — --- + (— 1)'S-a43 = 0, 
` uet zd S1dn— — + (= 1)78-a, 1 — 0, 


and the n — r lines meet at the point 
ar — Side +--+ + (— DS; 

where the S's are for the clinants of the omitted lines. Ifn — r = (n/2)+ 1, 
this imposes no condition on the a’s alone; but if n — r > (n/2) + 1, the 
matrix | 

dà da IINE TT 

3 G4 "rers Gg 

(ani ^ Gna-r PT On—t 
must be of rank r if n — r (and no more) of the n lines are concurrent. 


In the following sections an important réle will be played by determi- 
nants of the form 


Gi Dit] tt Git R—1 
Gil Oi-2 tt Gitk 
Gcrk—i — Qipk so O442k—2 


where the elements are the characteristic constants of a set of m lines. 
Such a determinant of the kth order is equal to a determinant of the nth 
order in the reflex points and clinants of the n lines, as follows: 


a; Gil ttt O0Lk—] 
Gir Qi.g "t Qn 2 
Gipk—1 Gite coo On 2k-32 


* Throughout the paper S; $ = 1, 2, --- k, will represent the ordinary symmetric 
functions of X turns li, i, - - - tz; t.e., the S's will be the coefficients of the equation t* — Su 
+ Sta — S495... + (— DES, = 0 whose roots are the k turns. 
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k(k—1)/2 fee so IT eee qc ASH eet 
M se 1) (k—1)/ C3 never Ce Poke "m pu ES TR p ix to 1 
: M "m T MEEE- uus oeh 1 
where 
OU eee oh I 


T = n om ©. & 1 
ME oon "ee oU d 
Also such a determinant in the characteristic constants (a’s) for n — 1 


out of n lines may be expressed in terms of the characteristic constants 
(as) for the n lines thus 


ay Getty >rt Gith-1 Gite 
ay Oni tto On ii m di 

Gist Gio °° nk * Qipkpl 
OL Mita ctt CHE Eme luo upon uo cubo Xm. LEA. ive Wes uid 
MM MEME Qitk-1 Qik C00 Üp3k—»  Üyp$k-1l 
Ogct-k—1 Qik ^oc C i--2k—2 fk oo d 1 


where t is the clinant of the omitted line. 
The determinants" 
Qi "t Ope kt rike 777 Onike? 
Lm X m A S nd asd A 











Gipk d co Onpak-3 Qni-kR2 777 Omid 


wil be called complementary. Two such complementary determinants 
must obviously vanish together. 

The rational curves which occur in the paper will be represented either 
by “map” equations or by "envelope" equations. The map equation 


z= R(t) 


expresses x as a rational function of a turn parameter ¢. This equation 
always implies the corresponding equation 


y = RA), 


where R means the function obtained by replacing the coefficients in the 
function R by their conjugates. When £ runs through turn values, æ gives 
the real points of the curve and z and y are conjugates. If tis given values 
other than turn values, x and y will not (in general) be conjugates, but will 
be the circular coérdinates of imaginary points of the curve. 


? Determinants SE this type will be sufficiently indicated by giving only the four 
corner elements. 
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The following special map matos may be noted: 
z= c+ kt | 
is a circle with center at ¢ and radius | kl. 
k 
CT (d by 
is a parabola of which the point c is the focus and k represents a vector 


from the focus to its reflexion in the directrix. In this form the parameter £ 
is the clinant of the tangent to the curve at the point z. 


ke 2) 


is a deltoid of which c is the center and 3k represents a vector from the 
center to one of the cusps. In this case also £ is the clinant of the tangent 
at the point z. 

.'The envelope equation of a curve is of the form 


t + y= RO, 
where R is a rational function satisfying the identical relation 
RaJt = R(0jt. 


For a given turn value of ¢ the envelope equation represents a straight line, 
and as £ runs through turn values this line envelopes the curve. The map 
equation of the curve is obtained at once from this envelope equation by 
partial differentiation with respect to ¢, giving. 


a= HU, 


where the parameter ¢ is the clinant of the tangent at the point a. 
The envelope equation of a parabola is 


te + y = (e+ rt 4- t+ v), 


where r is real, y + 0, and the denominator is not a factor of the numerator. 
Similarly, the envelope equation of a deltoid is 


bx ns ( = (œt? -}- ast ~} at aa a3) /rt, 


where r is real and + 0, and o1 + 0. Differentiating these equations with 
respect to £ and identifying the results with the map equations of these 
same curves, we see that the focus of the parabola is at the point &/y; 
while the center of the deltoid is at os/r, and its size is given by | a1 [/r. . 

The most general curve which can be represented by an envelope 
equation is treated in sections 3 and 8. l 
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$2. Improper Sets of 8, 4, 5, and 6 Lines. 
The map equation of the Clifford circle as given by Morley is, for 3 lines, 
t= Ay — Qt, 


and for 2p — 1 lines, where p = 3, 














ay Ap—1 ay Lp 
a Gy—1 Qe p—8 (y G5 5—2 r 
: da ay a3 üp 

Gp esas 25—3 ay =.. 84»—3 














and the Clifford point for 2p lines, p = 2, is 








ay rhe By 

lir ctt pa) 
Q3 ome ptt 
Opt1 ar. Q»»—1 








The expression for the circle fails to represent a circle when the numerator 
of the fraction representing the radius vanishes while the denominator 
does not,* and in all cases where the denominator vanishes; and the ex- 
pression for the Clifford point similarly fails whenever the denominator 
vanishes. Sets of lines for which these expressions thus fail will be called 
improper, all other sets proper. A necessary and sufficient condition that 
a set of lines be improper is given in theorem 13, $ 5. The facts for 3, 4, 5, 
and 6 lines are well known; but & brief consideration of these cases 1s 
necessary to indicate the method of treatment of the general case and to 
establish a basis for an inductive proof. 

For 3 lines the expression represents a circle except when a = 0; and 
this is the necessary and sufficient condition that the three lines be con- 
current. ‘They meet at the point a}. 

For 4 lines the Clifford point is 

ài ae 
Q3 


— 


G3 





M 


» * * * . . 
and this expression becomes meaningless when a3 = 0. Since for 4 lines 


* This case where the radius is zero is included among the cases of failure, first, because 
. the Clifford circle is only defined by the Clifford points which lie on it, and if these pointa 
coincide they do not define a unique circle; and secondly, because of the close relationship 
of this case to the other cases of failure. 
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à; and a3 are complementary, we have also a, = 0; so that both the numer- 
ator and denominator of the fraction vanish. "This occurs when, and only 
when, the 4 lines are concurrent, meeting at the point a4. 

For 5 lines the Clifford circle is 












































Gi Ga a: Q3 
ag @3 Qg a4 
y= t 
l Gs ag 
and failure occurs when 
ag G3 
1 e a ] 
( ) ds da 0, 3 + 0; 
dz az} di ae 
2 = 0: 
Q«-0 |e atO Je atO; 
G1 as dz as 
à = a, = 0 
(3) aa ds dg a4 : 
_. |üs à a a 
Case (1), *|— 0, as +0. Since *| = 0, we must have 
Qg 4 G3 Q4 














eat coh Ë h 1 
Cott Cole 0$ b l|. 0. 
est? Celts " ü ts 1 


Not all of the minors of the elements in the first column can vanish. For 
these minors are the a3’s for the sets of 4 out of the 5 lines; and if they all 
vanished we would have a; — a, = 0 for five different values of ¢, and 
hence it would follow that ag = 0, contrary to hypothesis. Suppose the 
non-vanishing minor to be in the upper right-hand corner. Then the 
reflex point c and clinant t of each of the 5 lines must satisfy the equation 


(D AÈ d- Act + Big E Bot + B; aoe 0, 


where the A’s and B's are the co-factors of the elements of the lower row, 
and A; + 0. Solving for ct we have 


ct, = (— By — Bit — Bs)/(Ait + Aa); 


and multiplying both numerator and denominator by 1/tytstst;, this takes 
the form | 

(ID ct = (of + rt + aot P 
where r is real and y + 0. Since the c and ¢ for each of the 5 lines satisfy 
(I), they must also satisfy (IT) unless the value of t is such as to cause the 
denominator yi-+ y to vanish. If this is true for any £, this £ must also 
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cause the numerator to vanish; and in this case the denominator would 
be a factor of the numerator. If then in equation (II) the denominator 
is not a factor of the numerator, this equation is satisfied by all of the 5 lines; 
and the 5 lines are evidently tangents of the parabola whose envelope 
equation is 


te + y = (a? + rt+ a)/zyt+ y). 
If, on the other hand, yt -+ y is factor of the numerator, we may write 
(ID ci = at 4- a’, 


and this equation must be satisfied by each of the 5 lines except possibly 
one whose clinant makes yi-++ y vanish. -But all lines satisfying (IID 
are concurrent, and not all of our 5 lines can be concurrent since a4 + 0. 
Hence 4, and only 4, of the 5 lines are concurrent. 

Q4  ü3 











If, then, eee and ag + 0, either the 5 lines touch a parabola 
4 
or just 4 of them are concurrent; and, conversely, if 5 lines touch a parabola 
or just 4 of them are concurrent, then ii li | = 0 and as; + 0. 
d å |- 
` | ds a Q1 a 
Case (2), as = 0, a + 0, qus + 0. a +0 and 














Q4 + 0; and as = 0 gives 
eti ü Ü tr 1 
Cots i t3 te ] -— 0. 
ets ts ts ts l 
Hence each of the 5 lines satisfies the equation 
| | Act! + By + B; + Bat + By = 0, 


where the A and the B's are co-factors of the elements of the lower row, 
and A +0. Dividing through by 1/(titetst,)?/*, and solving for ct, we have 


ei = (o, + cot? +- azt +- o1)/ (rt), 


where r is real and + 0. Since t + 0 for any line, all of the 5 lines must 
satisfy this equation. Moreover, we can not have a; = 0; for this would 
give ct = a't-- a’, which would make the 5 lines concurrent, contrary 
to the condition a; + 0. Hence all of the 5 lines must touch the deltoid 
whose envelope equation is 


tx + y = (at? + al’ + Ost 4d- aJ/(rt). 


Conversely, if 5 lines touch a deltoid we must have a; = Oand = | 
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dg az Qi . a 
0 0. 
Qa Q4 TM Gz a3 + 
a a. 
Case (3), du cr as = 0. It follows at once that a 
az Gs ü3 Q4 














= a, = 0, and hence that the 5 lines are concurrent at the point ay. 
For 6 lines the Clifford point’ is 





















































: Ur UA, Pa 3 G4 
v1 = ua Ag Ga 
Gg Q4 G5 a, as 
and failure occurs when 
a, @ ay 
Gg Q4 
(1) = 0, |a az a| + 0; 
ü4 ds 
‘ G4 G5 6G 
a a 
l üg 04 1 M 3 
(2) | — |ds as d4|— 0 
G4 Gg 
: ü3 G4 25 
Qj ap ag 
ag a ; ds a 
Case (D, |-—*|= 0, la; ag a4i/+ 0. With |? “|=0 we 
Q4 a5 4 a5 
Gg G4 G5 
- agl 
have the complementary condition i » = 0. Then unless ag = a4 
‘ 3 4 
_ i . ‘ A a3 4 
= 0, all the determinants of the 2nd order in the matrix dm un 
3 4 b 
Gi Gd» a3 i 
would vanish, causing az as a,/to vanish. It follows that a; = a, = 0, 
Gg Q4 Gp : 
and therefore also that as + 0, ag + 0. Since a3 — ag = 0 for all values 


of £, we have œ; = 0 for every set of 5 put of the 6 lines. Moreover, li is 








4 
can not vanish for any set of 5; for if it did, it would follow for that 


set of 5 lines that apg = a3 = a, = 0 or, in terms of the a’s for the 6 
lines, à$ — ast = dg — agl = G4 — as = 0, contrary to the condition, 


Qi @ Qs 
a Gs @4 +0. Hence each set of 5 out of the 6 lines touch a deltoid; 
Gas Q4 5 





and since a deltoid is uniquely determined by four of its tangents, it follows 
that the 6 lines all touch one deltoid. And conversely, if 6 Mnes touch a 
deltoid, we must have as = a4 = 0, and a; + 0, ag + 0. 














S las u i db. f ag ds 
Case (2), = |d} G3 a4 = 0. As in case (1), = 
G4 5 G3 4 

Q3 G4 5 
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also. If a3 = 0, it follows that a, = a: = ag = 0, and hence that the - 
6 lines are concurrent. If on the contrary a; + 0, then a, + 0, a, + 0, 














as + 0, and all the determinants of the 2nd order in the matrix 7 » » 
3 04 as 
Qg Gs Q4 
vanish. Since then |a3 a, as| = 0 for all values of i, we have 
Do d. d 
a f ; 
i: a = ( for every set of 5 out of the 6 lines. Also o3 can not vanish 
s 04 








for more than one set of 5. There are then two possibilities in this case, 
viz., either all of the 6 lines touch & parabola, or just 5 of them are con- 
current. And conversely, if 6 lines touch a deltoid, or if just 5 of them 
are concurrent, then all the determinants of 2nd order in the matrix 


“7% CA vanish, and ds + 0, as + 0, ay + 0, as + O, 
G3 G4 G5 














| 83. The Curves PY. 
A polynomial of the form 


eal? + at -+ +e. + at + a = PO, 


in which the coefficients of £* and {*~* are conjugates, may be called a self- 
conjugate polynomial of degree n in t. If n is even, the coefficient of 7^? is 
real. Such a polynomial has a theory analogous to that of a polynomial 
with real coefficients. Expressing it as a product of linear factors, 


P(t) = e(t — p) — p2) -+ (t — pa), 


all of the p’s which are not turns must pair off into inverse pairs, t.e., into 
pairs p; and ps such that pips = pipa = 1. Thus the number of non-turn 
roots of P(t) = 0 is always even; and if n is odd, at least one root must 
be a turn. Any such self-conjugate polynomial may be decomposed into 
self-conjugate polynomial factors, no factor being of degree higher than the 
second. Ifa self-conjugate polynomial is divisible by another self-conjugate 
polynomial, the quotient is also self-conjugate; and the highest common 
factor of two self-conjugate polynomials is a self-conjugate polynomial. 
It will be convenient to consider 


Guil" H- cept et aiat T E Aiat? 


as a self-conjugate polynomial of degree n. It may be understood that 0 
and œ are 1-fold inverse roots in this case. "Thus t + £ 1s a self-conjugate 
polynomial of degree 5 rather than of degree 3. In breaking this poly- 
nomial up into self-conjugate factors, the factor ¢ is to be regarded as a 
self-conjugate polynomial of degree 2. 
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The notation PẸ” will indicate the curve whose envelope equation is 


mipan Pa uuu E... LL 
un xil 3 pg gt ee vege Ph + Yot” YÀ 


where m Z 1; 0 =k = (m — 1)/2; yeu +0; and a(t) and (2) are self- 
conjugate polynomials of degree m and m — 1 respectively, with no common 
polynomial factor. From this last restriction it follows that for k > 0, 
a, + 0; and it may also be understood to imply that a(t) can not vanish 
identically except in the rather trivial case m = 1, k= 0. The map 
equation of this curve is | 


rat Es | _ ye’) — aty O 
|. dtt (t Yt 1 


‘It is a rational curve of class m. Assuming for the moment the projective 
point of view, we may say that the curve is tangent to the line at infinity 
in the m — 1 directions given by the roots of y( = 0 (real directions for 
roots that are turns, pairs of imaginary directions for the pairs of inverse 
roots). If „is the multiplicity of a root of y(t) = 0, the curve has contact 
of the wth order in the corresponding direction. In particular, correspond- 
ing to the roots 0 and œ, there is contact of the Ath order at the circular 
— points I and J. If ¢ represents the number of distinct roots of y(t) = 0, 
the curve is of order m + c — 1; the line at infinity counts as l 


blin — 1)(m — 4) + 2e] 


double tangents and as m — g — 1 flex tangents, thus accounting for all the 
line singularities. There are m + 2e — 4 cusps and 


l (m+ o)? — 7m — 9e + 14] 


nodes, these cusps and nodes not being necessarily distinct. Two such 
curves with the same values for m and k have m? common tangents, of 
which the line at infinity counts for at least* (m — 1)*-- 2k. Hence 
they have, aside from the line at infinity, not more than 2m — 2k — 1 
common tangents; and therefore such a curve is uniquely determined. by 
2m — 2k of its tangents. Two curves PẸ” and Pf? have mim, common 
tangents, of which the line at infinity counts for at least (mj — 1)(ms — 1) 
+- 2k. Hence they have, aside from the line at infinity, not more than 
mı + m — 2k — 1 common tangents. e 

This curve PY” is the most general type of curve that can be repre- 
sented by an envelope equation. It is the dual of the Jonquieres type, 


* The line at infinity counts for more than (m — 1} + 2k of the common tangents in 
case the equations y(t) = 0 for the two curves have common roots other than 0 and œ. 
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since it is rational and the line at infinity furnishes all of its line singu- 
larities. For k = 0 it is the (m — 1)-fold parabola* of Clifford’s paper. 
As special cases, it may be noted that a Pj? is merely a point, a PỌ is 
an ordinary quadratic parabola, and a Pis a deltoid. . The curve AC^—? 
of Morleyt and Stephenst is a PT”; and the curve K?? of Atchison§ is 
a Po. 
$4. Characteristic Matrices for N Lines. 

Let the positive integer p be defined by the relations n = 2p — 1 when 
n is odd and n = 2p when n.is even; and let [h, i], where k 21,1 £ p, 
i — h = 0, represent the matrix|| 


Gh Gir cot 08-6 
Grit Garg c0 Qnei? 
ay Mii ttt Os—hl 


For a set of n lines there is a triangular table of such characteristic matrices, 
as follows: 


[L1] 
[,2] [2,2] 


Eg BAI ema cc 58 


"ob sedi do rest cas o eh eue Dee 
Rr p | [ 2, p] E Lh, p | dde: [pee t, p | Lp, p. 


In this table, a constant À gives a column, a constant 2 gives a row, & con- 
stant difference t — h gives a principal diagonal (running downwards to 
the right), and a constant sum i-- A gives a skew diagonal (upwards to 
the right). For m = 2p — 1 the difference between the number of columns 
and the number of rows in each matrix 1s even, and the matrices of the lower 
row are square; while for n = 2p this difference is odd, and there are no 
square matrices. All the matrices are self-complementary in the sense 
that two elements symmetrically situated with respect to the center are 
complementary. 


* Clifford does not state explicitly that his multi-fold parabola must not be tangent 
to the line at infinity at the circular points, but he ignores the consequences which would 
result from such specialization of his curves. 

t 'Orthoefntrie Properties of the Plane N-Line," Trans. of the Amer. Math. Soc., 
Vol. 4, page 1; 1903. - 

t“ On the Pentadeltoid," Trans. of the Amer. Math. Soc., Vol. 7, page 207; 1906. 

§ “ Curves with a Directrix,, Johns Hopkins dissertation, 1908. 
|| This matrix is also & function of n, but it is simpler to omit the letter'n from the 

symbol, 
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We shall be concerned with the vanishing of the determinants of highest 
order in these matrices, and the following notation will be used: : 

[A i] = 0 means that every determinant of highest order vanishes; 

Th, i| + 0 means that at least one determinant of highest order does not 
vanish; 

([A, il} = 0 means that every solid* determinant of highest order vanishes; 
(LÀ, 2 ]} #0 means that no solid determinant of highest order vanishes; 
ih, 2]( = O means that at least one solid determinant of highest order 

vanishes; 
tL, i] = ( means that all the solid determinants of the matrix vanish 
except the first and the last which do not vanish. 
The two following well-known theorems will be used: 
TugoREM A.f If D is a determinant of order m, Au, Aim, Ami, and 

Amm are the first minors of the four corner elements, and K is the second 

minor obtained by striking off a border one element wide all around; then 


Amm Amı 
Aim Au | 


Toeorem B.} If in a matrix a determinant of order r does not vanish, 
and if every determinant of order r + k which contains this non-vanishing 
determinant vanishes; then every determinant of order r-- k in the 
matrix vanishes. 

TuroreM 1. If [h, 7] = 0, then also [4,24] = 0 for any A’ and 7’ 
such that 2’ + A. zz 4 4- h and ?' — M Eth. 

These matrices [ À', 2’ | cover an area in the table of matrices which is 
an isosceles triangle with vertex at the matrix | h, 4] and base in the lowest 
row, or sueh portion of such & triangle as is not cut off by the left-hand 
boundary of the table. The truth of the theorem is obvious from the fact 
that the matrix [ h, 4] furnishes a band extending horizontally across the 
matrix | h’, à' |. 

TuronEM 2. If [h, i] = 0, ‘then [k v = 0 for any fA’ and 2’ such 
thatit — h zm — M n—h—s--landem 

The matrices [ A, i] of this theorem ere up & parallelogram with 
the matrix [ h, 4 | at one vertex and its base in the lowest row, or such portion 
of such a parallelogram as is not cut off by the left hand boundary of the 
table. (For k= 1 this theorem adds no information to that given by 
theorem 1.) The proof consists in the fact that the matrix | A, t] furnishes 


DK = 








* A solid determinant of highest order means one made up of consecutive columns of 
the matrix. 

t Bécher, “ Higher Algebra,” page 33. 

This ‘theorem is & ene extension of the one viven by Bócher, * Higher Algebra," 
page 54. 
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a band extending horizontally across any solid determinant of the matrix 
[A^ v]. 

TuxomEM 3. If {[h, i} = 0 and i — h= 1, then either [[À + 1, i] 
= Oor ([5h 4- 1, 2]] #0. 

The condition à — k = 1 is needed in order that d matrix [k + 1, 4] 
should exist. For t= p, n = 2p — 1, the theorem is trivial. For t= p, 
^, — 2p, it follows from the fact that the two solid determinants in the 
matrix [h+ 1, 7] are complementary and must vanish together. For 
i « p, Theorem A shows that any three successive solid determinants of 
the matrix [ A, i — 1] are such that the square of the middle one is equal 
to the product of the two adjacent ones. It follows at once that either 
{A+ 1,2] = 0 or ([[A4- 1, 2]] #0. 

The notation (| h, 2 |} * Ox will be used to indicate that either {|}, 4]] #0 
or else h > i and therefore the matrix [ h, 4] does not exist. 

THEOREM 4. If ([A, 6]] =O and ([À 4 1, £]] # Ox, then ([A, 2— 1 ]] 
* Ox and L^, i] = 0. 

If k= i, the matrix [h+ 1, «] does not exist, and also the matrix 
Ch, i — 1] does not exist. Also, in this case, there will be only one row in 
the matrix [ 7, i], and hence the statements {[h, i]} = 0 and [h, 7] = 0 
are identical. 

If «> h, then ([A -- 1, 2]] #0, and from the argument for the pre- 
ceding theorem it follows that {[ hf, «— 1]} #0. Then the statement 
[h, i] = 0 will follow from {[A, ?]] = 0 and {LA + 1, ?]] #0 by a repeated 
use of Theorem B. 

THEOREM 5. If[h,i]= O and ([A + 1, 2]] #0x, ind 

I[A---;—n—2,411( 50 
where 7 € i — 1; then [h — 1, 4 — 1] — 0. 

From [ A, i] = 0 it follows that {Lh’, 7” ]} = 0 over a parallelogram area 
as given in Theorem 2. The matrix [h+%+j—n-— 2,7] is in the 
principal diagonal immediately to the left of this parallelogram. The exist- 
ence of this matrix gives us the additional inequality h + t +j — n— 2E 1. 
All the solid determinants of [h — 1, t — 1] except possibly the first and 
last (which are complementary), vanish because of the condition [ h, 4] = 0. 
To prove therefore that ([A — 1, 4 — 1]} = 0 it is only necessary to show 
that either the first or last solid determinant in the matrix vanishes. 

Let . 


htija 7770 Aja 
Qj. ttt gn H4 
where 0 =A Æ n — 27+ 1, be the vanishing solid determinant of the - 
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matrix [h+ i + j — ^ — 2, j]; and consider first the case where 1 — h 
and therefore [h + 1, i] does not exist. The condition Lh, 2] = 0 in this 
case is simply a, = amı = +++ = Anpi = 0; and the vanishing deter- 
minant takes the form 


Üh-Lipj—n—34A  '^^ Qr 0 vee 0 
Ghtitinita coc 0 0 

Qn—1 sigan 0 0 CE 0 

0 oe 0 0 On—h+2 

0 an 0 Gn—h42 ^"^ (.j--n —h—1-E2-4-A 


OF Gx 1054412 = 0, where r= n—t—7+1—dA and s—5;—4-4- 2 X. 
Since a4 ; and an-z are complementary, it follows that they both vanish, 
and that therefore ([[A — 1, 4 — 1]] = 0; and this is the same, in this 
case, as [k — 1, 4 — 1] — 0. 

Suppose next that 4 — h > 0, and that therefore [h-+ 1, i] exists. 
The vanishing solid determinant of | h + 4 + ; — n — 2,7] may be written 
in the form 


GL i4-j—n—9-LÀ . : . @a— GA ewe oes ene Œi 
Qh+ti+j—n—l1+A eee GA Chit eee oe ee eos ;-LA-F1 

@h—1 "P e.a l eee P eee PR Qn—i41 

GA eee saa eee s. see ee a i42 

G j —i-Eh--A . o5 ` . . a 9 59 s.a o Gi 

Qj —i-Eh--A441 ttj Unih B o 07777 Anite 

Qj4r eee eee Oy — 149 eee Gyn—A+1 * 9 oc (Q.-En — — i42--A 


From the fact that [ h, i] is of rank 7 — A, it follows that there is a (homo- 
geneously) unique set of constants Ai, Ae, +*+; Ac aja such that if the ele- 
ments of each row of this matrix [h, ?] be multiplied by the corresponding 
A, the sum of each column will then be zero; and one may use for the A's the 
t — h+ 1 determinants of order ? — h in the first ? — A columns. If then 
in the above determinant we multiply the first 4 — h+ 1 top rows re- 
spectively by these X's, and add for a new top row; and do the same for 
each successive block of 4 — h+ 1 rows down to the lowest block of 
i — h+ 1 rows; we obtain the following vanishing determinant 
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Di 0 0 0 
T | 0 0 0 0 
Di 0 0 zs. Qi | Reg. dug.) 
0 0 0 0 D; 
Gj—i-h-A4À 777 71770 0n-3igh48. 7700 song 
Gita haer das Warga ttt 8 A4 07771 007 jn hi 4A 
or Dj DD, = 0, where | 
| kalee dsi] 
Dye ves ie seh 
4—1 
idet h od 2E i — 1 
D, = i TE f 
"Ee d ipi e w — hi] 
and. l 
eae et od: 
D; = 
— Tr cq 








D; + 0; for it is the last solid determinant in [h, 4 — n and from The- 
orem 4, ([h, 4 — 1]] *0. Hence either D; or Da must vanish. Dy, is 
the first solid determinant in [4 — 1, 4 — 1]; and if D: = 0, by the re- 
peated use of Theorem B, with the hypothesis [ A, 4] = 0, it will follow 
that the last solid determinant in| 5h — 1, 4 — 1| vanishes. This completes 
the proof that ([[h — 1, 2?— 1]] =0. But with ([4, i — 1]] #0, The- 
orem 4 gives[h — 1,4 — 1] = 0. 
TuxgonEM 6. If[h, 7] = O and {[k + 1, 2]) #0 x and 


Di ug dee qo adr 
where 7’ = 2; then [4 — 1,4— 1]= 0. 
The matrix [A + 4 — ?' — 1, t] is any matrix in the skew diagonal 
immediately to the left of the matrix [h, 4]. By Theorem 2, 
pid 62g 


gives {hitt —n—2, v] =0. This, with [A 7]=0 and 
{Lh + 1, 2]] #0 x, satisfies the hypothesis of Theorem 5, and hence gives 
[h— 1,4 — 1]2 0. 
By means of the six foregoing theorems, it may be shown that &ny 
characteristic matrix for n lines which has the property [h, i] — 0 or 
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([A, 2]] = 0 lies in a “vanishing area” in the triangular table of matrices; 
this vanishing area being a parallelogram or portion of a parallelogram. 
Every such vanishing parallelogram extends downwards to include the 
lowest (or pth) row; and is made up of matrices of two kinds 4 and B, 
as shown in the figure below, having the respective properties [ 4] = 0 
and {[ B |} = 0. For n odd, the matrices in the upper right and lower left 
corners of the parallelogram are both A’s, and lie on the same skew diagonal. 
For n even, the upper right matrix is an A while the lower left is a B, and 
the skew diagonal containing the former is immediately to the right of 
that containing the latter. "This vanishing parallelogram is bordered on 
three sides by a non-vanishing border of matrices C, D, and E, having the 
properties respectively ([C]]) #0 x, ([D]] #0, (LE]] = 0. 

A vanishing area may be only part of such a parallelogram, a part at 
the left being cut off by the left-hand SOBRE of the table, as shown in 
the following figures: 
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Vantshing parallelogram for n even. 


Because of the non-vanishing border, two vanishing areas can obviously 
not overlap. | e 

The matrix [ À, i], in which h = 2, will be called a key matriz 

(a) when h = 2, if [h, 4] = O and {[h + 1,.¢]} *0 x; and 

(b) when h > 2, if [h, 2] = 0, ([h + 1, €]} ¥0 x, and [A — 1,2] + 0. 
From this definition it may be seen that there is one and only one key 
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matrix in every vanishing area.* It is the single matrix A in the top row 
of the vanishing area, provided that this matrix is not in the first column. 
When the matrix A in the top row of a vanishing area is in the first column, 
the key matrix is then the matrix A in the row next below and the second 
column. If[2,£]is a key matrix, we may or may not have | 1, 4 — 1] — 0. 

THeoreM 7: If [h,1]= 0 for a set of n — 1 out of n lines, then 
[h, $ + 1] = 0 for the set of n lines. | 


In the matrix 
Of}, vee Oni | 














Qi "'* Anh 


for the n — 1 lines, all the determinants of highest order vanish. Hence 
in the matrix 


B: Gy Ogg P6 
| i "t Onh i 
[aii ct eai I 





where the a’s are for the n lines, all the determinants of highest order which 
contain the last column vanish. It follows, by Theorem B, that all the 
determinants of highest order in the matrix vanish, and hence that [h,i + 1 | 
= Q for the n lines. 

TueorEM 8. If[h, i]= 0 for vise andi =n — p; then {Lh, 7 ]}= 
for any set of n — 1 out of the n lines. 

The condition ? = n — p is needed to insure the existence of the matrix 
[h, i] for n — 1 lines; for i > n — p ean only hold when n is odd and 
4 = p, in which case the matrix [ À, i] would be in the lowest row of the 
table for n lines, and would not exist for n — 1 lines. - 

In the matrix 
log ep qus 

| 


Ge ex» nl 














all the determinants of highest order vanik Hence all the eena 
of highest order in the matrix 


GA eya nw Be Ga +i 
š Qi sero oteo On—h+1 
pn—h—trl i 1 ; 


vanish for all values of t. But when 1 is the clinant of one of the n lines, . 


* A trivial exception which “will not concern us is the vaniahing area in which the 
only matrix A is the matrix [1, p]. 
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the solid determinants of this matrix are (except for a factor which is a 
power of 2) the solid determinants of the matrix 


QA ee a 








Oy ora On A 





where the o's are for the remaining n — 1 lines. Hence {[h, ?]] = 0 for 
any set of n — 1 out of the n lines. 

TmkonEM 9. If [h,¢] is a key matrix for n lines, where i Zi n — p, 
then [ +, i] is also a key matrix for at least n + h — 7 of the sets of n — 1 
out of the n lines. 

By the preceding theorem, í[A,2]| = 0 for any set of n — 1 out of 
the n lines. Hence for one of these sets of n — 1 lines (see Theorem 3). 
either ([A + 1, 4]] = 0, or {[A+ 1, 2]] #0, or h= 2 and [h + 1, 4] does 
not exist. Suppose that ([À + 1, 4]] = 0 for a certain set of n — 1 lines, 
Then: 








QR--1 eee Qi 
E d. x ee 2G 
. Qi QO21—9-1 
for this set, or 
GhL1 ee * Gcr 
= 0 
hy en + oi 
fet dw X. T 


where the a’s are for the n lines and £ is the clinant of the omitted line. 
If this last equation held for more than t — h distinct values of t, it would 
hold for all values of t, and we would have 


üh- ccc 04 





G4 == Aihe] ie 


But this is the first solid determinant in the matrix [hk + 1, 4] for n lines, 
and by hypothesis ([A + 1, 4]] #0. Hence we can not have {[h-+ 1, 2 ]] 
= 0 for more than i — h sets of n — 1 lines, and therefore we must have 
(LA 4- 1, 4]] #0% for at least n+ h — i sets. But if fora set of n — 1 
lines ([2, 2]] = 0 and {[ + 1, 2]] #0x, then, by Theorem 4, [ 5, i] = 0. 
For k = 2 this proves our theorem. For h> 2, it remains to show that 
for a set of n — 1 lines for which [5, 4] = 0 and {[ A+ 1, 2 ]] $*0:«, we have 
also [hk — 1, 2] +0. Suppose that [h — 1, 4] — 0. Then, by Theorem 5, 
[h— 1,$— 1]— 0. Then, by Theorem 7, [4 — 1, t] = 0 for the n lines, . 
which contradicts the hypothesis that [h, 7] is a key matrix for the n lines. 
Hence for our set of n — 1 lines, [h — 1, 7] + 0, and [ 5, i] is a key matrix. 
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- Twrorem 10. If [h, 7] is a key matrix for all sets of n — 1 out of n 
lines, then [ A, 2] = 0 for the n lines. 


In the matrix 


OQ 111 Anh 














for any one of the sets of n — 1 lines,.all the determinants of highest order 
vanish. ‘Therefore in the matrix 





LEE 
| Qi Utt nhl 
j j^——9H n.‘ 4 1 


where the a's are for the n lines and t is the clinant of any one of them, 
all the solid determinants vanish. Each one of these solid determinants 
is of the (? — h+ D)th degree in ¢ (except for a factor which is a power 
of t); and since t — À + 1 < n, it must vanish for all values of t. Hence 
all the solid determinants in 

Gh co Oeil 














Gy ott O8 


vanish, or {[h, 7 ]} = 0 for the n lines. Then either ([À + 1,7]} = 0 or 
([h4-1,2]] #O0x%. Suppose {[h+1,7]} = 0. Then [4+ 1,2] would 
lie in a vanishing area having a certain key matrix; and, by the preceding 
theorem, some sets of .n — 1 lines would have the same key matrix; and 
therefore for some sets of n — 1 lines we would have {Lh + 1,2]] = 0. 
But this is contrary. to the hypothesis that | h, 4] is a key matrix for all 
sets of n — 1 lines. ‘Therefore ([A-- 1, 7]} #0% for the n lines, and, 
by Theorem 4, it follows that.[ h, i] = 0 for the n lines. 


$5. Necessary and Sufficient Condition for an Improper Set. 


TmxonEM 11. (A) If [k+ 2, 4] is a key matrix for n lines, n = 3, 
0O2k2p— 2, kp 2=St= p; then there exists a unique integer g in 
the interval n + k— i+ 2 Z g = p — 2, such that g (and no more) of 
the n lines touch a unique curve Pj/^*^*7?: and conversely, 

(B) If g (and no more) of n lines touch a curve PY") qz 3, 
Ozkuzp-—2,kM-2zizpn-dk—i-22zgzzn, then[k+ 2,7] 
. is a key matrix for the n lines. 

It has been shown in § 2 that this theorem holds for n = 3, 4, 5, 6; 
and the general theorem may be proved by induction. It will first be 
shown that (A) holds for n lines 1f (A) and (B) both hold for n — 1 lines. 
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Consider frst the case where à = n — p, and therefore. " + 2, 4] exists 
for any set of n — 1 out of the n lines. For at least n+ k — i+ 2 of 
these sets of n — 1 lines, [k + 2, i] is a key matrix (Theorem 9). . Applying | 
(A) to one of these sets of n — 1 lines,* it follows that there is an integer gi, 
n+ k—i+ 12g Zn — 1, such that gi of the n — 1 lines touch a 
curve P(^ **^*9 Similarly, for another set of n — 1 lines, g of them 
will touch a curve Pi£7"*^*9, Then at least gı + ge — n lines would be 
tangent to both of these curves, and therefore the curves can not be distinct. 
For these curves, if distinct, can have at most gı + g + 20 — 2n— 1 
common tangents (see § 3); and from p Z 4 and i = n — p we find gı + 92 
— n > gı + gs2w—2n-— 1. It follows that there is a unique curve 
Pn "9 n+ k— i+ 12g =n— 1, which is touched by exactly gi 
lines out of each set of n — 1 lines for which [k + 2, i] is a key matrix. 
If this is true for every set of n — 1 lines out of.the n lines, it follows at 
once that gı = n — 1, and that all of the n lines touch a curve Pj**'-", 
If there are sets of lines for which [k + 2, i] is not a key matrix, exactly 
gi ~ 1 or gx + 1 linesf of such a set must touch the Pí^^**^*9, In the 
former case, (B) says that [k + 2, 7+ 1] would be a key matrix for the 
n — 1 lines, and this would give {[k + 2, 4]] #0% (Theorem 4). But 
since [k + 2, 2] is a key matrix for the n lines, we have ([k + 2, 41] = 0 
for all sets of n — 1 lines (Theorem 8). Hence if there are any sets of n — 1 
lines for which [k + 2, 4] is not a key matrix, exactly gi + 1 lines of each 
such set must touch the Pí^7"***9, Tn this case it is evident that exactly 
gı + 1 of the n lines touch this Pí7****9 and hence (4) holds for the 
n lines with g = gi + 1. 

We must next consider the case 1 > n — p, which only occurs when 

= 2p — 1 and t= p. We wish then to show that if [k + 2, p] is a 
key matrix for 2p — 1 lines, 2p — 1 £2 3, 0 = k zip — 2; then exactly g 
of the lines touch a curve PYP), where p + K+ 12 g = 2p — 1. 

We have 








Ox. ees Gp» 

P . . » — 0, 

Gp eae Ay p—k—2 

and hence 
citt e ttt Hre- 9. d 1 
k = 
Cote + e Ooty i3 0... h Lun 0 
—i t. peti Bu ene 1 Lj 

Cop ifi C2p—1 lep—1 


* The inequality conditions of the hypothesis are readily seen to hold for the n — 1 
lines, provided we assume, as of course we may, that n > 3. 

t Any set of n — 1 lines must evidently contain either gı — 1, g1, or g1 + 1 lines touch- 
ing the Pat 7***?; and it can not be gı, because this, by (B), would make [k -- 2,3]  * 
the key matrix. 
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All the minors of the elements of the first column can not vanish. For they 
are (except for a non-vanishing factor) the determinants 
| 
| 


OŒ k-43 ». . o Ay 








Op "t Wen kg 
for the sets of 2p — 2 out of the 2p — 1 lines; and if they all vanished 
we would have, in terms of the constants for the 2p — 1 lines, 


| Qk4.3 FORSE a, Ay4-1 
| Qn "°° Mpok-  Üa2p—k—32 ms 
|o JAPE ea 1 


for 2p — 1 different values of ¢. This would therefore be an identity in f, 
and we would have 2 | 
Ak+3 ase ap 








! Ap e.. don —k—2 


for the 2p — 1 lines, contrary to the hypothesis. Suppose the non-vanishing 
minor to be in the upper right-hand corner.. Then the reflex point c and 
clinant £ of each of the 2p — 1 lines satisfies the equation 


(D ici? + hot? a a ae ee a has aa papers 
| H + Btr B. + Beg ott Bou = 0 
a 4 l ’ 
where the A’s and B’s are the co-factors of the elements of the lower row, 
and 4; + 0. Solving for ct, we have 


ps em Birti — L i a: Bork 


: Atr + Ast? H --- + AS ut 

and multiplying , numerator and denominator of the fraction by 
PS (N— 1)*1 
(treats: : lap 2) rem Pa 

they both become self-conjugate, and we have 


| | 0309 93 E aste 93 E os te ost + a 
m ! CP V Yit ^? He yep et? H ee + "ut 
where Yi41 "F 0. i 
The reflex point c &nd clinant £ of each of the 2 2p — 1 lines must satisfy 
(IT), unless the cliriant is such that it causes the denominator and numerator 
to vanish. If then the humerator and denominator have no common 
polynomial. factor, all of the 2p — 1 lines satisfy (II), and hence all of 


| 
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them are tangents of the curve PË- whose envelope equation is 


T Quiet nee on 
y deat? ee Yit” 


which is in accordance with part (4) of our theorem. 

Suppose now that the numerator in (IT) is not identically zero, and 
that the numerator and denominator have a highest common factor of 
degree u + v, containing 2” (but not £+) as a factor. It is obvious that 
u and v must satisfy the inequalities 


0zcuzp-k—2, O0zv»zk. 
We may then take out this common factor and write* 


a? 83.2... 
Ya ap ES GLA 


Each of the 2p — 1 lines, satisfying (I), must satisfy (III) unless its clinant - 
is such as to cause the removed common factor to vanish. Since the 
clinant of a line can not be zero, it follows that at least 2p — u — 1 of them 
satisfy (III). Say that exactly 2p — u + o — 1 of the lines satisfy (III), 
0zoczy These 2p— u-d-c — 1 lines evidently touch a curve 
pois Then either all of the 2p — 1 lines touch this curve, and 
therefore by (B) [k — r 4-2, p— e — v] is a key matrix for every set 
of 2p — 2 lines; or in at least one set of 2p — 2 lines exactly 2p — » +e — 1 
lines touch the curve, and hence [k — » + 2, p — 6 — v — 1] is a key for 
this set of 2p — 2. In either case it follows that [k — » + 2, p —e — v] 
= 0 for the 2p — 1 lines (by Theorem 10 or 7). With [k — » 4- 2, 
p—e—»]-0,cz1 would give (Theorem 1) [k + 2, p— 1] — 0, 
contrary to hypothesis; and hence we must have e = 0. With e = 0, 
y=1 would give [k+ 1, p].—.0; and since » € 1 would necessitate 
k = 1, this again contradicts the hypothesis that [k + 2, p ] is.a key matrix.. 
It follows that in equation (IIT) we must have » = 0, and that the corre- 
sponding envelope equation l 


te + y= 


aD ot = 


arte usu 
Vite ee a? 


represents a curve PP +*+- which is touched by exactly 2p — u — 1 of 
the 2p — 1 lines. This is in agreement with part (A) of our theorem. 

^. There remains the case where the numerator in equation ¢II) vanishes 
identically. In this case, at least 2p — 1— (p — k— 2), or p+ k-4- 1, 
of the 2p — 1 lines are concurrent at the origin, t.e., touch a PP. Say 


* The assumption that i" is a factor of the numerator gives o; = a: = - e = ay = 0; 
and when we then divide out i, the degree of the numerator is reduced by 2». 
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that exactly p + k + e + 1 of them are concurrent. As in the preceding 
" paragraph, a contradiction will result unless k = c — 0. If then the 
numerator in (II) vanishes identically, exactly p + 1 of the 2p — 1 lines 
must touch a curve Pt. 

‘This completes the proof that if (4) and (B) hold for n — 1 lines, then 
(A) must hold for n lines. It will.now be shown that if (4) and (B) hold 
for n — 1 lines and (A) holds for n lines, then (B) also holds for n lines. 

If g out of n lines touch a curve Pf?-****:-»5, then in g of the sets of 
n — 1 out of the n lines, g — 1 lines touch the curve, while in the remaining 
n — g sets, g lines touch the curve. Hence, applying (B) to the sets of 
n — 1 lines, [k + 2, i] is a key matrix for g of the sets and [k + 2, 4 — 1] 
for the remaining n — g sets. It follows (by Theorem 7 if g < n, and by 
Theorem 10 if g = n) that [k + 2, i] — 0 for the n lines. There must 
then be a key matrix [ |/, ?' ] for the n lines, such that ?' + fh’ Z k 4-4 4- 2 
and t — h z— k — 2. Hence, applying (A) to the n lines, and pro- 
ceeding as above, we have that either [ À/, t ] is a key matrix for all of the 
sets of n — 1 lines or [ A, t — 1] is a key matrix for some sets of n — 1 
lines. In the former case there would be a set of n — 1 lines with both 
| /, v | and [Ek + 2, 2] as key matrices; while in the latter case there would. 
be a set of n — 1 lines with key matrices [ À', ' — 1] and either [k + 2, i] 
or[k + 2,2 — 1]. Either case is a contradiction unless [ k’, 2’ Jis [k + 2,1]. 
It follows that if g of the lines touch a curve Pí?-****», [k + 2,7] isa 
" key matrix. If then (A) and (B) hold for n — 1 lines, they both hold for 
n lines; and this establishes our theorem. 

THEOREM 12. If [4+ 2, 7] is a key matrix for n lines, then for g of 
the sets of n — 1 out of the n lines (where n+ h4—1i1+2 2 9 =n) 
[k+ 2,2]is a key matrix, and for the remaining n — g sets[& + 2,24 — 1] 
is a key matrix. 

This theorem is an obvious corollary of Theorem 11. 

As noted at the beginning of $3, a set of 2p lines is ODDS when, 
and only when, the determinant 


G3 TR Gy» 








G1 "n G2p—1 


vanishes. Since this determinant is one of the two complementary solid 
determinants,in the matrix [2, p], an improper set will occur when, and 
only when, {[2, pl} = 0. For 2p — 1 lines to be improper, either or 
both of the conditions [2, p] = 0, [3, p] = 0, must hold. And since these 
vanishing matrices must lié in a vanishing area having a key matrix, it is 
evident that the necessary and sufficient condition for an improper set is 
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that there should be a key matrix | A, t] somewhere in the area h = 2, 
i=p, ith=p+3, and i— À £€ 0. Since vanishing areas can not 
overlap, it is evident that there could not be more than one "y matrix 
in this area. And from Theorem 11 we then have 

THEOREM 13. A necessary and. sufficient condition for an improper 
set of n lines is that there should exist a unique set of integers k 1, and g, 
satisfying the inequalities 


0zkuzp—2, k+1+227+ 3, 
ki2tSrt=p, n+th-~i+2 29 =n, 


and such that g (and no more) of the n lines are tangent to a unique curve 
Pi-"tkri-p 


$6. Improper Sets as Limiting Cases. 


A set of n variable lines with characteristic constants a1, a2, +++, Qn 
and clinants 11, .72, :::, Ta will be said to approach a set of n fixed lines. 
with constants ai, d», -:-, a4, and clinants fi, ta «++, f, if the o's and 7’s. 
simultaneously approach the corresponding a’s and ts. Since there are 
only a finite number of conditions for improper sets, it is always possible 
(in an infinite number of ways) to find & sequence of proper sets which 
approach any given improper set. The question then arises as to whether, 
when a variable proper set thus approaches a given improper set, the 
Clifford figure (point or circle) of the variable set will approach, under any 
circumstances, a unique limit which might be conveniently defined as the 
Clifford figure of the improper set. This question will be answered without. 
giving the rather tedious details of the proofs. The results may be most. 
conveniently expressed if we assume for the time being the point of view 
of the geometry of inversion; t.e., we assume that the plane has only one 
point at infinity, and understand the word circle to include straight lines. 
and point-circles (circles of zero radius). 

Type 1; 2p — 1 lines, key matrix [k + 2, p — k-- 1], 451. This. 
key matrix lies on the skew diagonal h -+ ? = p-- 3; and g of the 2p — 1 
lines, p + 2k = g Z 2p — 1, touch a curve “poet. In the fractions. 
giving the center and radius of the Clifford circle, the denominators vanish 
while the numerators do not. Of the sets of 2p — 2 out of the 2p — 1 lines, 
g sets are proper sets; but the remaining 2p — g — 1 sets are of the type 4 
described below, with their Clifford points at infinity. In this case the g 
finite Clifford points lie on a straight line.* When a proper set of 2p — 1 - 
‘lines approaches such an improper set in any way, the Clifford circle ap- 
. proaches this straight line as a limit. We mgy define this line therefore: 
as the Clifford figure in this case. The reflex point of this line is 


*See Morley, loc. cit. 
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/ 


The denominator of this fraction is a solid determinate of the matrix 
[1, p — 1], and can not vanish, since with [k + 2, p — k + 1] as a key 
matrix we have ([1, p — 1]} #0. As examples of sets of this type we 
have 5 lines touching a deltoid; 7 lines touching a P$; 7 lines, 6 of which 
touch a deltoid; ete. 

Type 2; 2p ~ 1 lines, key matrix [k + 2, p — k], £z 1. The key 
matrix lies on the skew diagonal h + t = p+ 2; and g of the 2p — 1 lines, 
p+ 2k+1 2g = 2p — 1, touch a curve PY. Both numerators and 
denominators of the fractions in the expression for the Clifford circle vanish. 
Of the sets of 2p — 2 lines, g sets are of the type 4 and the rest of the type 5 
described below, with their Clifford points at infinity in both cases. When 
a proper set of lines approaches a set of this kind in any way, the entire 
Clifford circle recedes to infinity. We may therefore define the Clifford 
figure for this type to be a point-circle at infinity. The simplest example 
of a set of this type is the case of 7 lines touching a deltoid. 

Type 2'; 2p — 1 lines, key matrix [2, pl. In this type, g of the lines, 
p+- 1 Æg = 2p — 1, touch a curve PP; and the radius of the Clifford 
circle is zero.* Of the sets of 2p — 2 lines, g sets are proper, and the rest 
are of type 5’ with a finite Clifford point as defined below. All of these 
2p — 1 Clifford points for the sets of 2p — 2 lines coincide at the point 


/ 


which is the focust of the curve PẸ. When a variable proper set 
approaches such a set, the center of the Clifford circle approaches this 
point while its radius approaches zero. We may define the Clifford figure 
for this type to be a point-circle at this point. 

Type 3; 2p — 1 lines, key matrix [k + 2, p— k— 1] kz1. This 
key matrix lies on the skew diagonal h+ i = p-- 1; and g of the lines, 
p+ 2k + 22 g = 2p — 1, touch the curve P^? ^U. Here again both the 
numerators and denominators of the fractions for the center and radius of 
the Clifford circle vanish. Of the sets of 2p — 2 lines, g sets are of type 5 
with their Clifford points at infinity, and the rest are of type 6 with entirely 
indeterminate’ Clifford points. Given a set of this type, a proper set may 
be made £o approach it in such a way that the Clifford circle will approach 
any arbitrarily preassigned straight line. The simplest example of this 
type is a set of 9 lines touching a deltoid. 
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* See note, beginning of 8 2. 
+ See Clifford, loc. cit. The denominator of this fraction can not vanish. 
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Type 3'; 2p — 1 lines, key matrix [2, p — 1]. In this ease g of the 
lines, p + 2 = g = 2p — 1, touch a curve P(/^?^?; and again the Clifford 
circle fractions take the indeterminate form. Of the sets of 2p — 2 lines, 
g sets have a Clifford point as defined in type 5’, while the remaining sets 
are of type 6 with indeterminate Clifford points. The g Clifford points 
coincide at the point 
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which is the focus of the curve P-Y, Asa proper set of lines approaches 
a set of this type, the circumference of the Clifford circle will always ap- 
proach this point. We may then say that the Clifford circle for this type 
1s Indeterminate except that it must pass through this point. For example, 
if a set of 7 lines touch a parabola, a proper set may be made to approach 


these 7 lines in such a way that the Clifford circle will approach any pre- ` 
assigned circle or straight line through the focus of the parabola, or a 
point-circle at the focus. A still simpler example is that of 5 concurrent 
lines. l 

.Type 4; 2p lines, key matrix [k + 2, p—k+1], kz 1. The key 
matrix is on the skew diagonal A + t = p + 3;. and g of the lines, p + 2k 
+129 = 2p, touch a curve P^)... In. the fraction representing the 
Clifford point the denominator vanishes while the numerator does not. 
Of the sets of 2p — 1 out of the 2p lines, g sets are of type 1 and have 
Clifford lines, while the remaining sets are of type 2 having Clifford point- 
circles at infinity. - As a proper set approaches a set of this type, the Clifford 
point moves off to infinity; and hence one may define the point at infinity 
to be the Clifford point for this type. The simplest example is a set of 6 
lines touching a deltoid. | | 

The g Clifford lines for the g sets of 2p — 1 lines in this case exhibit a 
very interesting property which is treated in the next section. 

Type 5; 2p lines, key matrix [k + 2, p — k], k = 1. This key matrix 
lies in the skew diagonal h-+ îi = p+ 2; and g of the lines, p + 2k + 2 
= g = 2p, touch a curve Py? ".. The numerator and denominator of 
* the fraction giving the Clifford point both vanish. Of the sets of 2p — 1 
lines, g are of type 2 and the rest of type 3, having respectively the point 
at infinity and indeterminate straight lines for their Clifford circel. An iso 
type 4, we may define the Clifford point for this type to be the pinst at 
infinity. The simplest example is a set of 8 lines tangent to a deltoid. 

Type 5'; 2p lines, key matrix [2, p]. Here g of the lines, p+ 2 = 9 
= 2p, touch a curve P(/7?-?, and the expression for the Clifford point « 
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takes the indeterminate form. Of the sets of 2p — 1 lines, g sets are of 
type 2’ and the rest of type 3’; the former having Clifford point-circles and 
the latter indeterminate circles passing through fixed points. These points 
for all of the sets of 2p — 1 lines coincide at the point — — 
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which is the focus of the curve P$j/7?7?. When a proper set approaches a 
set of this type In any way, the Clifford point will always approach this 
point of coincidence; and it may therefore be defined as the Clifford point 
for a set of this type. As simple examples we have 4 concurrent lines; 
6 lines, 5 of which are concurrent; 6 lines touching a parabola; etc. 

Type 6 consists of all improper sets not included in the preceding types. 
The key matrix will lie somewhere above the skew diagonal À 4-2 — n 
—p-+ 2. In the fractions in the expressions for the Clifford figure, both 
numerator and denominator wil vanish. Given such an improper set of 
lines, one may arbitrarily preassign a Clifford figure, and then cause a 
proper set to approach the improper set in such a way that its Clifford 
figure will approach the preassigned figure. The Clifford figure for this 
type is therefore entirely indeterminate. 

To summarize, we may say that a unique Clifford figure exists for 
every proper set, and, as defined in this section, for every improper set of 
types 1, 2, 2’, 4, 5, and 5’; that it is partially indeterminate for sets of 
type 3 and 3^; and that it is entirely indeterminate for sets of type 6. The 
existence in this sense of a uniquely defined Clifford figure for a set of 
n lines does not imply (even for a proper set) the existence of such a deter- 
minate Clifford figure for every sub-set of lines. But it does imply 

(1) That a determinate Clifford figure exists for at least p zm 1 of the 
sets of n — 1 lines; 

(2) That these Clifford figures which exist for sets of n — 1 lines are 
all incident with the Clifford figure for the n lines; 

(3) That when a variable proper set of n lines approaches the given set 
in any way, the Clifford figure of the variable set will always approach that 
of the given set. — 


$7. The Reciprocal Case. 


In type 4 of the preceding section, g of the 2p lines touch a curve PYP, 

and g of the sets of 2p — 1 lines (the sets obtained. by omitting one by one 

. the g lines which touch the curve) have Clifford lines instead of circles. 
a The reflex point of one of these lines (see type 1) is 
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where the a’s are for the 2p lines and ¢ is the clinant of the omitted line. 
With [k + 2, p— k+ 1] as key matrix, the coefficients of the highest 
and lowest powers of t in the denominator vahish, so that we may write 


_ Ag? + Ap at? 14 +++ + Ait + Ao 
= B ppt? -+ Byg s -}- "n + Bit 


where, moreover, Áp +0 and Bp- +0. The clinant 7 of this line is 
equal to the quotient c/c. Under the condition [k + 2, p — k+ 1]= 0, 
it may be seen that the ratio B,/B ps1 18 a constant turn for all values of s; 
and if we therefore put BB ust = T, we find 





= (— 8) Tt, 


where S is the product of the 2p clinants of the lines of the set. We may 
then put t= 7/(— S)?T, and thus obtain an expression for the reflex 
point c of the line in terms of its clinant r, thus 


C 4? + Cpa. + Ott 0 


d 


D, 44027 ee + Dar ^ 





where 


C; — Aj(— SPT and D,= B,/(— S)r'T*. 


If we now multiply both sides of the equation by 7, and the numerator and 
denominator of the fraction by (— S)» *»2?T»?. we obtain 
š QT? -+ æg r? +. dz QT zu o 
T H "RW M Econ 3dEER 
Yir t3 + - er 27 M 
where the numerator and denominator are now found to be self conjugate, 
and o; + 0 and ye: + 0. Hence we see that these g Clifford lines are 
tangents of the curve PP whose envelope equation is 


_ ar? + oa? + +s + ai 


te -d-y ——— : 
C Yuan? +e) + Year? 


The most interesting case occurs when g = 2p, t.e., when all of the 
2p lines touch a curve PP. We then obtain 2p Clifford lines for the 
sets of 2p — 1 lines, and these Clifford lines touch a new curve PP. An 
examination of the incidence relations of the Various Clifford points and 
circles for the subsets of lines shows that the relation between the two 
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ane of 2p lines is reciprocal; i.e., if we start with a 2p Clifford lines, we 


Ls am led back to the original set.* 


-There is also a certain reciprocity in the cases TET g< 2p. For 


S 5 instance, when g = 2p — 1, 2p — 1 of the 2p lines touch a PY”, and we 
^ are led to 2p — 1 Clifford lines touching a PP. Reversing the process, 


and starting with these 2p — 1 lines, we have a case of type 1 with a Clifford 
. line, this line being the one line of the original set which does not touch 

"the PP}. Tor g.« 2p — 1, the fact that the g Clifford lines touch a 
P is not sufficient to make them an improper set;f and hence they will, 
in general, be a proper set and have a Clifford element which will be the 


^ -Clifford element of the 2p — g lines of the original set.which do not touch 


the PEP., 


For example, suppose that 19 of 24 lines touch a curve PY, skik the 


= "remaining 5 lines have no exceptional conditions upon them. ‘Then 19 of 


_ the sets of 23 lines will be of type 1 and have Clifford lines, and these 19 
. Clifford. lines will touch a PY”. Starting with these 19 lines, they will be 

: found to be a proper set, their Clifford circle being that of the 5 lines of 

~ -the original set which did not touch the PY’. But if the 5 lines of the 
- 'original set touch a parabola, and hence have a point-circle as their Clifford 
figure, then the 19 lines in the.reverse process will lead to this same point- 
circle as their Clifford figure, and will therefore be of type 2’; and it follows 
that in addition to the fact that the 19 Clifford lines touch a curve P$, 
g of them, where 11 = g = 19, must also touch a curve P^». 


$8. The Curve P® as a Sum of Fundamental Curves. 
Let two curves PT? and Pf? be given by the envelope equations 


2 _ ex(f 
~ mi) 
and suppose that yi(¢) and y2(¢) have no common polynomial factor, which 


necessitates that one of the Es, say ka, should be zero. Then the envelope 
equation 


tzt y and tr + y=; 


m+ y = 2 q 2 an + arr) 


v0 v yi) va (0) 
represents a curve P+”) which may be called the “sum” of tbe two 
curves. Since the map equations of the three curves Py, PY”, and 


Pye? are ' respectively 


* Kantor lee: cit.) discovered this property for a set of 6 lines touching a deltoid. 
: Morley generalized Kantor's theorem; but his generalization is quite drüerent from the 
one here given. 

f For g = 2p — 2k, the conclusion that the g lines touch a curve PP) i is obviously 
trivial, 
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a) 7868). m n0) 500). 


and since in all three cases the parameter į is the clinant of the tangent. £01. 


the curve at the point x, the geometric significance of the addition is obvious... y- : 


If we take two points, one on the curve P? and the other on the curve. ` A 


P?9, where the tangents to the curves are parallel, and add these points `. ' 


by the ordinary construction for the sum of two complex numbers; the 
result will be the point of the curve Pt” at which the tangent has 
the same direction.* We may similarly define the sum of any number of 
such curves, all the denominators in the envelope equations being prime to 
each other. 

We may call a curve Pf? a “fundamental curve" when the denom- 
inator y(t) in the envelope equation is a power of a self-conjugate factor 


of the first degree or a power of a self-conjugate factor of the second degree 


which is not the product of self-conjugate factors of the first degree. For . - 


such a fundamental curve we have k = 0, with y(t) of the form (yt + y)? .' 


or (yÊ + rt + y) (9-97; ort k = 4(m — 1), with y(@ of the form ri*. The 
map equations in the three cases may be written respectively in the forms 


B; Bu 
s= A Gris yet (yt + QUE d (qt + yy. 


Dat 4 Bast ds esp Bit S Bo 
G6 3 E n 


Bı, B B 
Taa pde Reb Att dot Stat + ae. 


z= Ag+ 


In the first two cases the point Ag is the focus of the curve; while in the 
third case it may be called the center (suggested by the center of the deltoid 
when k =.1). When Ay = 0, t.e., when the focus or center is at the origin, 
the curve may be said to be in canonical position. Every curve PT" is 
the sum of g such fundamental curves,] where q is the number of distinct 
irreducible self-conjugate factors of y(t). It is evident that if we had such 
a decomposition of a curve P$? into a sum of fundamental curves, the Aps 
for the several fundamental curves would be arbitrary except that their 
sum would be fixed. The point represented by the sum of the Ao’s d be 
 ealled (for lack of a better name) the center of the PẸY; and the Pj? may 
be said to be in canonical position when its center is at the origin. If a 
curve Pj? is in canonical position, its decomposition into the sum of fun- 
damental curves in canonical position is unique. 
* These curves have one and only one tangent in a given direction. 


t This case k = à(m — 1) is the curve A= of Morley and Stephens (loc. cit.). 
1 Theorems 5 and 6 of Atchison's paper (loc. cit.) are special cases of this. 


ON THE REPRESENTATIONS OF NUMBERS AS SUMS OF - 
3,5, 7, 9, 11 AND 13 SQUARES.* 


By E. T. BELL.. 


I. PRELIMINARY CONSIDERATIONS. 


1. Of the nine sections into which this paper is divided, I is preliminary; 
II contains eleven general formulas of a simple nature; III-VIII apply the 
first seven formulas of II to the determination in finite form of the number 
of representations of an integer as a sum of 3, 5, 7, 9, 11 and 13 squares 
respectively, attention being paid to the numbers of odd squares in the 
representations; and IX is devoted to recurrences, consequences of the 
last four formulas of II, for facilitating the numerical computations implied 
in IIT-VIII:: A complete system of results of a well-defined kind, described 
in $$ 4-6, is obtained in III-VITI; but in the sense of determining finitely 
the total number of representations for any linear form of the integer to 
be represented, the enumerations for 11 and 13 squares are only partial. 
If complete finite systems are desired in these and further odd cases, they 
may be found by applying II to the theorems of H. J. S. Smith, Glaisher, 
and others, concerning an even number of squares. The resulting formulas, 
however, are simple neither in the common meaning nor in the technical 
sensé defined in § 4; and as they belong to a wholly different order of ideas, 
they are not included here. 

From one point of view the formulas, particularly the recurrences, for 
5, 7, 9, 11 and 13 squares may be looked upon as analogues of the class 
number relations of Kronecker,t which, as has long been known, are inti- 
mately related to the decompositions of integers into sums of three squares. 
In fact, if the incomplete primitives of § 8, which have been expressly 
avoided here, are admitted, all of Kronecker's results and more of the same 
kind due to later writers reappear; and it appears that the 5, 7, 9, 11, 13 
square theorems are of the same general nature. To find closer analogues 
it is only necessary to replace the functions denoting the numbers of repre- 
sentations as sums of 5, 7, --- squares by their weight equivalents as deter- ` 
mined by H. J. S. Smith in his memoir "On the Orders and Genera of 
Quadratic Forms Containing More than Three Indeterminates." The re- 


* Read before the San Francisco Section of the American Mathematical Society, 
April 5, 1919. . 

t The development of these and other relations from the present point of view will 

be published elsewhere. | 
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sults are most numerous for 9 squares. The recurrences evaporate with 
the case of 11 squares. Taken together, all form a short natural chapter 
in arithmetic. 

In counting representations we elute as customary, both the ‘nies 
of the squares and the signs of their square roots. Thus the single decom- 
position of 54 into a sum of 9 squares, 


54 = 4+ 2+ 2+ 3+ 3+ Bt B+ 8 OC, 
contributes 25-91/215| = 387072 representations. 

As constant use is made of Glaisher’s work for 2, 4, ---, 12 squares, 
we may cover all references to it by this citation: Quarterly Journal, 38 
(1906-7), pp. 1-68. A convenient précis of the square-theorem results of 
his paper is given in the Proceedings of the London Mathematical Society, 
(2) 5 (1907), pp. 479-490. 

2. All letters m, u, n, a, b, c, r, 8, denote positive integers, different from 
zero unless explicitly noted to the contrary; m, u are always odd, and the 
rest, unless further specified, arbitrary; k is an integer = 0. We define 
f(n) to be primitive if its values may be calculated in finite form from the 
real divisors of n alone, and consider f(z) = 0 (or, if preferred, non-existent), 


when z = 0, or when g is not an integer. With these conventions, the 
respective sums . 


f(n — 4) + f(n — 16) + f(n — 36) + fin — 64) + -++ 
f(n — 1) + f(n — 9) + fin — 25) + f(n — 49) +--+, 


consist of only a finite number of terms, and may be written Zf(n — 4a’), 
Zf(n — u’), the È extending only to those values of a, p that render n — 4a’, 
n—p?> 0. Similarly for sums of functions of the triangular numbers, 
1, 3, 6, 10, ---, such as 

Turc) sp yon se T2) sS Uy) eqs qn sed) spectes 


which may be denoted by Zf(n — 4t), t representing, as always throughout 
the paper, a triangular number. 
By repeated application of the obvious identity 


Zf(n — à?) = ZL f(n — W) + f(n — 40%) |, 
we get a transformation which frequently is useful: 

l s—l | 

Zf(n — a) = [fin — Ata) + 3; f(n — 4] 


3. We shall require the primitives: [,(n), = ‘the sum of the gth powers 
of all the divisors of n; t;(m), ta(n) the like for the odd, even divisors 
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respectively; (n), = the excess of the sum of the gth powers ef all those 
divisors of n that are = 1 mod 4 over the like sum for the divisors = — 1 
mod 4; £j(n), = the excess of sum of the gth powers of all those divisors 
of n whose conjugates are z: 1 mod 4 over the like sum for the divisors 
whose conjugates are = — 1 mod 4; e(n) = e(a?n), = 1 or 0 according as 
n is or is not a square. From these we construct further primitives as 
required. When g= 0, £&, +., £, are written C +++, & respectively, 
and denote the numbers of divisors in the respective classes defined by the 
corresponding functions. Our notation follows Liouville's, to conform 
with other papers on similar topics. Glaisher’s notation is given loc. cit., 
pp. 3-6. 

4. If f(n) is primitive, then a sum of the form Bff (pn — qa?)/g], in 
which p, q, g are numerical constants, n is an integer, and the summation 
is with respect to the variable integer a, is defined to be simple. Thus, 
Zf(n — a?) is a simple sum, and its value being determined when n is 
given, we shall call Zf(n — a?) a simple function of n; and, by a legitimate 
extension, say that any linear function of a finite number of simple functions 
of nis a simple function of n. ‘The simple functions most frequently occur- 
ring hereafter are of the forms Zf[(m — p*)/g |, where g = 1, 2, 4 or 8; 
Zf(n— a); Zf(m — 4a). | 

5. Let N,(n), N.(n, g) denote respectively the total number of repre- 
sentations of n as a sum of r squares, and the total number of representations 
of n as a sum of r squares precisely g of which are odd. Then clearly N,(n) 
is expressible in the form 


2 c5 N (n, g), 
g-0 


wherein c = 1l or 0. When the linear form, modulo s, of n is assigned, the 
constants c, are known. We shall use s = 8; hence, observing that m? = 1 
mod 8, (2a)* = 0 or 4 mod 8, we have for the determination of g, 


g + alr — g) = n mod 8, (a = 0, 4); 0ÉEgr. 


When r is specified we take in this way a census of the possible linear forms 
modulo 8. Fora particular r the census is most readily found by inspection. 
Thus, for r = 11, (cf. the m, n, k-notation in § 2): 


n= 4k : Nu(n) = Nau (n, 0) + Nu (n, 4) + Nu (n, 8), 
m = ék +1: Nyu(m) = Nam, 1) + Nun, 5) + Num, 9), 

n = 2m : Nu (n) = Nii (n, 2) + Nu (n, 6) + Na (n, 10), 
m = 8k-- 3: Ngu(m) = Nu(m, 3) + Nutm, 7) + Num, Ds 
m = 8k-- 7: Ny (m) = Nun, 3) + Num, 7). 
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Hence, for example, knowing Nim, 1), Nii(m, 5), Nu(m, 9) when 
m = lor 5 mod 8, we can write down the value of Nu(m). The census 
also shows what values of N,(n, g) vanish; thus, Nii(2m, 8) = 0, 
N3(2m, 4) = 0. : 

6. We shall seek to determine all n, g such that 


N,(n),  N.mg, (r= 3,5, 7,9, 11, 13) 


are simple functions of n, and to exhibit a set of simple functions giving the 
values of N,(n), N.(n, g) in these cases. It will appear that there is not a 
unique set, for the functions in any set may be transformed in many ways 
by means of the elementary identities existing between the primitives of $ 3. 
On equating different expressions of the same N,(n) or N,(n, g) we get, in 
several instances, rapid recurrences for the successive calculation of the 
primitives involved; and in all cases the formulas obtained are well adapted 
to numerical computation. We may state here, reserving full discussion 
for another occasion, that when linear forms only are considered, N,(n)is 
simple for no n when r = 15, 17, 19, 21, 23, 25, and probably for no odd 
r > 25; the same applies to N,(n, g); so that the formulas of this paper 
form a natural class. . 

7. To compare the expressions through simple functions with the results. 
given by the classical theory, let us consider, from the standpoint of their 
adaptability to numerical computation, the three following, of which (A) 
is due to Eisenstein,* (B) to Stieltjes,T and (C) is found in section IV. 








[A/2] 
(A) =8k+5: |. NM =-—112 2 (s|d)s; 
EE 
(B) m=S8k+5: Nm, 5 = xxn (T5); 
(C) m= 8k+5: Nlm) = uzn ("TH ) 


In (A), A is divisible by no square > 1; [æ] is the greatest integer in g, 
and (s|À) is the Legendre-Jacobi symbol, (s|X) = 0 when s, X are not 
relatively prime. In (B), (C), m is unrestricted, and the summation refers, 
by the conventions of § 2, to all odd u such that 0 < p= [ Vm]. Let 
m = 133; the computation by (A) requires as a first step the calculation 
of the quadratic characters with respect to 133 of the 55 numbers 1, 2, 3, 
--+, 66 prime to 133 and < 67. For a large A the s prime to A would have 
to be determined in practically the same way as the (s|X), viz., by Eisen- 
stein's or one of the equivalent algorithms for (s| X), which amounts to the 





* Eisenstein, Crelle, 35 (1847), p. 368. 
t Stieltjes, Comptes Rendus, 97 (1883), p. 981. 
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conversion of the s/^ into continued fractions, so that for \ not factorable 
by inspection there would be in all [A/2] such calculations. In that all of 
these may be performed non-tentatively, formulas such as (A) are superior 
to (B) or (C). But with the aid of a factor table, it would seem that 
_ even for À fairly large, say A = 10005, the 50 resolutions into prime factors 
required by (C) could be performed more expeditiously than the (approxi- 
mately) 2500 conversions necessary in (A). Again, if it were required to 
construct tables, we should have the advantage of recurrences (found in 
section IX), such as 


m= 8k + 5: N;(m) = — 146 ( 





1 
a ) — DNs(m — 8t), 
and several similar relations between the primitives & whereby their com- 
putation may be greatly abridged. For m = 138, we find from (C), 


N5(133) = 112| 51(83) + &(31) + $1027) + OT) + 563) + n] 
112[ 48 + 32 + 40+ 32 + 14+ 4 | = 19040. 


8: Functions that may be calculated from the divisors of n subject to 
one or more conditions were called by Hermite incomplete. Formulas 
analogous to those of this paper, but involving incomplete functions, may 
be found on starting from Liouville's (formules générales,’ or from the 
elliptic theta equivalents of these was was done by Hermite* for N;(m) 
and N,(m, 5). He found 


m= 8k + 5: Ns(m, 5) = Gi(n) + 2261(m — 403), 


‘where G,(m) is defined by G,(m) = 4Z(3d + d^), the È extending to all 
positive integral solutions of dd’ = m, d' >.3d. Incomplete functions have 
purposely been avoided in the sequel, as they appear to be less well adapted 
to computation than the primitives. In regard to Liouville’s general 
formulas for which he did not publish proofs, and which, as indicated may 
be made to yield the results for 3, 5, ---, 18 squares, it was remarked by 
Hurwitzt that Stieltje’s results possibly follow from some of them. It 
might seem, then, that all the simple functions should be derived directly 
from the same source, without the reference to elliptic functions implied 
by the use of Glaisher’s results. But the reduction is only apparent, the 
origin of Liouville’s formulas appearing most naturally in precisely those 
. elliptic function identities that give the square theorems at once. 


* Hermite, Oeuvres, IV, p. 238. 

t Hurwitz, Comptes Itendus, 98 (1884), pp. 504—507. The two theorems which Liouville 
derives from his general formulas are insufficient for the proof of Stieltjes’ results; cf. 
footnote to Section IV. Liouville did not indicate the connection between his theorems 
and representations as sums of 5 squares, nor did s carry out his intention of returning to 
the subject in a separate article. 
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II. GENERAL FORMULAS. 
9. The notation has been explained in $8 2, 5, and will be used as there — 
given without further references. Summations being with respect to 
u = 1,3,5,0 u = + 1, +3, +5, -anda = 1,2,3, °, = 0, l1, 
+ 2, + 3, ---, we have, in the usual notation of the elliptic theta constants, 
(1) dl) = Zg^ = 229", 
(2) dlg) = Zg" = 1+ 22g". 
Let N ‘(n, 8) denote the total number of representations of n as a sum 


of r squares, precisely s of which are odd and occupy the first s places in 
the representations; then, obviously 


(3) r! Ni(n, 8) = sl(r — $)1 N,(n, 8), 


(4 HH = X iN, o). 
Consider the following identities, where r > 1: 

6) HAN) AG) = à) X HMI), 

(6) 91(0) ds *(q*) = Dlg) X 9199) 9s * (qt), 

(7) balg) OG) = Dolg) X PÀ), 

(8) vs(q) = da(q) X 9:7 (9). 


By (4) the coefficient of q^ in the left member of (5) is N,(n, s + 1). 
On using the second form of (1) for à(g*) on the right of (5), applying (4) 
to the second factor, and multiplying the resulting series (which are abso- 
lutely convergent), we find 22N,i1(n — u^, s) as the coefficient of q”. 
Treating (6), (7), (8) similarly, equating coefficients of like powers of q, 
and using (3) to replace N’ by its equivalent N, we find in this way from 
(5)-(8) the four fundamental identities, r > 1: 20 


(T) (s + 1)N, (n, 8 + 1) = 2rZN e a(n — è, 8), 
(IT) (r — 8)N,(n, 8) = 1 N,_1(n, 8) + 22N,_1(n — 4a?, 8) ], 


(IIO m= 4k4- 1: N,(m, 1) = 2r | «v -+ EN (=£) 


(IV) N, (n) = 2e(n) + Nailin) + 22N rin — a’). 


Again, from the definitions, 95(gf) = £g” N, (4n, 0); whence, on changing 
q into Va, . . 
9s5(g) = Eg" Nn, 0), = Zq*N.(n), 
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the last by (2) and the definition of N,(n) in $5. Hence 
(V) N,(4n, 0) = N,(n). 


10. It follows from (1). since p? = 1 mod 8, that if N,_,(n, s) is primitive 
for n= g mod 8, then N,(n, s + 1) is simple when n= g+ 1 mod 8. 
Similarly from (ID, if N .i(n, 8) is primitive for n = g mod 4, then N,(n, s) 
is simple for n = g mod 4; and from (III), for m = 1 mod 4, N,(m, 1) is 


simple if N,~1(n) is primitive, since (m — y*)/4 may take any odd or even 


value, viz., it may take the values n; and the case (IV) shows that N,(n) 
is simple if N, (2) is primitive. Using (V) we get at once from (IID), 
(IV) the corresponding forms for N,(m, 1) in terms of N,_1(m — u’, 0), 
and of N,(4n, 0). Hence in sifting out the simples for a given r, we examine 
for what linear forms of n modulo 4 or 8, V, 1(n) is primitive, and apply the 
appropriate formulas of (I)-(V). 

11. From (D, (II) we get, the c’s being arbitrary constants: 


(VD 2.1 4 s) N (n, 1-- 8j) = 2r? ei EN (n — gu, 83) |, 
(VID 2 cir — 81) N.(n, 83) E r2. N a(n, 8j) + 22 N, a(n—Ag?, s;) ]. 


It is & remarkable fact, first stated by Liouville,* that for r odd and 
n = 0 or 2 mod 4, there always exist integers c,, $; depending upon r but 
not upon n such that 2,c;N,1(n, $;) is primitive. Moreover, the s; are in 
arithmetical progression. Suitably choosing the c; s; we may therefore 


_ find in certain cases linear functions, viz., the left members of (VI), (VID 


that are simple functions of m, although in general the individual 
N.(n, 1+ $), N,(n, 3;) m the linear functions are neither primitive nor 
simple. To avoid reproducing the proofs of Liouville's theorems we shall 
write down the few necessary cases of (VI), (VID) directly from Glaisher's | 
lists, whence they may be found by inspection. 

12. The formulas (I)-(IV) may be reversed. In (I) change r into 
r+ 1, n into n + 1, and solve for N,(n, 5); in (II) replace r by r+ 1, and 
solve for N,(n, 5); in (III) put r+ 1 for r, 4n + 1 for m, and solve for 


"^ N,(n); and in (IV) change r into r + 1 and solve for N,(n); then 


(15 2(r3- 1) N, (n, s) — (s3- 1) N i 1(n-4- 1, 43-1) — 2(r3- 1) Z N (n — 8t, 8), 
QI) CDN, n, 8) — (r-1—5)N nal, 8)—2(r +1) EN,(n—4e%, 8), 
A) UDN, n) = Noga (4n-+1, 1) -2(r- D[e(4n4-1)3-EN, (n— 20) ], 
qv) |— N,(n) -—N.a(n)—2e(n) —2Z N,(n— a). | 

* Journal des Math., (2) 6 (1861), 2 papers, pp. 233-, 369-. The proofs were not 


given, nor a method for determining the c; when ris given. Both were published in Bull. 
Amer. Math. Soc., Oct., 1919. 
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Of these, (IV^) shows that if N.,i(n) is primitive, then the values of 
N.(n) may be calculated by recurrence from N,(n — 1), N,(n — 4), 
N.(n-—9) .... Similarly for (I)-(III); remembering that ¢ always 
denotes a triangular number. In each case the value of a primitive for 
one value of the variable has to be calculated in addition to the N, functions; 
thus in (IV^) the assumed primitive is Neea). ` 


III. THREE SQUARES. 
13. We first take the census ($ 5) for 3 squares: 
N3(4hk) = M&(4k,0); N3(4k-+ 1) = N:(4k + 1,1); 
N,(4k + 2) = Na(4k + 2, 2); Na(8k + 3) = Na(Bk + 3, 3); Na(Sk-+ 7) = 0; 
next listing the known theorems for 2 squares: 
(1) Mn = 4&(n); (2 Na(m) = N:(m, 1) = 4&(mn); 
(3) N2(2m) = Nim, 2) = 4£(m); E(2°m) = £(m), 


the last from the definitions in§ 3. Having taken the census and tabulated 
the primitives for a given 7, as in (1), (2), (8) above, we then consider 
(I)—(VII) of $ 9, or so many of them as may be relevant to the particular 
r, here 3, and substitute successively s = 1, 2, 3, --- until the total number 
of possible squares is exhausted, examining at each step the legitimate forms 
for n or m in N,(r, 8 + 1), N,(n, $), etc., effecting this by an inspection of 
the census; and last, by referring to the primitives, such as (1)-(3) above, 
find the proper form for the right hand member of (D, (ID, ---. Thus, 
putting r = 3, s = 1 in $9 (D, the left becomes 3N3(n, 2); and since by 
the census N3(n, 2) exists only when n = 2m, we must have on the right 
terms of the form N2(2m — 42, 1), whose value, by (2) above, is 4&(2m — p’), 
the variable 2m — yp? being odd and of the form 4k + 1 as required by (2). 
Proceeding thus with all of the formulas (I)-(VID), we find the following 
cases, in which, as always henceforth, the integer in the numbering (2.1), 
(3.1), etc., of the formulas indicates from which of the primitive representa- 
tions it has been derived, and the first decimal the particular one of (L)- 
(VII) used in the derivation. The rest of the numbering is self-explanatory. 


Case I. (s + 1)N3(n, 8 + 1) = 6ZNs(n— 93s). >» 
(2.1) N3(2m) = 12Z£(2m — p’); 





er 
Gp ^ m = 8k-+3: N3(m) = sx >), 
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Case II. (3 — 8)Ng(n, $) = 3[ Na(n, 8) + 2ZNs(n — Ad), s) |. 
Whence, for s = 1, 2: 
(2.2 m=4k+1: Ns(m) = O[£Gm)- 2Z£(m — 42?) ]; 
(3.2) N.(2m) = 12[E(m) + 22£(n — 225]. 


The special form 4k + 1 of m restricts only the formula (2.2) with 
which it is written, having no relation to subsequent formulas; and so in 
“all similar cases. 


l TERT 
Case II. m= 4k 4- 1: Na(m, 1) = 6| «m + zm (=E) |: 





(3. m= A+ 1: Nm) = 6| «m + (E) ]. 


4 
Case IV. N3(n) a 2e(n) + N2{n) + 22; Ns(n ar a’). 


14) Na(n) = Ael) + 260) + 428(n — d] 
. A Case V. N3(4n) = 2[e(n) + 2£(n) + AZ£(n — a]. . 
Changing n into 2n, applying the identity in § 2 in the form 
ZE(2n — a?) = Z£(2n — yu?) + Z£(2n — 4a?), 


and noting that &(2b) = &(b), we get, as an alternative to the special case 
of (1.4) in which n is a multiple of 8; 


(4) —— M«(8m) = 2[e(2n) + 2£(n) + 4X£(2n — p?) + 4Z£(n — 22); 
and for n — m, 
m — y 


(8) Nim) = 2 | elm) + 26(m) + ax( z^ )+ 424m — 4o) |; 


both of which illustrate the way in which recurrences for the primitives 
may be written down on comparing with the equivalent forms deduced 
from the general (1.4). 





IV. Five Squares.* 
14. The census for 5 squares is 
N (4k) = Ne(4k, 0) + Ns(4k, 4); — Ns(8k + 1) = N5(8k + 1, 1); 
No(2m) = Ny(2m,2); | N&(4k-- 3) = Ns(4k + 3, 3); 
N (8k + 5) = N5(8k + 5, 1) + Ns(8k + 5, 5). 
Write A (n) = [2(— 1)* + 11[t-(n), whence 
Ai(2n) = 3f1(n), Mn) = — $1(m); 


* From the formulas (2.1), (6.22), (1.1), (7.2) of cases I, II we get Liouville’s results 
(J. des Math., (2), 4, p. 8); but not conversely. 
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then the primitive cases for 4 squares as given by Glaisher are: 








(1) Nam; 2) - 24t:(m); (^ (g Nm, 4-216509; | 
(3) N4(An, 0)—8(— 1)"a(n)= N s(n) ; (4) N4(2%m) = 24t (m); 
(5) N4Qn) — 815300); (6) m= 4k-- 1, N4(m) = Ny(m, D 
(7) m=4k+3, Ni(m)=Na(m, 3). | 
Case I. (s + 1) Ns(n, s + 1) = 10ZN.(n — w, 8). 
whence, for s = 1,2, 3, 4: l 
(6.1) . Ns(2m) = 40261(2m — 9»); 
(1.1) m= 4k + 3: Ns(m) = 802% (* " 3 
(7.1) N;(4n, 4) = 20Zti(4n — pg); 
(2.1) m= 8k--5: Nam, 5) = 322% (= E). 


The last was stated by Stieltjes, cf. § 7. 
Case II. (5 — s)Ns(n, 8) = 5[.N4(n, s) + 22Ni(n — 4e, 8) |. 
Putting s = 1, 2, 8, 4, we get: | . l 


(6.21) m= 8k +1: Ni(m) = 10[f:0) + 22pm — 4a?) |; 
(6.22) m= 8k-F 5: Ns(m,1) = 10[ fi(m) + 22pm — 4a?) |; 


(1.2) — N«(2m).— 40[t:(m) + 22ti(m — 2a?)]; 
(7.3) m+ 4k--3: — N«(m) = 20[ti(m) + 22t:(m — 49 ]; 
(2.21) N (4m, 4) = 80[ 61(m) + 22fi(m — 4a?) ]; 
(2.22) Ns(8n, 4) = 160¢,(2n — p°). 





mebppt 
Case III. m= 4k+ 1: Na(m, 1) = 10| m+ ze (757) |. 





(3.31) m=8k+1: — Ns(m) = 10| ecm) i: 2400) (= £y |, 


: HESS 
(3.32) m= 8k-+5: Ns(m, 1) = soz, (95^ ) 
Cases IV, V. Ní(4n, 0) = 2e(n) + Na(4n, 0) + EN lán — 4a?, 0). 
(3.5) Nin) = Ns(4n, 0) = 2e(n) + 8(— D'An) + 22(— DX — q?) |. 
15. From the census, N;(4k) = N,(4k, 0) + Ns(4k, 4); hence from * 
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(7.1), (8.4) we get an alternative form of Ns(4n) which may be compared 
with that given by (3.4). Similarly combining the formulas (2. 1), (8.32), 
we have 


RS — p 
(8) m = 8k -+ 5: Ns(m) = uzn (7 E). 





4 


, V. SEVEN SQUARES. 
16. The census is 


N:(4k) = N7(4k, 0) + N7(4k, 4); 

N;(2m) = N;(2m, 2) + N7(2m, 6); 
N+(8k + 7) = N«(8k + 7, 3) + N7(8k + 7, 7); 
N7(4k + 1) = Ni(4k + 1, 1) + Nv(4k + 1, 5); 
N7(8k + 3) = Ni(8k + 8, 3); 
£ (m) = (— 1|m)&(n), 
and from Glaisher’s lists the primitives for 6 squares are: 


(1) Nlm, 2) = 60&(m); (2) m = 4k + 3: Ns (m, 3) = — 20&(m); 


also 














(3) Ne (4n, 4) = 240£; (n); (4) m= 4k + 3 : Ne(Qm, 6) = — 8&(m); 
(5) Ne(n) = N«(4n, 0) = 4[ 4 (n) — &(n) ]. 
Case I. (s + INi(n, 3+ 1) = 142Ne(n — g’, 8). 
Putting s = 2, 3, 4, 6, we find: 
— n2 
(1.1) m= åk +3: N7(m, 3) = 28024; ("5+ ); 
_ 2 
(1.11) . m = 8k + 3: Nlm) = 28028 ( * 2 E ) 
(1.12) m+ S8k-+ 7: Nih, 3) = — 28028 (7 a 3! 
(2.1) N7(4n, 4) = — 70Z&(4n — p’); 
. n? 
(3.1) m = Ak + 15 Ním, 5) = 6722, (* 4 - ); 
(4.1) m= 8k-+ 7: Nim, 7) = — 1628 (754). 


From (1.12), (4.1) we set that for m = 7 mod 8, 2N7(m, 3) = 35N;(m, 7). 
œ> Many such relations may be read off from the lists for 3, ---, 13 squares. 
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Case II. (7 — 8)Nx(n, 3) = 7[Ne(n, s) + 2ZNe(n — 4c, 8) ]. 

Putting s = 2, 3, 4, 6: 

(1.2) N7(2m, 2) =  84[£(m)-F 2Z&(m — 2e?) J; 
(2.21) m= 8k+ 3: Nim) = — 85[ £(m) + 2Z&(m — 4a*) |; 
(2.22) m= 8k-F 7: Nlm, 3) = — 35] &(m) + DE (m — 4a?) |; 
(3.2) N; (4n, 4) =  560[£ (n) T 228: (n — a?) J; 
(4.2 m= 4k+ 3: Nr(Qm, 6 56[ Ee(m) + 2D&(m — 8a?) ]. 





Case III. m ed 1: Ns(m, 1) = 14 | «m + ze = 


"I 
(5. 3) m=4k+1: Nı(m, 1)=14 [mte [e (^5 — JJ- &(* 2 JI 
Cases IV, V. N7(4n, 0) = Ns(n) = 


(5.4) 2e(n) + 41 4&s(n) — &(n)] + 8Z[ 4&(n — a?) — &(n — a». 


The equivalent of (5.4) was stated by Stieltjes, C.R., 31 Dec., 1884. 
Cases VI, VII. For the first time these enter. From Glaisher’s 
theorems for 6 squares (loc. cit., p. 10), we find on eliminating non-primitives, 


(7) m = Ák -+ 1: Ne(m, 1) + Nilin, 5) = 12&(m). 
Hence, taking § 11 (VJ) in the form 
(L+ 83) a(n, 1 + 81) + (1 + 8) Ns (n, 1+ s) . 
= 14Z| Ns(n — p?, 8i) + Ne(n — u, 8) |, 
and choosing (31, $$) = (1, 5), we get, on referring to the census, 


(7.6) m= 4k + 1: Nq(2m, 2) + 3N7(2m, 6) =. 84AZ& (2m — p’); 





and from (VII) m tbe same way, 
(7.7) m= 4k + 1: 3Ns(m, 1) + Ns(m, 5) = 42[ (m) + 22&(m — 4a?) |. 


Combining (7.7), (3.1) or (7.7), (5, 3) we find alternative forms for 
Nx{m, 1) or Ny(m, 5) (m = 1 mod 4) respectively; and from (7.6), (1.2): 


(8 m -4k--1: N:(2m, 6) = 28[ Z&(2m — uw?) — &(m) — 2Z&(m — 20?) ], 


which is at once expressible in terms of £; alone on using the identity of § 2. 

17. From the lists in $16 we write down the following additional 
complete formulas by reference to the censug. Some, such as N;(4n), 
which are not much better adapted to computation than those given directly e 
by (5.4), have been omitted. 
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(9) m=4k+1: Ni(m) = 14 emtee (77E ) ama (98 i. | ; 


' (10) m=4k+1: Ny(2m) = B &(m) + Z&(2m — u) + AZ&(m — 2a?) ]; 
(11) m= 4k4- 3: : Nv(2m) = — 28[5&(m) — 6Z&(m — 2u?) 

+ 10Z&(m — 8a?) |; 
(12) m=8k+7: Ni(m) = — ere ( 5) 


. VI. NiwE Squares. 
18. 'The census is 


Ny (4n) = No (án, 0) + Ns (4n, 4) + Ns(4n, 8), 
m = 8k +1: Ns (m) = Ns (m, 1) + Ns (m, 5) + No (m, 9), 
© Nm) = No(2m, 2) + No(2m, 6), 
m = 8k + 5: Ng (m) = No (m, D) + No (m, 5), 
m= 4k +3: No (m) = Na (m, 3) + No (m, 7). 
To state the primitives for 8 squares it is convenient to introduce 
p(n), a(n), where p(n) = tilin) — t7 (1), and a,(n) = nt, (n) = the sum 


of the rth powers of all those divisors of n whose conjugates are odd. From 
these definitions we have at once the useful identities: 


os(m) = fs(m), — ag(2m) = — 85(m), ^ e&(2n) = 8es(m), 
ps(m) pe fam), ps (2m) = — 7 0(m), ps (2n) NS Sps(n) xd 15f3(n), 
7p3(n) + 8a3(n) = 15f3(n). 


The primitives for 8 squares, from Glaisher, are: 





(1)- Ng(4n, 4) = 1120a3(2); (2) Ng(8n, 8y— 256ag(n); 
(3) . Ns(nm)- — 16(— 1)"ps(n); (4) Na(4n, 0) = Ns(n). 
Case I. (s + 1) Ns(n, 8 + 1) = 18ZNs(n — pê, 9). 
Whence, for ¢ = 4, 8: 
m dud 
(1.1) m= 4k-- 1: No(m, 5) = can i 7 S ; 





(LID — . m= 8k-F 1: No(m, 5) = 32256Zos 





> 
“4 


; 
: 





(1.12) ' m = 8k + 5: No(m, 5) = 4038226; 


(2.1) ' m= 8k + 1: Ns(m, 9) = 512Xos 
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Case II. (9 — s)Ns(n, 8) = 9L Ns(n, 8) + 2Z Ns(n — 4a, s) |. 


Putting s = 4, 8, and separating the cases according as m = 0 or 4 mod 8, 
we find, after some short reductions: P 


(1.2) No (4n, 4) = 2016[os(n) + 2Zos(n — a’); 





-— 
(1.21) No(4m, 4) = 2016 | itm) + 2Zts(m — 4a?) + 162a; ( 7 )| : 


(1.22) Ng (8n, 4) = 4032[ 4os(n) + 8Zos(n — 2a?) + Zfa(2n — pec 





‘ i ae 
(2.21) Ng(4m, 8) = 4608Zas (* 3 : ); 


(2.22) No (Bn, 8) = 2304[os(n) + 2Zos(n — 2a”) | | 





Case III. m= 4k + 1: N,(m, 1) = 18 | «m + ZN; (= £) |. 
(3.31) m= 8k + 1: No(m, 1) 


mp Em. 
= 18 | etm) + zoan (™ à ~ ) — 128Zps (* 3 E )|: 








m — y 
(3.82) m= 8k+ 5: No(m, 1) = 28828 (=Ë) = 


4 
Cases IV, V. Ns(n) = No(4n, 0) = 
(3.4) 2e(n) — 16(— 1)"[pa(n) + 22(— Ialn — a?) |. 

. Cases VI, VII. From Glaisher’s results for 8 squares we have: 
(5) m = Ak + 1: Ns Qn, 1) + Ns (m, 5) = 16f5(m); 
(6) No(2m, 2) + Ne(2m, 6) = 11250); 

(7) m = 4k + 3: Ns (m, 3) + Nz (m, 7) = 16fs(m). 


Hence, putting (s1, #2) = (1, 5), (2, 6, G, 7) in (VD, (VID of $11, 
and comparing as usual with the census and primitives: 


(5.6) No(2m, 2) + 3No(2m, 6) = 1442 32m — p); 





m — we 
(6.00 m= Ak +3: 3N (m, 3) + TN, (m, 7) = 2016215 ( à ) ; 
(7.6) Ny (4n, 4) + 2Ns (4n, 8) = 72203(4n — p*); 
(5.7) m= 4k 1: 2N, (m,1)+ No (m, 5) = 36[ &3(m) 
+ 2Ztüs(m— 40°) |p 
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t 2263(m — 2a?) |; 
(7.7) m= 4k 4-3: 8N, (m, 3) + Ns (m, D = Ttm) 


T 2Zfs(m — 4a?) ]. 
Solving these we get: 


(9) | Ns(2m, 2) = 24] 7tfs(m) + 146m — 2a?) — Zt(2m — yu?) |; 
(10) Ns(2m, 6) = 56[ — fs(m) — 2Zts(m — 2a?) + Zim — py’) |; 
(11) m= 4k 4- 3: 

Ng (m, 3) = 28 | tim + 2203(m = 4a?) — 4X5 (= y], 
(12) m = 4k + 3: 


Ns (m, 7) = 12 |- CG Gn) — 2263(m — 4a) + 2856; (z » E) : 








Similarly from (1.1), (5.7): 
(13) m= 4k -4- 1: 
2 


Ns(m, 1) = 18 | im + 2Zfs(m — 4a?) — 1122% (* 7 = )| 


19. Combining certain of the formulas in $ 18 according to the census 
we find the additional complete cases in the following list. Thus, the 
value of Nam) = N,(2m, 2) + Ns (2m, 6) follows from (9), (10). Some 
that may be found in this way have been omitted. 


(14) m= 8k+ 1: 

No (m) = 18ts(m) + 36Zts(m — 4a?) + 16640Zos (* z E ); 
(15) m= 8k-+ 5: | 

No (m) = 4320Zt; (= 3 ; 
(16) m= 4k + 3: | 

No (m) = 16| tiro + 2262 — 429 + ze ( 5) |; 














2 
Q7) Ng(2m) = 16[7ts(m) + 14Zts(m — 2a?) + 22ts(2m — 9». 


VII. ELEVEN SQUARES." 


20. The census is in $ 5; and the primitives for ten squares were found. 
by Glaisher to be: 


* The references in Bachmann’s Zahlentheorie, Bd. IV, and the German Encyclopaedia. 
®o Liouville’s consideration of this case are misprints; Liouville published nothing con- 
cerning 11 squares. 
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* 


(1) 5Ni (n) = ALE (nm) + 1620); (2 Ni(2m,2)- — 36£&(m); 
(3) Nyo(4n, 4) = 26888: (n) ; | (4) Nio(2m, 6) = — 168£(m); 
(5 Nio(4n, 8) = 576t,(m); (6) Nio (4n, 0) = Nio(n), 


in all of which n = 25m, m = 44+ 3, b 20. For the same value of n, 
Eln) = — 92*h£ (m), Eln) = Elm); and the numbers n — a? (a = 1, 2, 8, 
: *-) are all of the form 2*(4k + 3), e zz 0, when and only when b = 0, 2, 
and m = 8k+ 7. Hence we find only the following simple expressions 
for 11 squares. 


Case I. (s -+ D) Nu, 8 +- D = 222 Nio(n ns [A $): 








Whence, for s = 2, 6: 07 
TENES. 
(2.1) m= 8k + 7: Nu(m, 3) = — 2eazes(™ 5 E ); 
=> 2% 
(4.1) m = 8k + 7: Num, 1) = =e sasae ( 7 9 E | 


Case II. (11 — 8)Nu(n, 8) = 11N ln, 8) + 2ENio(n — 4a, 8)]. 


Comparing this with (3), (5), we see that when and only when n is of either 
form 8k + 7, 4(8k + 7), | 


(3.2) Na (4n, 4) = 4224[£:(0) + 2E (n — 2]; 

(5.2) Nu(4n, 8) = 2112[ i(n) + 2z£i(n — a?) ]. 
Case IV. Nalo) = 2e(n) + Niola) + 22 Nqo(n — a). 
Hence for.n as in case II, and m = 8k + 7: 


(1.4) $Nu (n) = 4[ Ea(m) + 16£.(n) + 22. — a?) + 1680 — 2] J; 


(1.41) Nan) = — 12 | m -+ 2Zt.(m — 4a?) + 32Z£, (=E) . 


21. Combining (2.1), (4.1) by the census, 


uo 
The census gives also Nii(4m) = Nj(4m, 0) + Nii(4m, 4) + Nir(4m, 8), | 
and (1.4) the value of Nii(4m, 0); hence from these and (3.2), (5.2) may 
be derived recurrences for the £4, £;; and similarly from (1.4and (7). 

22. By eliminating the non-primitives from the formulas for Nio(m, r) 
as given by Glaisher, it is easy to deduce several relations of the forms 
(VD, (YID of $ 11, and therefore to find simple linear functions of N’s. 
But, as in preceding sections, it is verified without difficulty that the com- 
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plete system of such relations when combined with the formulas of $$ 20, 21 
is insufficient for the determination of any Ni; not already listed. This 

. verification, presenting nothing new, is omitted. The like may be shown 
to hold for 13, 15, 17, 19, 21, 23, 25 squares; and when we pass to 13 squares 
(the next case considered) there is the concurrent disappearance of primi- 
tives for the associated even number of squares. Whether both or either 
of these failures occurs always for m squares when > 25, has been shown 
in another paper to depend upon the divisors common to certain binomial 
coefficients and the numerators of the numerical coefficients in the power 
series for the Jacobian elliptic functions, and need only be mentioned here. 
We remark, however, that one aspect of the failure is permanent after 13 
squares; viz., the number of linear relations between the several Nn, 7) 
is always less than the number of unknown functions. 


VIII. THIRTEEN SQUARES. 


23. It is unnecessary. to take the census. a,(n) is defined in § 18; 
and we now introduce B,(n), = t.(n) — t7(n) + 2a,(n). This function is 
susceptible of many transformations; in particular it may be expressed in 
terms of 2? and {,(m), where n = 2*m, but the form stated is sufficient for 
our purpose. The only primitives for 12 squares are 


(1) Na(2n) = 88s(2n); (2) Nw(8n, 4) = Nga(8n, 8) = 126720o5(n). 


An equivalent form of (1) was stated with insufficient proof by Liouville,* 

and first proved by Glaisher, from whose paper both are transcribed. We 

shall consider the primitive Nis(8n, 0) as included under (1). It is readily 
. seen that Cases I, III alone are applicable. 


Case I. (s+ DN (n, 8 + 1) = 26ZN p(n — w, 8). 
Whence, for 5 — 4, 8: | 





"DS 
(2.11) m= 8k-+1: Nu(m, 5) = 65894420; (* : ); 





Gale: ud 
(2.12) m = Sk c I Nys(m, 9) = 36608025 (™ 8 z ). 


Hence 5Niz(m, 5) = 9N3(m, 9) when m = 1 mod 8. 


e 
* Journal des Math., (2) 6 (1801), p. 206. The proof is insufficient because it is made 
to depend upon a theorem which Liouville did not prove, and whose proof is more difficult 
than that of the special result for 12 squares; cf, Bachmann, Zahlentheorie, Bd. IV, p. 668. 
The same applies also to the primitives for 10 squares, first stated by Eisenstein and 
æ Liouville, but first proved by Glaisher. 
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xcd 
Case III. m= 4k +1: Nig(m, 1) = 26 | «m + DN» (=£) 





(1.3) m= 8k + 1: Nis(m, 1) = 26 | ecm) -+ 8285 (7 ^ aji 
24. The census gives | 
m= 8k +1: Nig(m) = Ni(m, D + Nalim, 5) + Nis(m, 9). 
Hence, from § 23, we have | 
(3 m-—8Sk--1: 
Ni3(m) = 26 | «m + s26: ( "5 








m — u? 
^J y sena ( 27], 


25. In the numbering (3.1), ete., of the following formulas the integer 
— r, and the first decimal = s, and the resulting recurrence is written 
down from the general formula at the head of its set by substituting the 
‘values of (r, s) thus defined. E.g., we.get the first (3.1) on pus gs 
8 =-1 in (1^, and referring to $ 14 for the value of 


(s+ 1) Na (m + 1, 8 + 1), = 2Na(m + 1, 2), 


noting that m -+ 1 is an even integer, say 2n; hence m = 2n — 1, and 
therefore being any odd positive integer, is denoted by min (3.1). Similarly 
all the recurrences under the several cases (I)-(IV^) are written down by 
inspection on glancing first at the primitives for N,j(m--1, s+ 1), 
Nrii(n, 8), Noua(4n + 1, 1), Nra(n) respectively, and giving r the values 
3, 5, 7, 9, 11, in succession. We recall that £ represents always a triangular 
number. Cases I'-IV' are from § 12. 


Case I’. 2(r + 1)N«(n, s) = (+ D) Ns a (n + 1,8 1) 
— 2(r + DZN.(n — 8t, s). 


IX. RECURRENCES. 


n met) ZN3(m — 80; 


(8.) m=4k+1: Nm) = en (*3 
(3.2) N3(2m) = 3ti(2m + 1) — ZN(2m — 80); 
. (8) m=8k+3: — Nm) = 85 (=H *) — Zis(m — 80); 

m+ 





(BED mS de. Nees on (*3 ) — ENy(Gq — 80); 


(5.12) m= 8k-- 5: Ne(m,1) = — 10& (=H :) — ZN;(m — 8i, 1); 
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(5.2) N3(2m) = — 5&(2m + 1) — EN&,(2m — 80; 
m - 1 





(5.8) m= 4k -+ 3: N;(m) = sog (73 ) - Nm — 8; 
(5.5) m = 8k + 5: Ním, 5) = - p (737 )- 2M - & 5); 


(5.51) m = 8k + 5: N;(m) = — 14g (™ nAn) — ZNi;(m — 8t); 


mcr 





(7.81) m = 8k--3: — Nim) = 2800, ( 7 )- ZN;(m — 80; 





4 
(7.32) m = 8k + 7: Ni(m, 3) = 224003 (= E) — ZNi(m — St, 3); 





(7.7) m = Sk + T: Nim, 7) T 128a3 (= =) — EN; (m = St, 45 


T=) 


(7.71) m = 8k + 7: N;(m) = 2368a$ Ge — ENi(m — 8t); 











(9.1) m=8k+5: 5Nə(m, 1) = — 185 (= =) CS a): 

(9.31) m = 16k + 11: 5Ne(m, 3) = 2688E, x ut ) — 5EN;(m — 81, 3); 

(9.5 m= 8k+5: 5Ng(m, 5) = — 252t, ni) 5ZNs(m — 8t, 5); 
m-- 1 





(9.51) m = 8k 4-5: — Ny(m) = — 54£ (= y ZN,(m — 80; 





(0.7) m - 10k + 11: 5N«(m, 7) = 11525 (= jj — BEN,(m — 8t, 7); 


m --1 


(9.71) m = 16k + 11: No(m) = rese; (™ 4 


)- ZNs(m — 80; 








(11.3) " com Sk + T: Num, 3) = 21120; (= 8 ")— ZNu(m— St, 3); 
(11.7) TH = Sk -+ 7: N um, y) 1424005 ( 2 zd ) = ZNu(m-— 8t, 1); 
m+ 1 





(11.71)m = 8k-- 7:  Mu(m) = 633602, ( Z ) — ENu(m — 81). - 
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Case II’. (r+ )N (n, 8) = (r + 1 — 8N ln, 8) 
— 2(r + DZN,(n — 4è, ii 
cal) m = 4k + E Ns(m). m 6 (m) = 22Z Nm — 4a?) ; 


(3.2) N,(2m) = 12f1(m) — 22N(2m — 4a); 
(3.3) m= 8k--3: Ng(my = 2t(m) — 22 Ns(m — 40°); 

(5.2) Ns(2m) = 40£;(m) — 22N;(2m — 4a); 
(5.3) m= 4k--3: Ns(m) = — 10é&(m) — 22ZNs(m — 425); 
(5.4) N (án, 4) = 80£(n) — 2ZNs(4n — 4a?, 4); 
(7.4) N7(4n, 4) = 56003(n) — 22.N7(4n — 4a?, 4); 


(9.2) m= 4k-+ 3: 5No(2m, 2) = — 144 (m) — 10ZNs(2m — 402, 2); 
(9.4) n= 25(4k-+ 3),b z 0: 
| 5Ns (4n, 4) = 8064£:(n) — 10ZNs(4n — 4a%, 4); 
(9.6) m= 4k +3: 5N (2m, 6) = — 336£,(m) — 10ZNs(2m — 4a’, 6); 
(9.61) m = 4k +3: No(2m) = — 96£.(m) — 10ZN,Qm — 4a?); 
(9.8) n= 2*Ak + 3, b = 0: 
5Na(4n, 8) = 576£,(n) — 102 Ns (4n — 4a?, 8); 
(11.4) Ny (8n, 4) = 84480a5(n) — 2Z Ni(8n — 4a?, 4); 
(11.8) Na (8n, 8) = 42240o5(n) — 22 Nu(8n — 4a, 8). 
Case IT. 2(r + D)N,(n) = Nra(4n + 1, 1) : 
— 2(r + D[e(4n + 1) + ZN,(n — 20)]. 


(3.1) Ns(n) = ti(4n + 1) — e(4n + 1) — ZNs(n — 21). 
Case IV’. N.(n) = Naan) — 2e(n) — 2ZN,(n — a. 

(3) Nalan)  8(— 1)"M(n) — 2e(n) — 22s (n — d); 

(5) Ns(n) = tln) — &(0)] — 2e(n) — 2ZNs(n — a; 
(7) Ni(n) = — 16(— 1)”p(n) — 2e(n) — 2ZN«(n — a); 
(9) n= (4k -+ 3), b = 0: BE . 

5Ns(n) = Al s(n) + 16£,(n) ] — 10e(n) — 10ZNs(n — a3); 

(11) . Nun) = 88&(n) — 2e(2n) — 2ZN t (2n — a. 


Since n.— a? is not always of the form 2*(4k + 3), (9) does not enable us 
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to calculate the values of Ns(n) by recurrence alone; and the same holds 
for (11), half the values of 2n — a? being odd. The like applies to certain 
of the formulas under I'-III'; but in conjunction with the results of sections 
III-VII, even the incomplete recurrences are a material aid to computation. 
26. Comparing the finite sums given by N,(n) under cases IV in sections 
III-VII with those determined under cases I-III, we may derive useful 
recurrences for certain of the primitives. "These, which are of the same 
general type as the two examples given by Liouville (cf. § 14, footnote), 
we omit. | 
UNIVERSITY OP WASHINGTON. 


ON A CERTAIN CLASS OF RATIONAL RULED SURFACES. 
By ARNOLD EwcH. 


Í. INTRODUCTION. 


As is well known, ruled surfaces may be generated or defined in a number 
of ways. There exists, for example, a ane-to-one. correspondence between 
ruled surfaces, or scrolls as Cayley calls them, and a certain class of partial 
differential equations, so that the theories of the two classes are abstractly 
equivalent. 

A much favored method, especially in descriptive geometry, consists 
in considering ruled surfaces as continuous sets of straight lines (genera- 
trices), which intersect three fixed curves, (the directrices), simultaneously. 
If these are algebraic curves of orders /, m, n, with no points in common, the 
ruled surface which they define is, in general, of order 2lmn. 

Frequently ruled surfaces are also defined as systems of elements, 
either common to two rectilinear congruences, or to three rectilinear com- 
plexes. . 

Of great importance for the following investigation is the definition of 
ruled surfaces as systems of lines which join corresponding points of an 
(a, B)-correspondence between the points of two algebraic curves Cm and 
C, of orders m and n. If the curves are plane, and if to a point of Cn 
correspond œ points of Ca, and to a point of C, 8 points of Cm, then the 
order of the surface is, in general, am + Bn. 

Finally there is the cinematic method in which ruled surfaces are 
generated by the continuous movement of the generatrix according to 
some definite cinematical law. In this connection the description of the 
hyperboloid of rotation of one sheet by a straight line rotating about a 
fixed axis is well known. The literature seems to contain but little about 
this method of generating ruled surfaces.* A number of treatises on differ- 

In this paper the results of an investigation of & rather extended class of 
ruled surfaces are presented, which are defined cinematieally. "The class is 


* E, M. Blake, “Two Plane Movements Generating Quartic Scrolls,” Transactions of 
the American Mathematical Society, Vol. 1, pp. 421—429 (1900). $ 
ential geometry contain chapters on cinematically generated surfaces.T 

1 Darboux, “Leçons sur la théorie générale des surfaces," Vol. 1, 2d ed., pp. 127-150 
(1914). — — 

Eisenhart, “A Treatise on the Differential Geometry'of Curves and Surfaces,” pp. 
146—148 (1909). 
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obtained as follows: Given a directrix circle C; and a directrix line C4, 
which passes through the center of C and is at right angles to the plane of C.4 
The generatrix g moves so that a fixed point M of g moves along C; uniformly, 
while g in every position passes through Ci. The plane e through Cı in 
which g lies evidently rotates about Ci with the same velocity k0 as M. 
In this plane e, the generatrix g rotates at the same time with uniform 
velocity uk@ about M. . It will be shown that g generates a rational algebraic 
surface of the class when u = p/q is a rational fraction, and that this class 
thus described is equivalent to a class of ruled surfaces obtained by means 
of an (a, B)-correspondence between C, and Cs, in which a and 8 will be 
determined hereafter. 

Among the most important references bearing more closely upon the 
subject may be mentioned papers by Cremona,* Ármamente,[ Cayley,i 
Schwarz,§ Noether,|| Clebsch,{ Picard.** 


2. PARAMETRIC EQUATIONS AND ORDER OF THE SURFACE. 


Let C; coincide with the z-axis, so that C; lies in the zy-plane, and g 
any position of the generatrix, P any point on g, P' its projection upon thé 
vy-plane, and M the intersection of g with Cs. By p denote the radius 
vector OP’, whose direction forms an angle 0 with the positive part of the 
z-axis. In the plane e through Ci, in which g lies, g is determined by the 
angle which g makes with the positive direction of the perpendicular 
through M to the xy-plane, y being measured in the clock-wise sense. By 
the angles 0 and y the position of g is perfectly determined. Assuming 
y = 0, when 0 = 0, and imposing upon V the condition y = p/q-6, where p 
&nd q are relatively prime integers, the surface of the class, characterized by 
two definite values of p and q, may be represented parametrically by 


t —'p cos 6, y = p sin 6, z = (p — a) cot 4, (1) 


* “Rappresentazione di una classe di superficie gobbe sopra un piano, e determinazione 
delle loro curve assintotiche," Annali d$ Matematica, Ser. II, Vol. 1, pp. 248-258 (1867). 

t “Intorno alla rappresentazione della superficie gobbe di genere p = 0," Annali di 
Matematica, Ser. II, Vol. 4, pp. 50-72 (1870). 

t “On Certain Skew Surfaces, otherwise Scrolls,” Transactions of the Cambridge 
Philosophical Society, Vol. XI, Part II, pp. 277—289 (1869). 

§ “Ueber die geradlinigen Flächen fünften Grades," Journal für reine und angewandie 
Mathematik, Vol. 76, pp. 28-57 (1867). 

|| *Uebe» Flächen, welche Schaaren rationaler Curven besitzen," Mathematische 
Annalen, Vol. 3, pp. 161-227 (1871). 

4 “Ueber die geradlinigen Flächen vom Geschlechte p = 0," Mathematische Annalen 
Vol. 5, pp. 1-26 (1872). 
.  **' 'Sur les surfaces algébriques dont toutes les sections planes sont unicursales," 
Journal für reine und angewandle Mathematik, Vol. 100, pp. 71-78 (1885). 
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in which a is the radius of C5, p and @ are the parametric coórdinates of a 
point of the surface. Since 


0 0 
— "ud ewe 2 ee 
T tam; li tant ( e 5) 


cos  — 2 EDOR R 
2: 5 EE goes 
1 + tan 5 l4 tan (a =) 
0 0 
2 tan; 2-tan( ez.) 
Bu e us Lu e ee 


| "m l 
1+ tan’ 5 l4 tant (297 ) 


Po E 
rim iftan( 2p z) 


; Ü 
may all be expressed as rational functions of the parameter am = t, 


z, y, 2 become rational functions of the parameters p and i, so that (1). 
defines a rational ruled surface. | 


To determine the order of the surface, the number of points of inter- 
section of the line 


az = by + eg d- di — 0, ` x+ by + oz + de = 0 (2) 


with the surface must be found. Substituting in (2) for 2, y, x their expres- 
sions given by (1), and eliminating p, the equation 


(aid — adi) cos 6 + (bide — badi) sin 6] tant 


— (aic — acı) cos 0 — (bie — bci) sin 6 + cidg — adi = 0 (8) 
is obtained. Making use of the identities 


1 + tan? m8 = cos?" 0(1 + tan? 0)"/cos? m6, (4) 
sin mo — (7 )cosm a-sin a — (73 ) eos a-sin? a + ey (5) 
cos ma = (7) costa — (3 ) cos a-sin? a + ZEN (6) 


A 
and putting 24 = a,tana = t, 





si 
Pie (7) tan a — (2) tant «+ 0 cb tant? x = ott), 


co$qv (qi (Y, s " "MW Ag = yI 
cos" a (7) (3) ton a -+ (54, ) tan a= p(t), 
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where $ and y are rational integral functions of ¢ of order q and q — 1, as 
indicated by the upper indices. In this manner we obtain for sin 6, cos 6; 


tan : 0 the expressions, 


auo OV) og VO — dh) OO ( 
(bone T (b=)? Vit) — pÀ ” 
The numerator of the expression for tan (p/q)0 is of degree 2p — 1, the 
denominator of degree 2p in t. Substituting these expressions in (5), an 
equation of degree 2(p + q) in £ is obtained, so that when q is odd, a line 
(2) cuts the surface in as many points. Hence, when q ts odd, the order of 
the surface 18 2(p + qQ). 
When g = 2s is even, so that in (5) 


os 0 = „tanto 


E 2 
tan Bo = tan (7 x) 


then putting tan (0/23) = t, with p odd, there is, in analogy with (7), ` 


iun (: | E | 29*( yA) 








sin 9 = d " , 
1 tant (5. 5.) Robe 
E 

sem Nt) ee) = eh) 

n a a— ja , 

1+ tant (s) ye + eat 
Pa 9X _ PO 
tan Po = tan (p: ) = pricy? 


in which the upper indices indicate again the degrees of the polynomials $ 
and V in t. Substituting these expressions in (3), an equation of degree 
p + q in t is obtained, so that in this case the order of the surface is p + q. 
The results may be stated as | 

THEOREM 1. The surface of the class is rational and of order 2(p + q) 
or p -+ g, according as q is odd or even. 


3. CARTESIAN AND HOMOGENEOUS EQUATIONS OF THE SURFACE. | 


Applying the formula 


T ft " r ban se 
({) tan a (5) tantw + (5) tanso 


a ZU OE 2^7 ae (8) 
(5) - (5) mee (1) tant w - ee 
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to the identity 


tan p0 = tang, | (9) 


we get 


p (9? 3 D 58... 
(7) ime (5) tan a+ (2) tants 
(5)- (5) mee (1) tanto — (2) tanto +. . 
q po (qY, s20 (2) m7 
(1) tan A (7) tan rag 5 tan j 


E TY o PO q ant P (4) o PE mu 
(6) (5) tan w+ (4) tan q 6 QU 


From (1) 


(10) 


Substituting this in (10), and assuming q odd, after some reduction, the 
cartesian equation of the surface is obtained in the form 


(4) arty — (2) scs (2) arty - is 
G Qe Qe 


+) (p — a)z** — (2) ae) ae re 
thee ep a) ae (a) oe a) 


Gere 


+ (— 1) (e*02(5 =s a) tz +. (— 1) (4702 (5 = a)*-1z. (11) 


The expansions of (p — a)* bring in terms of the form cia + y^", 
cole? + y)” Va? + y^, where cı and c, are definite constants. Hence, to 
rationalize the equation, all terms with Væ? -+ y? as a factor must be 
collected on one side, all other terms on the other side of the equation. 
On squaring, a rational equation of order 2(p + q) is obtained, which is in 
agreement with the result of the foregoing section. 

Monge* has shown that the equation of a ruled surface whose generatrices 
pass through the z-axis, has the form ° 


z= xý (2) «(). | (12) 


. * “Application de l'Analyse à la Géométrie,” 5 ed. (1850), pp. 83-89. 
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in which y and « are arbitrary functions (differentiable). This result he 
gained by differential geometry. Equation (11) can be readily put in the 
form (12). The left-hand member of (11) is a rational function of (y/z); 
the right-hand member a rational function of (p — a)/z. Consequently 
(p — a)/z is an algebraic function of (y/z), say 


(p — a)/z = R(y/z). 
From this p? = {a + zR(y/z) 2, or 2?(1 + (y[z) = {a + zR(y[x). Ex- - 


tracting the square root, which we may assume positive, and solving for z, 


we have 
= 4i + G2 a 
== © Ryle) Ruf " 


so that Monge's proposition is verified for our class of surfaces. 
Making use of the identities 


(1) 4B M: (um (; ) ABs — - 


= — 2 (A+ By — (4—iBy) (4 


(5) e- (1) anton ({,) AaB 
= 5 {(A-+ iB) + (4 —iBy) Q8 


and introducing the homogeneous isotropic coórdinates z, = x + ty, 
tg = © — dy, tà = as -+ iz, x4 = as — iz, where s denotes the variable 
making the system (æ, y, z) homogeneous, equation (11) reduces to the 
symmetric irrational form 


vitales m quie) pee (zscii2 me gaggi? = f). (16) 
The intersection of this surface with the plane at infinity of the system 
2, Y, Z 8, is obtained by putting s = 0, so that x = 12,24 = — 1z. Applying 


the collineation 21/2 = £, xa/z = 7, the curve of intersection then assumes 
the form 
En (EP! — 49/2)? +. (EPI + pla)? — Q. 
where £ and are again cartesian coórdinates. Introducing polar co- 
ordinates by putting £ = pe", 5 = pe”, this reduces to the simple form 


p = tan 76. (17) 


From the cinematic definition of the surface it is apparent that this curve 
e may be considered as the projection of the curve at infinity from the origin 
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® 
upon the planez = 1. That it is rational as proved before, is also apparent 
if we put 0/q = w, then £ = tan pw-cos qu, 7 = tan pw-sin qu may be 
expressed rationally by the parameter tan (w/2). 

To investigate the behavior of the curve at the isotropic points, we may 
write its equation in the rational projective form 


(zi + xh) x32 | H af? — [I divari qoe 


r4 
E j Cae Le Cae) Len F B a 9g 9A vaa Dn 


Toe = mus | E zp — (2) diri 4L o. 
s (meia (emen 


in which the algebraic signs within the brackets are alternating throughout. 

“Placing the curve on the analytic triangle," the terms nearest the 
vertex X(x = 0, z = 0), after a rather tedious calculation, are found 
in order - 


cft -+ H ) atre tagged 4 ( n ) ate typ si d sss aD d sss, 


and lie on a straight line of the “analytic triangle." Putting zı = 1. 
this may be written as | | 
(zs + 23)! +. 

so that in the neighborhood of the isotropic point (æ — ty = 0, z = 0) 
the curve „has the same singularity as the curve (æ + 23)% = 0, which 
represents a g-fold parabola. This point must therefore be counted as 
q(g — 1) double points. As the equation is symmetric with respect to 
vı and z, also the other isotropic point (zı = 0, 23 = 0), or (z + îy = 0, 
z = 0) must be counted as q(q — 1) double-points. The isotropic points 
must therefore be counted as 2q(q — 1) double points. 

When q = 2s is even, the equation of the surface, which may also be 
written in the form 

a? (a4 + 10)? — tza — tp)! = 

or 


at| at - (2): (1 arp — | 
apa- (are eo] 


ral (Dore (Qaree]f 


may be rationalized as follows: 
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Squaring both sides and making use of the identity 


((e- em a7 -] 


+{({)478 — (Jam (ae — EE (A? + BA, 
we get i 


iP (et + p?)* Pit p? 


- 22a | af — (i)ene + EE = (2) atte + i 
-[({)are- eroe Jen D) no]. a 


The bracket-expression multiplying 2zf2$ may be written in the form 

&[ (Gea + tp) + (xs — 10)*] { (eg + ap)? + (4 — 20)*] | 
+ (Gra + ip)? — (s — ig) (a + ip)? — (ata — dg)*]] 
= 31 (vs + do) *(z4 + tp)? + (z3 — dp)*(z4 — 19)*]. 


Then, substracting 2xta (ccs + p?) (xi + p?)17 from the first two terms of 
(18), and adding the same expression to the third term, the ii may 
be written in the form 


(a (zi + Pe — riles + p?)eP}? 
= giri (es + tp) (rq + ip) — (£a — ip) (s — 1p)**Y?. (19) 
Now, since g = 2s, be expanding, 


— (zs + ip)" (za + dp)! = ziei + d ( 1) p(z$ ay + riei) 


f S\/s\ aaia $\( 9 25 S Se ge 8 \ asna 
-e[G) GtG) (aster H hee + (5 Jota 
l 25 exa 
The expansion of (zs — ip)! (z, — tpe}! is obtained from the foregoing by 
replacing t by — t. so that in the bracket-expression, multiplying zí4$ in 
(19), all terms without the factorf+ 4 cancel, leaving for it 


2i | H ) ots at Tox )— sl ( 1) (5 ) (agai + ap et 
" l ° - (3 ) ever? + arto |]. 


i ExwcB: A Certain Class of Rational Ruled Squares. 197 


Taking out the factor p, and noting that p? = 212%, (19) now assumes fhe 
form 


{at (at + zn) — g&(v$ + maT = — (xz)? | H Jena + xr) 


— qt» | ( : ) nu (257 217 + 257291) + t ) (agai 
+ ziet) |+ z d 


Extracting the square root on both sides of the equation which, according 
to geometric tests in examples given hereafter must be taken with the 
positive sign, we finally get for the equation of the surfaee, when q 1s even, 


wi (at + vies)! — riles + aire) 
— 24 phim 3 s—l ae #87] 8 8 -l „4—2 t£—3,.,8—1 
v (X23) 1 (xs xi + xxi ) — tta i} he (an Oy cq X 44 ) 


4 (5) e+ sei IE ee |= 0. (20) 


As p is odd, p + 1 is even, and (p + 1)/2 an integer, so that equation (20) 
is of degree p + 2s = p + q, and the surface consequently of order p + q, 
as was proved before in the parametric form. From this the cartesian 
form is easily obtained by substituting for a, vs, xs, v4 their expressions 
in terms of z, y, 2. 

As in the case of g odd, the intersection of the surface with the plane at 
infinity can be placed upon the analytic triangle. By the same method 
is found that the isotropic points must be counted as 2s(s — 1) double 
points of the infinite curve of intersection in case of q even. 


4. (a, B)-CORRESPONDENCE BETWEEN Cı AND Ca DETERMINED BY THE 
GENERATRICES OF THE SURFACE. 


When we put z = 0 in (11), the intersection of the surface with the 
zy-plane is obtained 


(eere enm joco em 


'To make this equation rational, put the bracket-expression egual to V, then 
Vi*(p — a) = 0, Vla + y*) = a? V*/2, and from this as the ERE HR of | 
the intersection _ 


V*(z* + y! — a)? =, 0, (22) 


which shows that the directrix-circle C, is a q-fold curve of the surface? 
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when qis odd. The rest of the intersection consists of the p double genera- 
trices in the xy-plane defined by V? = 0. These double lines divide the 
full angle into 2p equal parts, as is seen by actual determination of the 
angles from V = p*(e7^-- e ^*) = 0, or e?? = — 1. From this is 
found 8 = (kr/p) — (r/4p), so that 0 has p values incongruent to r, 
determined by k= 1, 2, 3, *--, p. When q is odd, the midpoint M of the 
generatrix g describes Cz q times, so that 0 increases by q-27 and (p[q)0 
by p-2r. From this follows that g turns around p times in the plane e 
and sweeps 2p times through the z-axis, so that the z-axis or C, is a 2p fold 
line of the surface. To determine the positions of the generatrices in a 
plane e determined by an angle 0 more definitely, let go be the initial position 
of the generatrix: determined by the angles 0 and ¥-= (p[q)0. As 0 in- 
creases by 7, e turns through an angle r and the generatrix moves to the 
position gı making an angle (p/g)@-+ (p/q)w with the perpendicular to 
the zy-plane through the midpoint M, of gı. As 0 -+ r increases again by 
m, the generatrix gı moves to the new position gs through M, determined 
by the angle (p/q)@ + (p/q)27. While @ increases from 0 to q-2-, the 
generatrix describes the entire surface and returns point for point to its 
initial position gg. Denoting the 2q positions of the generatrix by go, gi, 92, 
+++, (aoi the corresponding determining angles may be listed in the table: 


Through M "Through M; 
go |p/48 g =| pig + 7) 
go  |plq(0 + 2v) gs |pig@+3r) * 
4 (plt 4r) . | gs — | piq(@+ 5r) 
Jog? plato + (2q E 2)r] Jre v/q(8 + (2q Pr: 3T} 
gaa {| p/g{@+ 2qr} » gea | P/g{@+ (2¢ — Dr} 


Through each M and M; there are q generatrices which divide the full 
angle around M as well as around M; in the plane e into 2q equal parts. 
Through every point of C; there are q generatrices. 

To determine the number of generatrices through a point of Ci, let : 
such a point be determined by z = constant, then, ap = 0, from (1) 


(ENTE, E | 
cot 7 0 n constant. (23) 
gop z 
From this ^0 — kr = — arccot a and 
kq g z Z O T : 
0 = >r — =arccot ~, arccot- => (24) 
p a a 2 


p 
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for 0 = 0 = q-2m. This gives for 0 2p values, determined by k = 1, 2, 3, 

-, 2p, and incongruent q:2r, and consequently 2p generatrices through a 
point of the z-axis, or C,. These lie in pairs of symmetric lines in planes 
through Ci, each pair being determined by two values k and kı, such that 
their difference kı — E = p. 

From the fact, that to every point of C; correspond 2p points of Cs, 
the points of intersection of the 2p generatrices through the point on Ci; 
and to every point of C; q points of C, the intersections of the q generatrices 
through the point on the C, with Ci, it is apparent that the generatrices 
cut out on Cı and C; an (o, B)-correspondence of the specific form (q, 2p). 

To establish the algebraic form of this correspondence, we may represent 
Cı parametrically by 
1— X 2X 
Tp 77 OTE 


so that conversely À = y/(a + x). If we now put tan (0/2q) = t, then 
for p = 0, | 


c= a 


= — a cot 29 = — a cot psg sa FM; (25) 
i 
; 2 tan q 57 . 
sin 0 2q 
ASIF eoa 024. OO " 
an? q 2q 


both rational functions of ¢. In F(t) the highest power of t is 2p, in GŒ) 
itis q. The elimination of t between (25) and (26) leads to a polynomial 
relation between z and A which is of degree q in z, and of degree 2p in ^, 
and of degree 2p + g in both, and which is of deficiency 0. It has the form 


N°(aget + aiat ++) + Mr (bt + bati f+) 


fee angst + amt + eee = 0. (27) ` 


‘This, when considered as a curve in a (A, z)-plane, being of deficiency 0, 
has $3(2p + q — 2)(2p + q — 1) double-points, or double roots. But the 
infinite points of the À and z-axis, are in the same order q and 2p-fold points 
so that the number of finite double points is | 


${(2p + «— 2)2p -- q— 1) — 2p2p — 1) — q(q — 0] | ' 
` = 2pq — 2p — q + 1. (28) 


But there are no real double generatrices which are simultaneously double 


lines of the system of 2p generatrices through a „point of the z-axis and the _ 


q generatrices through a point of Cs. The surface has therefore a number 
of imaginary double-generatrices as given by (28). Hence 
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THEOREM 2. When q te odd, the generairwes of the surface cut C1 and 
Ca in two point sets which are in a (q, 2p)-correspondence. Cı and Cs are 
2p-fold and q-fold curves of the surface. The surface has moreover p real 
and 2pq — 2p — q + 1 imaginary double generatrices. 

When q = 2s is even, V = (p[2s)0 increases from 0 to pr, when 4 
increases from 0 to s-27. The midpoint M of the generatrix g turns s 
times about the z-axis, and g turns p times around M in the plane e. From 
this follows that C; and C; are respectively p- and s-fold lines of the surface. 
When 0 increases from ĝo to 6) + 8:27, the generatrix g moves from the 
initial position go to the position gs, which coincides with go, but the segments 
into which M divides go are interchanged on gs... In other words g describes 
a closed unifacial ruled surface. 

From a point of C; there are p generatrices cutting Cs. This appears 
from the formula 


g = “Sn — f arccot * (arccot = 5), 
p p a” 2 
with 0 = 0 = s-2m, which determines p values for 0 by putting k = 1, 2, 3, 
5, p. For two distinct values k and kı of this set we have 6; — 0 
= [-—Ek/p|gr. As p is odd, q even, and ki — k < p, and p and q 
are relatively prime, 6; — 0 can never be an odd multiple of r. Hence no 
two of the generatrices through a point of Ci can lie in the same plane e; 
hence the surface has no real double generatrices. 

Through every point of C; there are p generatrices cutting C. in as 
many points; through every point of C; there are s generatrices cutting C4 
in the same number of points. Hence 

THEOREM 3. When q = 28 is even the, generatrices of the surface cut Cy 
and Cs in two point sets which are in.a rational (8, p)-correspondence. Cı 
and Cs are respectively p- and s-fold curves of the surface. The surface has 
no real, but has ps — p — s + 1 wmaginary double generairices. 


5. DOUBLE CURVES OF THE SURFACE WHEN q IS Opp. 


The 2q generatrices in a plane e intersect in d? points Dj; of the double 
curve of the surface. Each pair of indices tk consists throughout of an 
odd and an even number. These g? couples may be arranged into (q + 1)/2 
cyclic groups of which (q — 1)/2 are of order 2q, and 1 is of order q. Those 
of order 2q gre 


01 03 05 dn 0-q—2 
12 TES 16 id E NE 
28 25 * 27 ips 2*q. 


Qqg—1-2¢ 2q— 2. 2g9— 1:4.  — 2q9— 1:4— 8, 
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that of order qis > ; 0q 
1l:q4- 1 
2.9 4-2 


g—1-2¢—1. 


In this group the generatrices go and gq, intersecting at Dog, are determined 
by the angles (p[q)8 and (p[q)(8 + gr) = (píq)6 + pr, which shows that 
when 0 varies, the corresponding generatrices go and g, always intersect 
in a point of C4, i.e., the intersections D of the group of order q all lie on C}. 
On the other hand the intersections of each group of order 2q are cyclically 
permuted when 6 increases by q-27, so that the points Doi, Dos, Dos, ++- 
Do.g-1 describe (q — 1)/2 twisted curves which together form the double 
curve of the ruled surface. 

- To find the equation of any of these double curves, for example the one 
described by the point starting from Do.o4-1, where k may have any value 
between 1 and (q — 1)/2, let x, y, z be the cartesian coérdinates of D.» kis 
and-p, 0 the polar coördinates of x, y. The equations of gp and go. 11-1 in 
their planes (p, z) are . 


dm (p — a) cot ^ 8, a= — (p — a) cot (6 4- (2k — 1r}. 
From this | 


| a Sin — 7, (2k — Dr | 
p= ———— sg) (29) 
sin (20 E (9k — ^ 





i 


which is the polar equation of the projection of the double curve upon the 
zy-plane. As z= p cos, y = p sin 6,-the parametrice (0) equations of 
the double curve are 
a sin? ; (2k — 1)m-cos 0 
— ———— 
sin £ P (20. + (2k — Dr 


a sin ? (ak — 1l). sin 6 
y= EFE ONDE. "EN i (30) 
sin? " P e+ (2h — Dei 


cos (20 + (2i — lm] 4 cst (2k — lom ` 
gm — IE FEE EFIE 


int (28 + (2k — 1)r} 


202: . Exc: A Certain Class of Rational Ruled Squares. 


' From this all double curves are obtained by putting successively k = 1, 2, 
" Eliminating 9 between (29) and the last eguation of (80), the relation 
between p and : becomes 


(p! + 2 — a?) sin 5 (2k -— Dr = js cos = (ok — 1), (31) 


which shows that the 2g intersections of the MER of a group in any 
plane e through the z-axis lie on two hyperbolas, which are symmetrical 
with respect to the z-axis, since to every increase of 0 by m corresponds a 
rotation of the hyperbola o3 about the z-axis through an angie x. Thus 
the points Dat, Das, Das, :«* lie on (14), while Dis, Dg, Dis, - *» lie on the 
reflexion of (14). The double curve belonging to the group lies therefore 
on & surface of revolution of order 4 with the equation 


i+ i? —:*— ^ 2 sin? Ë go — lr — 4(2?7 + y?)z* cos? * P 2 es 1-0, (32) 


with C, as a double curve. 
The asymptotes of the hyperbola (31) are determined by the equation 
of their slope z/p, 


(EJE) ora 


which shows that the product of the slopes of the asymptotes is — ]. (81) 
is therefore an equilateral hyperbola. 

To find the: igeneratrices of the surface with the same slopes, in other 
words the infinite points of the double curve described by Do.e.-1, the 
conditions must be satisfied: 


p(2k — Tw 


a i | veg =e i 
(a) ME Spur dq 
and from this ; | 
| q(3i 1) (2k — m 
| g = MB, 
| 2p 2 
for all values qe = 0,1, 2,--+,2p— 1. Two consecutive values of 0 differ 


- by the amount (a/2p)r. For every value of 0 of this set there is a value 
0' = 0 + qm. For a definite value of / the angles are 


2 E as 
g(2¢+.p) + 1) „2k | rand pe AED, 2k — 1. 
2p 2 2p 2 


‘Hence there are 2p values of @ due to adn (1) for which the House 
curve has infinite points. "The eondition 


0! — 





| : Po cot opc 
(b) | | m ES 2q (2k ly 


i 
1 
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is satisfied, when 





which again determines 2p values for 0, for l = 1, 2, 8, +++, 2p — 1. The 
values of 6 determined by (a) and (b) are also obtained from the condition 
that in (29) p = o». This is the case for (p/g) {28 + (2k — 1)r} = mr, or 


_ mgr (2k — lr 
— 2p 2- * 


for m= 1, 2, 3, =, 4p, and k= (q— 1)/2. For. k= (q+ 1)/2 and 
m= 1, we get 0 = 0 and p — a. This corresponds to the one group of 
order q. 

The order of the double curve may be determined by expressing sines and 
cosines in (30) by tangents. In the first place let 8 + [ (2k — 1)/2 kr = 4, 
or 0 = — ((2k — 1)(v[2) — ó],sothatsin0 = (— 1)* cos $, cos 0 = (— 1)* 
sing. Then (30) may be written in the form 


(— D sin $ (2k — D - sin ó 


x= a: 7 ; 
rd 
(— 1)* sin £ (2k — l)r cos $ 
yo a aa (33) 
i 2 $ 


cos 1 26 3 cos T (2k = Yii 





z= — aa: " 
sin — 2 
q $ 
Expressing sines and cosines in terms of tan (0/24) = t by means of identities 
as given in (9), and using similar notations by functions $, V, $i, Vi, of t 
the parametric equations of the double curve become 
PDPO + APP 
PPE) YP’ 

{Yew — 9) + ay | 

29» (t) YP =E) > (34) 
V7) — GP) + cos T QE — Dr-Q- B 

29^? (t) y^? (t) , 

which are rational functions of t. The highest power of t in these functions 
is 4p, or 2q, according as q = 2p. Hence SO 


x= (— 1H a sin’ (2k — ir 


y = (— 1)* a sin* (2k — Dm 


z = = Q 
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THEOREM 4. The order of each of the (q — 1)/2 double curves is 4p or 2q 
according as q € 2p, and when q i8 odd. They are rational and each hes on a 
surface of revolution of order 4 generated by the rotation of an equilateral 
hyperbola about the z-axis. 

As the surfaces of the class are rational, all plain sections are rational 
and must therefore have the maximum number of double points. We 
shall verify this number in case of q odd, and q 5 2p, for the curve of inter- 
section with the plane at infinity. Consider first a plane z = const., 
cutting the z-axis in a point Z. A pair of generatrices g and g’ in the same 
plane e and through the same point U (different from Z) of the z-axis cut 
the plane z = const. in two points A and A’, which are collinear with Z. 
Now as @ increases, A and A’ describe curves in central symmetry with Z, 
which wil touch each other at Z, i.e., the form or tac-nod at Z. But Z 
must be counted as a 2p-fold point of the curve of intersection with the 
plane z = const., since the z-axis is a 2p-fold line of the surface, and as it 
occurs p times that two branches of the curve form tac-nods, the point Z 


must be counted as 

2p(2p — 1 

pup Tp-2p 
double points. As this is true for every point of the z-axis, the latter must 
be counted as 2p? double lines. The surface has therefor 2p*-- p real 
double lines (p double lines in the ay-plane. The double points of the 
infinite curve of intersection are therefore made up of those absorbed by 
the isotropic points, of the intersections with the real double lings, with the 
imaginary double-lines, and with the (q — 1)/2 double curves, each with 
4p infinite points. These numbers are in the same order, and summed up: 


(2g(q — 1)} + (2p? + p} + (2pq — 2p — a 1] 
+{ >a | = [2(p + 9) — Laie + q) — 2) 


3 


2 


as required of a plain curve of order 2(p + q). 


1 


* 


6. DOUBLE CURVES OF THE SURFACE WHEN g 18 EVEN. 


- When q = 2s, there are two pencils, of s generatrices each, in every 
plane section through the z-axis, which intersect in s? points. When the | 
plane e turns s times about the z-axis, starting from an initial position eo 
containing the initial position go of the generatrix g, assuming in succession 
positions determined by the angles 0 = 0, r, 27, 37, «++, g will occupy the 
positions go, gi, Qs, ***, Qe.» In this movement the intersection of the 
generatrices.of even and odd indices in the same plane describe double 

ecurves of the surface. Every double curve, with the exception of one in 
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case when s is odd, cuts the initial plane eg in 2s points. When s is odd 
the number of intersections of the one curve with the plane is s, and as 


ge = -28 + 8, 
2 
there are in this case (s — 1)/2 double curves with 2s intersections, and one 
curve with s intersections with the plane es; i.e., altogether (s+ 1)/2 
double curves. 'To each of these curves corresponds a cyclic group of 
points of intersection with the plane ey. Denoting the groups of order 2s 
by Di, Ds, Ds, --:, Do 1) and the group of order s by D@-1/2 the follow- 
ing table of these groups may be set up: 


D, Di Dj: Dea Dears) 
01 03 05 ++. Q-(g—2) 0- (8) 

12 14 16 «+: 1-(s—1) 1-(s+1) 
23 ae: 27. 2l) 2- (3+2) 


(28—2)-(28—1) (29—2) -1 (28—2)-3 --- (28—2)-(s—4) (s—1)-[2(s— 2-1] 
(25—1)-0 (25—1):9 2s—1)-4 --- (25—1)-(s—) 
When s = 2c is even, then | 
= 4g? em c-Àg = c-28. 


There are & double curves, each with 2s intersections with the TUUM plane. 
The table of groups is in this case: 


D: Ds Dg e. D; 


01 - 08 UE ee Geen 

12 14 16 se Hus 

23 25 27 e SGED 
(23 — 2- (28s — 1) (288—231 (Qs—2)8 ++» (2s— 2). (s — 3) 
(2s — 1)-0 reda Cea se C65 


The parametric equations of the double curves are obtained from those 
of (33) by putting tan (¢/2s) = #, so that in analogy with previous results 


$ 
PDS Dg 29i) WW) 


sin $ = . a 
| 1 + tan? s ER. 


b^ Le. 
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— tan? 
cos $ = o pem pec) — 9" . 
1 + tan? s fO 
cos? à = oe | HO — WO 
EP 1+ tan? p- = (1 -+ £5». , 


23 
and the parametric equations of the double curve are 


POTHU + P 
POM O  ’ 


TETTETETT 
2810 HTO 


pD) — pP + cos g ACL. — Dr ac + Pye 9. 
260 (0)- FO 


When p > s, or q < 2p, and 2k — 1 + s, then the highest power of t in 
these expressions is Z7, so that in this case the double curves are of order 2p. 
When p < s, then they are of order 2s = q. | 

In case of the double curve of order s, which is obtained from (33) by 
putting 2k — 1 = s, when s is odd, the coórdinates may be expyessed para- 
metrically by ¢ = tan (ó/s) as rational functions of t, in which the highest 
power of £ is ¢? or t, according as p > $, or p < 8, so that the double curve 
[ D(s + 1)/2] is accordingly of order p or s, as appears from the parametric 
equations of the surface 


(1)- [C A+ P -P7 


p= = rta sin 2- (2k — 1)r 


y= (— D*a sin £ (2h TU. (35) 


z= — 4 


g= + 


4 


3 


yes 
. (1+ eyecon y -(3)e« -+ = (36) 
Jet, 


7 (0-6 
z= — acot (29) =f, 


where the signs within the brackets and in the denominators are alternating 
$ throughout, and f(£) denotes a rational function in which the highest power 
of tis t?. Hence ` 
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'TuxonEM 5. When q = 2s is even and s odd, there are (s — 1)/2 double 
curves of order 2p or q according as p > s or p < 8, and one double curve of 
order p or 8, according as p > sorp < s. When s = 2c ts even, there are o 
double curves of order 2p or q, according às p > s or p < s. 


7. APPLICABILITY AMONG THE RULED SURFACES OF THE CLass.* 


Consider first the case of an odd q. Let the generatrix g whose mid- 
point M moves along the directrix circle Cs generate the surface determined 
by the numbers p and q.. At every position of M draw in the zy-plane an 
external tangent circle C; to C} with the radius (m/n)a. Through the 
center 0’ of C, draw a perpendicular z’ to the plane of C;, and let g in. every 
position be asscoiated with C; and 2’, just as it is associated with Cs and z. 
Thus, the generatrices g associated with Ca, z’ will generate a ruled surface 
F’ whose directrix circle is C; and whose directrix line is z’. To determine 
the nature of this surface, we must determine how many revolutions C; 
has to make about the axes z’ and z respectively, before the initial point 
M on Cz, after a certain number of revolutions about the 2’-axis, and the 
initial generatrix go associated with F’, after rotating a certain number of 
times about M in the plane e’, return to the initial positions of M on C5, 
and go associated with the given surface. This will be the case when a 
certain multiple » of the circumference of C; is equal to a certain multiple 
of q times the circumference of Cs, ie., »v-2(m[n)am = uq-2a«. This gives 
for u/v the ratio 

LJ 


Assuming m and n, also m and q as relative primes, we may put u = m, 
y — nq. From this is seen that the ruled surface F’ is generated by a 
generatrix whose midpoint describes C4 ng times. The surface F’ turns 
mq times about the z-axis. Moreover g associated with F’ makes mp 
complete revolutions in the plane e’ through the z'-axis. The order of the 
surface is therefore 2(mp + ng). Hence 

TuEOREM 6. Surfaces of the class are applicable to i otia dia their 
orders are 2(p + q) and 2(mp + nq), and their radii of Co respectively a and 
(m[n)a, when q is odd, p and q, m and n, and m and q are relative primes. 
This is still true when either p = q = 1, or m = n = 1, hence 

Corollary 7. A surface of the class of order 2(p + q), q odd, 1s applicable 
upon a surface of the class of order 4. 

Corollary 8. A surface of the class of order 2(p + q), q odd, 1s applicable 
-to another surface of the same class and order. 


- 
re hr HN — 


* See Eisenhart, loc. cit., pp. 342-347. 
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When q is even, q = 28, then we have under similar conditions 


and mp + nq as the order of the surface. As m and p are odd, and q is 
even, mp + nq is an odd number, so that we may state 

THEOREM 9. Surfaces of the class of odd order are applicable to each | 
other when their orders are p + q and mp + nq, and their radii a and (m[n)a, ` 
respectively, and when q is even and p and m are odd. 

Ás the surfaces of even and odd order are bifacial and unifacial respec- 
tively, we have 

Corollary 10. Bifacial and unifacial surfaces of the class are applicable 
to surfaces of the same type only. 

Similar results would be obtained by choosing for C; an internal tangent 
circle of C3. 


8. INTERSECTIONS OF THE SURFACES OF THE CLASS WITH A Tonvs. 


A torus whose circular axis coincides with the directrix circle C$ of the 
surface cuts the surface in a composite curve of order 8(p + q) or 4(p + q), 
according as q is odd or even. If the radius of a meridian cross-section of 
the torus is b, then it follows easily that a part of this composite curve, 
generated by a point P on the generatrix g whose distance PM = 6 from 
M is constant may be represented parametrically by l . 


x= (a+ bsin2¢) cos 6, 


y= (a+ b sin a | sin 6, (37) 
z= b cos E9. 
q 


Putting again tan (0/2gy) = t, z, y, z vay be expressed as rational functions 
of t, in which the highest power of t is f*(»*9, so that the order of the curve 
is 2(p + q). The polar equation of the projection of the curve upon the 
xy~plane is 


p— a.b sin? 6, .— (88) 
which ement a socalled cyclo-harmonic curve,* which, in general, is 
of order 2(p + q), and is rational. r 


* R. E. Moritz, “On the Construction of Certain Curves Given in Polar Coórdinates, 
The American Mathematical Monthly, Vol. XXIV, pp. 213-220 (1917). 
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When a = 0, and one of the integers p, q is even, the other odd, the 
curve is still of order 2(p + q); but when both are odd, then, as is well 
known,* the curve is-of order p + q. 

Expanding the identity sin pô = sin q- (p6/q), and substituting 


. p p— , , n ORE PT 
sin = = P7, sing = 2, cos 8 = 5, p e ENDE 2 
q b p p q b 


the cartesian equation of the curve (38) may be written in the form 


«(en nr enn | 
= p? | (1 ) [B — (p — aR — a) 
- (4 ) [Bt — (p — ay Jeo — a) + «| . (39) 


9. EXAMPLES. 
A. Bifacial Surfaces. 
1. Quartic,f p = 1, q = 1. 
(2? + ye — (ax + yz)? = 0. 

Cs is a single curve, C1 must be counted as two double lines. The y- 
axis is the only double line in the zy-plane. m 

2. Sextic, p = 2, q = 1. 3 

(x? + y?) — yy (eyz — ala’ — yy = 0. 

Cs is a single curve, C, must be counted as eight double lines, and there 

are two double lines in the zy-plane with the equations z + y = 0. 


! B. Umnifacial Surfaces. 
3. Cubic, p = 1,q = 2 
{@— a? — (s — y)"}y + 2a — a) — y) = 0, 0, 
or in parametric form 
BON aa 2M Q0789 
| veu puppe PR ee de es 

The one double curve consists of the straight line « = a, y = at, z = at. 
Two points P, and P; on the generatrix g equally distant frome M bound a ' 


* Gino Loria, “Spezielle algebraische und transzendente Kurven," 2d ed., Vol. 1, 
pp. 358-360. ; 

+ This is the sixth species of the classification of quartic scrolls by Cayley, Collected 
Works, Vol. 6, p. 328, and the fifth species of that of Cremona in Memorie della Accademia e 
delle Scienze dell’ Istituto di Bologna, 2 Ser., Vol. 8, pp. 285-250 (1868). 


it 
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n which ae a aani of Modi T In a similar: manner, 
and in a.more general sense, such a band.is desciibed on any surface of the 
class, . and is unit or bifacial according as.the order of the surface is odd or 
even. ‘This surface is also discussed from a i function theoretic standpoint 


-by Weylt. 


. 4. Quintic, p = 3, v 


CQ — de A da + yf — Daat Reni 


us Lo PEFP d = ey) = 0. 


C; is a triple line of the — Cs i is single.. There is one double curve 


of order 3 with the parametric equations 


tt —C7 ad(-d 8). —cia(t—f) 
Tea” "^ [HBF FS 4-39 - o 


- Fhe projection of this curve upon the zy-plane has the polar equation 


| 
a 


“a " 





and the cartesian equation 


i E 2 Sa! — aa) =0. 
This te has the index ATH in ‘Schwarz’s classification of quintic 


. ruled PEE loc. cit, p. 57. 


6. Number of Surfaces of a given Order. E 
When the order of the surface of.the class i is given, we may ask the ques- 
tion, how many species of the class are there with the same order? When. 


-. the order is even, Say 2n, then: pHq=n, and we may form all possible - 
i combinations of rélative primes p and q with q odd, to satisfy this condition. 


For example when the order i is 12, p + q = 6, “and we have.the possibilities 


(D P= 5, q—1 (2) p = 2, q = 3; (3) p= 1; q= 5, so that there are 
‘three surfaces of. order 12. When the order'i s odd, say p + q = m, we 
. may progeed jn a similar manner; for example when m = 13. As q'is 
oe now even. ‘we have the possibilities (1) p =.11, q= 2; (2) p= 9, q = 4; 


£O) p=% q= 6 (4) p= 5,"q= 8 © p53; q=10; © p= 1, 


4 = 12.. Hence there are six surfaces of the class of order 13. 


"n geriéral, when the order 1 is even, say , 2n and n is even,. then there 


Bre at most [2 species of the: same order; when. n is odd, there at: most 
(n + 1)/2. When the order is. odd, say Ty. fherifare: at most (m — D/2 
species of the class with this order. 2: QE 


-«- m yt 
* Werke, Vol. 2, pp. 484-485 and pp. D19-521. tte 
t:“ Die Idee der riemannschen Fläche,” p. 26. TEE 
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eee CAM SIGNIFICANCE OF ISOTHERMAL CONJUGACY ^ 
OF A NET OF CURVES. 


By E. J. WILCZYNSEI. 


INTRODUCTION. 
Let . 
(1) Ddu? + 2D’ duds + Dd 


be the second fundamental differential form of a surface S,. and let us con- 
sider a region R on this surface which is free from parabolic points so that, 
for all points i in R, : 
(2) | D^ — DD" 4 0. 
If D’ is equal to zero for all points of R, the curves u = const. and 
v» = const. form a conjugate net. If this condition is satisfied, and if 
besides the ratio D : D” assumes the form of a function of u alone multiplied 
by a function of v alone, so that 

ð? log D/D” 
(3) dud 
the net is said to be tsothermally conjugate. This name is due to Bianchi,* 


and was chosen by him because, in all such Gases, it is possible to choose 
new variabbes 


—0, D=0, 


a= olu), d= p(o) 

in such a way as to transform (1) into the isothermal form 
(a, v) (di? + dg"), 

without changing the conjugate net under consideration. 

Bianchi also proved that the property of isothermal conjugacy is of a 
projective character.] That is, if an isothermally conjugate net is subjected 
to any projective transformation, the resulting net will again be isothermally 
conjugate. But Bianchi did not furnish any geometric interpretation of 
the analytic conditions (3) which serve to define such systems. Moreover, 
although the importance of this notion was becoming more and more ap- 
parent, because of a steadily increasing body of theorems which made use 
of it, no serious attempt seems to have been made to discover its. true 
significance until 1915, when the author of the present paper discovered an. 
algebraic relation, between certain completely interpreted projective in- 

* L. Bianchi, “Lezioni di geometria differenziale” (Seconda edizione), Vol. 1, p. 168. 


1 Ibid. p. 169.. 
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variants, which is characteristic of isothermally conjugate systems.* "Thus, 
in a sense, the problem was solved. But the solution was not altogether 
satisfying because it lacked simplicity and could not be formulated com- 
pletely in terms;of purely descriptive relations. A year afterward, the late 
G. M. Green, whose premature death has deprived geometry of one of its 
most brilliant students, took a long step in advance.t In fact, Green 
believed that he had settled the matter completely. But he had overlooked 
an important case in which his geometric criterion fails to distinguish 
between isothermally conjugate nets and nets of an entirely different kind. 

The present paper was written for the purpose of completing the solution 
of this problem; as nearly as possible in the spirit of Green's method, and 
ma kng use of PIE s notations. I dedicate this paper to his memory. 


1. Reson AND REVISION oF GREEN’s THEORY. . 
Let 
(4) - l y? m y™ (u, v), (k = = 1, 2, 3, 4) : 


be the homogeneous coórdinates of a point P,. When the variables, u 
and v, vary over their ranges, P, will in general describe a surface Sy. We 
shall assume that this surface does not degenerate into a curve, and that. 
it is non-developable. If the curves u = const. and v = const. form a 
conjugate net on S,, there exists a completely integrable system of differ- 
ential equations of the form | 
(5) Yuu = Ges t byu + cys + dy, a + 0,. 
| 

: Suv —— 0 E i 
whose fundamental, linearly independent, solutions are y, y®, y®, 4(9, 
Conversely, every completely integrable system of form (5) defines a non- 
developable surface referred to a conjugate net. 

The integrability conditions of system (5) teach us that there exists & 
function p, of u and v, such that] 

2ab' — c — 

(6) opum, qum m. 


: Consequently ve can make a transformation of the form 


(7) : y = Nj, 

* E. J. uH ‘The General Theory of Congruences," Transactions of the American 
Mathematical Society, Vol. 16 (1915), p. 323. Quoted hereafter as W. 

t G. M. Gren, “Projective Differential Geometry of One-parameter Families of Space 
Curves and Conjugate Nets on a Curved Surface (Second Memoir), Am. Jour. oy MATH., 
Vol. 38 (1016), p. 323. Quoted hereafter-as Green (Second Memoir). 

I1G.M. Green, * Projective Differential Geometry of One-parameter Families of Space 
, Curves, etc. ` (First Memoir), Au. Jour. oe Mars., Vol. 37 (1915), p. 228. . Quoted 
* hereafter as Green (First Mamon) 
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hex À Is subjected to the conditions 


(8) S — Ep. 


Moi 
X^ Pe 

The resulting system of differential equations has the same form as (5), 
. with the coefficients* 


A-a  Beb-ip, C=et+$pm 


() . D-—d-ibp.- dep, — dpa, + tape — Topi dap 
Bep ~ De, C. = c — ipo, 
= d! +. 1b p, + te’ Po Duy — pa PuPo- 


These coefficients are seminvariants of (5), and the new dts is d 
to be in its canonical form. The relations 


(10) |». 5B--20 20,  2A4B' — C — A, — 0, 


which follow from (8), are characteristic of this canonical form. 
Any proper transformation of the form 


Gy .ā= gu), = yo), 
affects only the parametric representation of the conjugate net given by 
(5), but leaves the net itself unchanged. The invariants of the net are those 
functions of the seminvariants, which remain unchanged by transformations 
of form (11)* except for a factor. The fundamental invariants aret | 

! 3 4, | 1 Ay 

= Pa C" ta g lick. 
(12) 3—4, We=B O C Fa 
$'— D'+ BO’,  $-D-—(B'A, — AB.) —C.4- 3(AB" — 0^); 
besides these, the following two, the Laplace-Darboux invariants of the net, 
(18) H =D 4+ B'C— Bo, K-D-44-BC-C, 


. are especially important. 

The eurves w- const. and v= const. of our conjugate net are not 
asymptotic lines. Therefore, the osculating pl&nes of the two curves of 
the net, which meet at & point P, of the surface, determine, as their line of 
intersection, a line passing through P, and not in the tangent plane. This 
line is called the axis of P,, and the totality of all such lines'is called the 
axis congruence of the given conjagate system. The developables of the 

* Green (First Memoir), p. 224. 


t Ibid.; p. 220. 
1 Ibid., p. 231-232. 
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axis congruence correspond to a net of curves on Sy, called the axis curves, 
whose differential equation is* 


2 
(14) a( K+ ob = b= TRE ) du? — dude — (H + 2b, — b,)de® = 0, 


where a, b, and b/ may be replaced by A, B, B’ and where the relations (10) 
may then be used. The anti-azis curves are defined by* 
, 9*] 

(15) a( K+ 2b, — b, — Fan ) du 2+ duds — (H + 2b; — by)dv® = 0. 
Their tangents at any point of the surface are the harmonic conjugates of 
the axis curve tangents with respect to the tangents of the original con- 
jugate system u = const., v = const. 

The covariants 
(16) = Ya — cy, c= Y — Uy 





are the variables which determine the Laplace transformations of system 
(5). The points P, and P, are in the plane tangent to S, at Py. The 
locus of P, is the second sheet of the focal surface of the congruence formed 
by the tangents of the curves v = const. on S,. P, is connected in the 
same way with the congruence of tangents of the curves u = const. on Sy. 
The line PpPce, which moreover corresponds to the axis of P, by duality, 
is called the ray of P,. The totality of rays, for all surface points, is called 
the ray congruence, and the curves on Sy which.correspond to the develop- 
ables of the ray congruence, are called its ray curves.* The differential 
equation of the ray curves is 


(17) aHdw* — Sdudo — Kdr = Q. 


The an&-ray curves are related to the ray curves in the same way as the 
axis curves to the anti-axis curves. "Their differential equation is as follows; 


(18) aHdw? + Ddudo — Kde = 0. 


There exists a uniquely determined conjugate net on the surface such 
that the two tangents of this new net, at any point of the surface, shall 
Separate not only the asymptotic tangents, but also the tangents of the 
original conjugate system, harmonically. Green has called this system of 
curves the associate conjugate net,t and found its differential equation to be 


(19) adu? — dw = 0, 
the asymptatic net of S, being determined by 
(20) ada? + dè? = 0. 


* W., pp. 314-316 and Green (Second Memoir), pp. 308 and 810. 
t W., pp. 317-318 and Green (Second Memoir), p. 309. 
1 Green (Second Memoir), p. 313. 
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* 


In the case of an isothermally conjugate net, a has the form of a proguce 
of a function of u alone by a function of v alone, so that 


g’ log a 
dudy 


It will then be possible to find a transformation 
u = Uw), >= V), 


(21) 





= 0, a +Q. 


. such that the value of a in the transformed differential equations becomes 
equal to unity. Thus, if the parametric net is isothermally conjugate, we 
may assume . 
(22) a= 1. 

Let us consider the three quadratics (14), (18), and (19). The Jacobian 
of (14) and (19) is 

9* log a 
2 DEM 

(23) aDdu* -+ 2a (a = + Aude 





) dudo -+ Dde = 0; 


the Jacobian of (18) and (19) is . 
(24) aDdu? + 2a(H — K)dudy + Sd? = 0, 


and clearly these Jacobians are equivalent, as quadratics in du: dv, if 
(21) is satisfied. But they are also equivalent if S = 0, and this is the 
case which Green failed to consider. In this exceptional case the axis 
curves and pay curves are so related to the parametric conjugate system 
that at every surface point the tangents belonging to the latter are separated 
harmonically by the tangents of each of the former nets, unless still other 
invariants vanishing cause one or both of these nets to become indeter- 
minate. On account of these properties, let us call such conjugate nets, ` 
characterized by the condition D = 0, harmonic conjugate nets. 

We have proved the following theorem. 

TEEOREM 1. A conjugate net whose axis tangents, anti-ray tangents, 
and associate conjugate tangents, form three pairs of an involution at every 
point of the net, ts either vsothermally conjugate, or harmonic, or both. 

In this theorem, the axis tangents and anti-ray tangents may be replaced 
simultaneously by the anti-axis tangents and ray tangents, respectively. 

Since it is our purpose to characterize isothermally conjugate nets com- 
pletely by geometric properties, we must now search for properties of such 
nets which they do not share with harmonic conjugate nets. In most 
cases the following theorem will enable us to distinguish aL harmonic 
and isothermally conjugate nets. 

THEOREM 2. The involution, mentioned in Dior 1, has the anale 
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conjugate tangents as its double lines, if and only if the original net is harmonie. 
Therefore, the given net is isothermally conjugate, and not harmonic, if the 
three pairs of tangents mentioned in Theorem 1 are pairs of an involution, 
and if, besides, the double lines ‘ah this involution do not coincide with the 
parametric tangents. 

If, however, the double elements of this involution do coincide with the 
parametric tangents, we can only conclude that the given net is harmonic. 
It may or may not be isothermally conjugate, at the same time. Thus 
our geometric criterion fails to distinguish between nets which are both 
isothermally conjugate and harmonic, and those which are merely harmonic. 

Green* has shown that the associate conjugate net of an isothermally 
conjugate net 1s also isothermally conjugate, and vice versa, a theorem 
which we shall generalize in the next section. We may, therefore, apply 
theorems 1 and 2 to the associate conjugate net, obtaining the following 

result. 

THEOREM 3. If a conjugate net is isothermally conjugate, the associate . 
conjugate net is also isothermally conjugate and vice versa. Consequently, the 
associate axis tangents, the associate anti-ray tangents, and the conjugate 
tangents of the original net, at any point of the net, will form three pairs of an 
involution. The double lines of this second involution will coincide with the 
associate conjugate tangents if and only if the associate conjugate net is harmonic. 

The associate axis tangents, etc., mentioned in this theorem, are related 
to the associate conjugate system in the same manner as the axis tangents, 
etc. are to the original system. By combining theorems 1, 2, 8, we obtain 
the following criterion. 

TuzoREM 4. For an tsothermally conjugate net both of the vnvoladions, 
mentioned in theorems 1 and 8 exist. Conversely, if both of these involutions 
exist for a conjugate net, we can conclude that the net ts tsothermally conjugate 
unless both the original net and its associate net are harmonic. 


2. PENCLS oF CONJUGATE NETS ON A SURFACE. 


Theorem 4 seems to be the most comprehensive criterion which. can 
be obtained without introducing something essentially new into the dis- 
cussion, but it does not solve the problem completely. For, it does not 
enable us to distinguish geometrically between conjugate nets which are 
harmonic, possess a harmonic associate net, and are besides isothermally 
conjugate, and conjugate nets which possess merely the first two of these 
properties. In order to solve our problem completely we introduce a new 
notion, that of a pencil of conjugate systems, a notion which we shall intro- 
duce at present only in connection with our special problem but which 

e seems to be one of considerable general importance. 


* Green (Second Memoir), p. 324. 


e 
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Let us assume that the given conjugate system is isothermally conj ugate, 
let the independent variables be chosen so that a — 1, and let the equations 
(5) be taken in their canonical form. "Then we shall have 


Yuu = Yoo + Byy + Cys + Dy, a=A=I1, 


Jus = * 4+ B'y, + C'y, + D'y, 
where, on account of (10), | 
(20) Be—20, C= 2B. 
The differential equations of the original conjugate system will be dud» = 0, 


that of the associate system will be du? — dw? = 0, and that of the asymp- 
totic lines will be du? + d = 0. The differential equation 


(25) 


(27) ada? + 2Bdudo + yd = 0 
will determine a conjugate net if and only if 
a+ y= 0, 


& condition obtained by equating to zero the harmonic invariant of (27) 
and da? + de = 0, the differential equation of the asymptotic lines. The 
tangents, at any point, of the curves of such a conjugate net will divide 
the corresponding tangents of the original conjugate net in a constant 
cross-ratio, if and only if the ratio of a to B is a constant. Consequently, 
the differential equation 

(28) : (du + kdo) (kdu + dv) = 0, 


where k is an arbitrary constant, will determine a one-parameter family of 
conjugate nets each of which has the property that, at every point, the two 
tangents which belong to t determine a constant cross-ratio with those which 
belong to the original net. 

We shall speak of the one-parameter family of conjugate nets, deter- 
mined in this way by a given one, as a pencil of conjugate nets. There is 
one such net for every value, real or complex, of the constant k, but it is 
clear from (28) that the same net will correspond to two values of k which 
are negative reciprocals of each other. The net which corresponds to 
k= 0 or k= œ is the original net, and that which corresponds to the 
values b = + lis the associate net. For k = +12 the two factors of (28) 
become identical with each other and with one of the factors of da? + dv’; 
the net degenerates into one of the families of asymptotic dines counted 
twice and therefore is not, properly speaking, a net at all. By a proper 
net of the pencil we mean any one of its nets excepting the two just men- 
tioned which correspond to k = 7 and k= —4. Of course every proper 
net of a pencil may be regarded as determining, in its turn, a pencil of nets. * 
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But it follows at once, from the definition of a pencil, that all of these pencils 
coincide with each other and with the original pencil, and further that the 
nets of & pencil may be arranged in pairs associate to each other. 

In order to study the properties of an individual net of the pencil, we 
intreduce the variabels 


(29) i=u—h, $-—ku4-v 


into (25) in place of u and v. These variables will be independent if 1 + k 
is different from zero. We shall assume 


. (80) 1+% +0, 


‘a hypothesis which excludes from consideration only the improper conjugate 
- systems formed by each of the two sets of asymptotic lines. We find 


Yu = Yat ky, Y= — kya + ye 
Yuu = Yea t kya + FE yg, 


Jus = — kym + (1 — kya + Eys, 
You = Ym — 2kya + Ye 


Substitution of these values into equations (25) gives 


(1 — Ey at 4kya — (1 — Pya = B (Yat ky) + C (— kyat ys) + Dy, 
— kya t 0 — Ey + "s = = B'(ya t kys) + C(— kya t+ ys) + D'y, 


whence 


(14+ Ey(ya— ya) = 0 — PLB — kOyy, + (KB + CO, + Dy] 
— Ak| (B' — kC’)ys + (kB' + Oy: + D'y], 


(1+ eyn = kB — kOyys t+ (EB + Ow + Dy] | 
+ (1 PEB — kC?yy, + (EB' + Cy; + D'y]. 


These equations show, in the first place, that the new conjugate net, 
4 = const., ? = const., is isothermally conjugate, giving 

THEOREM 5. An tsothermally conjugate net determines a pencil, all of 
whose proper nets are 1sothermally conjugate. 

This theorem includes, as a special case, Green’s theorem that the 
associate net of an isothermally conjugate net is also isothermally conjugate. 
But we may draw a still farther reaching conclusion, by remembering that 
the same pencil of nets is determined if we start from any one.of its proper 
nets in place qf the one actually used. We then obtain the following result. 

THEOREM 6. Jf a pencil of conjugate nets contains one rsothermally 
- conjugate net, then all proper nets of the pencil are vsothermally conjugate. 

We may.reduce (32) to the form (25) by dividing by (1 + #*)?. If we 
edenote the corresponding coefficients by Ax, Bz, Cx, etc., we find 


(31) 


(32) 
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(14-1522, = (1— I)(B — kC) — 4k(B' — k0’), 
(1+ E)? C, = (1 — IB)(EB 4--C) — AK(KB! + C7), 
(FED, (1— ED — AkD', 


(3) (1 + IB; = k(B — kC) + (1 — I(B’ — k0’), 
(+ BPC, = k(kB + C) + (1 — KEB + C’), 
(1+ BD; = kD + (1 — BD’, | 

and 

(34) Ap=1, Be=—2C,, Cy = 2B, 


The relation A; = 1 is equivalent to Theorem 5. The other two 
relations in (34) may be verified by means of (26) and (33). They show 
that our transformed system of differential equations is in its canonical form. 
. The invariant Ð, whose vanishing characterizes the original conjugate 
system as a harmonic one, reduces to 
(35) D= D+ B. — C, 4- 3(B" — C^), 
since we are assuming A = 1. Let us denote by D, the corresponding 
invariant for any conjugate system of the pencil, so that 
(36) Dp = Dr + (Bay — (Cia + 3034)? — 3(03)*.- 

From (33) and (26) we find 
+ P? B; = (1 — 382)B’ + (PB — 8h)C’, 
(87) I+ Py C; = — (PP — 3E) P' + (1 — 3C, 
(1+ PD, = (1— AD — AkD'. 
If 0 is any fanction of u and v, we find from (31), 


TE Em -— 9ÀÀ 
(38) 0a n 1 m 7a Ou ai k0,), 0; Se 1 + ja Kou T 0,). 


Consequently we obtain the formule 


(1 4- E Ca = — (IP — 3k) (Ba — kB) + (1 — 3)(CL — kC), 
(1+ P(B) = (1 3h)(kB.4+ B2) +  — 3E)(kC; 4- CD), 


. whence 


(1 + £5*5, = (1+ wra — k*)D — 4kD' — 2k(B, + C.) 
a (eee) CB) 
+30 — iD — 142 + (B? — €^) 
+ 12k(1 — 3)? — 3) B'C". 
For k = 0, Dz reduces to (35), and for k = 1 to | 
(40) $1-—D'—A4(B,4- C) -3B'C*. 
Let us assume that D and Ð; are both equal to zero, so that both the 


original net and its associate are harmonie, besides being isothermally s 
conjugate. Then ©, reduces to the value given by 


(39) 
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(41) (1+ 2), = — 48k(1 — WB? — €^) + (1 — I) BC]. 


If the ratio B’ : C’ is not a constant, D, can not be equal to zero, for 
all values of u and v, unless either k = 0 or k = = 1, and these values of k 
correspond to the original conjugate system and its associate. If the ratio 
B' : C’ is & constant which is finite, different from zero or unity, we obtain 
two values of b, negative reciprocals of each other, and different from 0, 
c, +1, or — 1, by equating to zero the bracketed expression in (41). 
Thus, there may exist a third net of the pencil, besides the original net and 
its associate, for which ®©, is equal to zero. But if D+ is equal to zero for 
more than three distinct nets of the pencil, D, will be equal to zero for all: 
values of k, and B’ and C’ must vanish. In this case the differential equa- 
tions of the net reduce to 
(42) Yuu = Yous Vus = 0. 


Nets of this sort may be described i in very — terms. From equations 
(42), we conclude 


y = Ulu) + VQ), U" = y"- ja; 


where U(u) and V(v) are functions of the single variables indicated, and 
where aris an arbitrary constant. But these equations furnish the following 
completely integrated expression for y; 


y = mlu? + v) + au + ago + a4, 


where di, ds, @3, G4 are arbitrary constants. The homogeneous parametric 
equations of such a net may, therefore, be written in the form e 


y= u+ t, Yz = U, Y3 = v. y= 1, 
whence ' 


Ys — ya ys Ü, ya — Uys = 0, js — vy, = Q. 


Therefore the sustaining surface of such a net is a quadric. Each of the 
two component one-parameter families of the net ie composed of plane curves 
(conics), whose planes form a pencil. The axes of these two pencils are 
conjugate tangents of the quadric surface at one of tts points. 

A net with these properties shall be called an 4sothermally conjugate 
quadratic net. Making use of this terminology we have the following result. 

THEOREM 7. A pencil of wothermally conjugate nets which contains 
more than three distinct proper harmonic nets is composed entirely of iso- 
thermally conjugate quadratic nets. 

We are now in’a position to obtain a geometric test for isothermal 
conjugacy which will be effective in those cases in which theorems 1-4 
do not suffice. If a net is,isothermally conjugate, every net of its pencil 
. has the property described in theorem 1. If besides, more than three, and 
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therefore all, of these nets are harmonic, it is an isothermally conjugate 
quadratic net. Leaving aside this case, we see that the isothermal con- 
jugacy of a net is assured if the property of theorem 1 holds for all of the 
nets of the pencil and if besides at least one of these nets is known to be 
non-harmonic. 

We may formulate our resulting criterion in the follosias two theorems. 

THEOREM 8. An wsothermally conjugate net possesses the following prop- 
erties. At every point of the. net, the axis tangents, the anti-ray tangents, and 
the associate conjugate tangents, form three pairs of an involution. Moreover, 

all of the conjugate nets of the pencil, which 18 determined by the original net, 
` possess this same property, and no more than three of these nets will be, at the 
same time, harmonic except in the case of an rsothermally conjugate quadratic 
net. ` 

THEOREM 9. Conversely: let there be given a conjugate net such that, at 
every point of the net, the axis tangents, the anti-ray tangents, and the associate 
conjugate tangents, form three pairs of an involution. Let all of the conjugate 
nets of the pencil, determined by the given net, possess the same property, and 
assume that at least one of the nets of this pencil ie not harmonic. Then the 
original net is isothermally conjugate. If, however, all of the nets of the pencil : 
are harmonic, the original net 1s an isothermally conjugate net, of and only if 
‘at 1s an isothermally conjugate quadratic net. 

Theorems 8 and 9 together constitute a set of necessary and sufficient 
conditions for isothermal conjugacy, and these conditions are expressed in 
purely geometric form. For, according to theorem 2, the question whether 
a conjugate net is, or is not harmonic, may be decided by examining the 
double lines of the corresponding involution. 


Tas Unrvenstry or CHICAGO, 
May 4, 1020. 


NOTE ADDED OCTOBER 6, 1920. 


This criterion may be simplified. I have found recently that, if all of 
- the conjugate nets of a pencil are harmonic, they must also be isothermally 
conjugate. This remark enables us to replace Theorem 9 by 

THEOREM 10. Conversely, let there be given a conjugate net such that, at 
every point of the net, the axis tangents, the anti-ray tangents, and the associate 
conjugate tangents, form three pairs of an involution, Let all of the conjugate 
nets of the pencil, determined by the given net, possess the same property. 
Then the original net is vsothermally conjugate. e 

I have also found a second characteristic property of isothermally con- 
jugate nets, which admits of a far simpler statement than that described 
in theorems 8 and 10. But the detailed presentation of these matters 
must be left for a future occasion. R 


OBSERVATIONS WEIGHTED ACCORDING TO ORDER. 
By P. J. DANIELL. 


1. Introduction.—When a series of measurements of some quantity are 
made, two particular quantities require to be calculated expressing re- 
spectively the norm and the deviation. For the norm the mean or the 
median is used while there are three measures of dispersion, the standard 
or root-mean-square deviation, the mean numerical deviation and the 
‘quartile deviation. The question is as to which of these are the more 
“accurate under a general law. Moreover if we choose for our norm the 
mean or average it appears occasionally profitable to discard one or several 
extreme measures. Whether, or in what cases, this is legitimate is dis- 
cussed by Poincaré* but no general conclusions are obtained. 

Besides such a discard-average we might invent others in which weights 
might be assigned to the measures according to their order. In fact the 
ordinary average or mean, the median, the discard-average, the numerical 
deviation (from the median, which makes it minimum), and the quartile 
deviation can all be regarded as calculated by a process in which the measures 
are multiplied by factors which are functions of order. It is the general 
purpose of this paper to obtain a formula for the mean square deviation 
of any such expression. This formula may then be used to measure the 
relative accuracies of all such expressions. 

Certain particular types are discussed and their accuracies calculated 
in percentages. 

Unfortunately the standard deviation is not of the same general type 
. and therefore we add a note on its accuracy. The assumptions made are 
fairly general. On the one hand the number of observations, n, is supposed 
large and terms of order higher than 1/n are discarded; on the other the 
probability law assumed is regular and indefinitely differentiable. In our 
applications to special types, however, we shall only consider cases n which 
the theoretical distribution is symmetrical, and this for logical reasons. 
It is useless to compare the relative merits of the various kinds of average, 
. for example, the mean and the median, unless they all tend to coincide 
when n increases indefinitely. If there is a lack of symmetry both the mean 
and the median are necessary, or at least valuable, indications of the nature 
of the distribution. Indeed, in practise, their difference is sometimes 
regarded as & measure of lack of symmetry. 


* — *Poincaré, “Calcul des Probabilités” (1912), p. 211. 
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2. Mathematical Analysis.—Assume that n measurements ij, b, «++, t, 
are made and that their magnitudes are in the order of their suffixes, so that 


& Zh, and so on. 


Multiply by the factors fi, fs, +--+, fa, so that 


fees qu. 


rol 


We desire to find a formula for the mean square deviation of i when 
the measurements, t, are subject to some law of probability p(t). 

If elt, ---, 4) is some function of the measures considered in their 
proper order, the average value of o when t, ++, & vary according to 
the law of probability will be denoted by Av (e) to distinguish this from 
the weighted average, t, which we obtain for a particular fixed set of values 
ti, te, ae tn 

Allowing for the possible permutations of the suffixes, 


Av (9) = n! f. ” pte) dy I pi dia ss f pedel stadt 


f. pdt = z, 


let i= Ke; ; then z varies from 0 to 1, and 


He f is ft ae iP. Wen, t)de, (D 


Wtr cya) el tz), dde i9). 
We shall make frequent use of the formula 


f e f ms RE | fex: = aif, fea -— (2) 


This formula can readily be verified by differentiating with respect to a. 
A particular case is that in which f(x) = 1, ) 


[ae J dtp- J 35 S (a — = GED aPt!, (2a) 


Substituting from (2a) in (1) 


Av 0) = fas Pa Paty = md E dC 1. " 


If 


where 


* 
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This confirms the coefficient n in the formula (1). 


Av 6) = nl f dew (da (ti 
wat [m o [ge [by 24] 


FINE PN pay nT PL | 
Cpe Dl T ade) "dz. (3) 
When r, n are large the integrand will have a steep maximum near z = r/n. 
Also | 
n! PEE a E hes copper 
E a bow R PET 


Denote r/(n + 1) by æ, and neglect terms of order higher than 1/n. 


| : | 
rita n ree et+ am), ete. 








nl 


&-91€-2iA and — g)" tr lde 


BN IDEM 
a EE D D eo (1 — 29. 


(n — 5i i a sf 2 z.)?(l— r)” "arde 


us dica M 


Of these two sums Pa former is 0 unless p = 0 and the latter is 0 unless 
gn 


=1 (p=0) 
| = La a) (p = 2). 


[ The reader is reminded that these equations are satisfied only as far 
e as terms of order 1/n.] 
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Expand t(x) by a Taylor development near x = 2, 


(x — 2) =. 


£z) = Uae) +. (x — ten) + 8 29 PC) T 


Substitute into (3) and use the formula just obtained, then 


bo 


Av (6) = te) + mcs m. 7 0 00 


By the same reasoning, 
Av (£7) = P(e) + za — a) [2t(.)t" (te) + 2(£(29))*] 
= [Av (T - ze (1 — e eF. 


We next require to caleulate Ay (Li) and must agree on order. Su 
pose 3 > r, then 


Av (bt) = ^i f ds, f Ld J| (enteodes 


n! 


"(e—r—Dl(r— Did, de f. iet 


(5) 


p- 


- | iade | DE = yy dy (6) 


ApEn) REPRE 
|». (à—s9!(s—r- Dl(r— 1)! 


X f a - avis f (e my. 


In this double integral the integrand has a steep maximum near 
| g= sjn, | y-—r[n.- 
20 m ^ f z*(1 -— z)"—'dz nc ES y) ydy 
(n — 8)! (8 — r— 1) (r — DIA, . 
r rs NE Ear m NI —o$tatp-l 
ndi n2 n+q n+q+1 nd4q4cp ` 
Denote r/(n + 1) by z, s/(n + 1) by z, and expand as far as 1/n, 


i pud - 1 — a), etc., 


etg | LM . 
EOS? tt -a Tr), ete. 
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‘@ 


n! 


ee xP(l E ads f y(x: — y) =y dy 


=i 2 
= att + IY PORE p) 


l — 1 
= att t TELS 


af — aati + pfo D.) 


a0 — mat + 12 — D ua — oat 


+2 ad — t). 
Using a method similar to that given above, 


— — 
(n — s)! (e —r— 1)! (r — 1I 


X f (z — &)*(1— 2)"—de f (y — a) (z — yy dy = 0, 


except for p = 0, q = 0; p=0,¢=2; p= 2; ¢=0; p—-1,q— I. 
In formula (6) expand 


£z) = tts) + (z— r) (a) Fess, t) = t) T (y — e es, 


then by similar reasoning as before 
Av (tes), (8 1) = HEME) + 52 d — rt (eile) 
HARC — agis) e) (0 EE) (0) 


= Av (t) Av &) -+ -a — aet (a)? (2,). 
Now 


f= 2 fh 
E P» 4. Av (9), 
Av (b) — 35 Av (E) --222. 92 A Av (449) 
. rol . rcl s=r+1 
i E [By 5, 7]. 
= 2; fi Av (4) + 2 2; uf Av (t)- Av (t) 
+ Rr se 


+25 la — 8) v Gt (ns) 
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e 


Let S? = n x z mean square deviation of (i) = n[Av (2) — Av? Ò]. 
Then let 


I 
F(a) = mf Fee = flan) == fr 
and replace the double sum by an integral. 


v= 2 | OU- areas S food 
Let 


et = | fex 


where c is so chosen that 


f e(Dp(dt = 0. (8) 
Let 
Va) = eO] — wo fero. 


S=2 f a- ava f wey. 
Consider the function 


F(a, b) = 2 f (b — x)’ (a) de f i (y — a)V dy, 


x 9 Í Vode) (y — aw W)dy, 


OF 
zac -2f ved | voy = -O - vor 


Integrating again and since 0F/db = 0, F = 0 when a = b,. 
F dF(0, b : 

T= [ HO verre, FOP S WO- vetas 

FQ, b = | às f istuc — yo 

S* — F(0, 1) 
= | de [atv -vo 
+a 

== Í . p(t)dt + - p(u)du| e(t) — e(w) F 


Interchange the order of integration and also the symbols t, u. 


S = f. : p (t)dt | p(u)du| e(u) — e(t) F. ° 
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Combining both forms, 


oo +o l 
= il. |. [e(t — olu) Pp) p(u)dtidu 


zs f 7 ¢*(t)p(t)dt — | f 7 ep dt Ll 


But by (8) the last term is 0; then 


s= [ POPA f (9) 


This is the formula we set out to obtain. 


3. Norm and Demation.—For the norm or average t= Y f, with the 


condition Dh =I], , 


ue this by the nemus integral and then integrating by 
parts, 


+o 
[foa - 1, 


[trod - 1. (10) 


The mean is obtained by equal weighting, f() = 1, (t) = t — to, where 
ij is the theoretical average. "Then 


S? eem f^ a aA to)? n(t)di = g?, 


Then the mean square deviation of the m of n measurements is 
S?/n = o7/n. 
This particular result is well-known but it confirms our formula (9). 

If several groups of measures are to be combined, the average from 
each group should be multiplied by a factor inversely as the square of the 
deviation in that group. If then we agree to take the accuracy of the 
mean as & standard, equal to 1 or 100 per cent., the accuracy of any norm 
' will be measured by the ratio o7/S?. 

Definition —The accuracy of a norm is defined to be o*/S?, where o? 
is the theoretical square deviation. 

In the cate of the measure of deviation condition (10) no longer applies 


but we must suppose the weights f, chosen so that the average value of 
the deviation has a fixed value, D. 


Av () = Df Av G) = 
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Expressing in integral form, and integrating by parts, 


D= | yopi 


- f "AC ipjo idi [By (4] 
= f. i [— ip À je (tdt — f. - p (De(Ddt. 
Then, by (8), : 
i _ [= Olea = D. (11) 


For the measure of deviation condition (11) takes the place of (10). 

Again if we double the value of D, by doubling f,, we shall multiply 
S? by 4, A true measure of accuracy will be some mee of D?/S?, and 
for reasons which appear later we make the 

Definition —The accuracy of a measure of deviation is defined to be 
D*/(287), where D is the theoretical average deviation. 

Standard Deviation.—The standard deviation may be defined as D where 


It is difficult if not impossible to obtain a formula, in the general case, for 
the average value of D; nevertheless, if the number n is large, the pro- 
portional error in D will be small of order 1/ Yn. We have the right, 
therefore, t& assume that the proportional error in D will be one half that 
in D?. Then if l 


D'= D, S? =n X mean square deviation of D’, 
D 2p" 
289 gt 
Choose the origin for ¢ so that 


Av (D = pq "" tdt = 0. 


qu epDa s, fU tpod= v 


Av) = f tetera [O f o0 toda 


= f tp(t)di = 0. 
Av (bl) = Av (42) = 0, — Av (#) = 0, 
Av (t) = qf, Av (Li) = PeP = of, 


Let 


Then 
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But 


The only terms in D’ and D^ which yield integrals different from 0 will be 
of the types ¢7, trta, ti. 


n— J 
"n 


Av (D4) =| ngt + 2872, |- apaa a| 


|^ g+ oe D 2a | 


ge ae n? — 2n + 3)c*. 


a. 





Av (D) = = (na?) — 5 (no?) = 


(n 1 sx 
ni 
esq XS vt = 
S? d nf Av (D”) E W an a (== ) g* -- m Dm E g 
Omitting terms in ifn, 1/n?, | 
2 — mÅ - 
g = [Ds +D =Z =, (12) 


g 





This formula gives the value of n times the mean square deviation of the 
standard deviation D. | 
When the theoretical distribution is normal or Gaussian, 


g^ = 30%, Bem oe —79* 


By the definition, the accuracy will be 


D c 

ag 7 1 = 100 per cent. 

This explains the factor 2 which is introduced to make the accuracy of the 
standard deviation 1 when the law is normal. 

It is an interesting fact that the formula (12) proved for the standard 
deviation 1s the same as the corresponding value given by (9), when, instead 
of the mean-root-square deviation, we multiply every measurement by the 
theoretical value of t corresponding to its order in the series. For then 


ft) = X, g(t) = 3A? + constant. 
This eoneiane is chosen so at Av (eg) = 0, or 
e = PE — o». 
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Using the condition which led up to (11), 


Ac? = D. 
From (9) 


l Xx +00 i 
S-F [eo pod 


LE teeter C — 9 
—4 (d —2c6 +o) =F gé 





4. Most Accurate Weighting.—For the norm it is required to make $? 
given by formula (9) a minimum under condition (10). Then 


Fr _,4f_2@ 
c= rn] -70h 5e-Ma|- oo]. 
where from (10) 





1 2,72 
is — f I» dt, S2 = ài 
Accuracy 
o? on p^ 
Ay i Sus —« Ps 


For the deviation, S* given by (9) is minimum under condition (11): 


. pl d p 
9 -x(- i£ - 1), 9 - xS (15), 
e 2 N(- 1 fi) = x - 2 
where from (11) 


D. +o p^ B B PY 
. T N D S= ND = Dis. 
Accuracy 
D Ap pe I 
^ -3s-5| = eh a1]. 


AQO=1, f= Dif, 41-1, A=1. 


Thus for the normal law the most accurate norm is the equal-weighted 
average and the most accurate deviation that obtained by multiplying 
each measure by the algebraie theoretical deviation corresponding to its 
order. As we pointed out before:the accuracy of the latter is the 'same 
as that of the standard deviation itself. 


For the symmetric Pearson law, 
p' 2n 


p @+#’, 


a FË u Annat e 
quse POSA 


- 


AA = Min 
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If the distribution is supernormal, that is if the number of extreme cases 
is more than normal the weights for the norm and the weights + ! for the 
deviation should diminish outwards and for the norm should even become 
negative for large values of t. 

On the other hand, if the distribution is subnormal the weights should 
increase and become infinite at the boundaries {= + a. In these cases 
the weighting to be applied is much too complicated to be of any practical 
value, aside from the impossibility of knowing, beforehand the proper 
values of a and n. However the most important cases are supernormal 
rather than the reverse and instead of letting the weights diminish according 
to & complex law we may take equal weights, for the norm, up to & certain 
point and then discard all measures outside these limits. Such a norm 
we shall call a discard-average and in practise a certain outer fraction of 
the measures is discarded. . For the deviation we may discard not the 
outer but the inner fraction. Our next paragraph deals with such special 
types. 


5. Special Types of Average —Dviscard Average. Let k be the central 
fraction of the group retained and let tj be the solution of 


2 [ p(t)dt = k. (13) 
6 
Then 
1 
PUE. —-i<i< tht š 
= 0, otherwise. 
1 : 
e-;5  0«t«h 
= i = t»í 
I p ly > 1s 


By formula (9) 
1 
$ - |2 E Pp(t)dt + #2 | pdt]. 


Let a denote the ratio 2 f &»(t)dt : kå, 
0 


2 f epod = odd | 7 Q9 


gun pl - “= o)k]. ' (Q3) 
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In the case of the median k and £i approach 0 together, and 


1 
S p 4p? . (15a) 
In the following discussion for purposes of comparison we shall use the 
normal Gaussian law and the two extreme Pearson symmetrie forms, 


supernormal, p(t) = = (1+ 2, | | (a) 
| uU | 
normal, p(t) = E e", - (b) 
T 
subnormal, p(t) = “a — Ê), (@ sed (c) 


The accuracy of the median will be, in percentages, 
(a) 162, (b) 63.7, (c) 45. 


For the quartile-discard average, k = 1/2 and the fraction a takes the 
values, 


(a) 306, (b) .314, © 023. 


Formula (15) becomes 
S? = 20 (1 + o). 


The accuracy will be, in percentages, 
(a) 200,* — (837, (o) 63. 
In a supernormal Pearson distribution, 
p(t) = c(1 + Ê)". 
For the quartile-discard average, when n is large, 


1.195 m 851 . .700 1.195 
3 Po Spo en LENS 
m elite Toa T =| In = 1.70" 





Hence the accuracy of the quartile-discard average will be 


Qn — 1.70. 109 
A = 83.7 eT as cent. = 83.7 Po. on — 9 PeT cent. 


The formula can hardly be used with accuracy when m is*as small as 2, 
but even then it would give the value . 


4-193. . 


* These values are only rough approximations. » 
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The quartile-diseard average will be more accurate than the ordinary mean if 
2n < 9.3. 


If c? is average # and q* average # then the above condition may be trans- 
lated into 
gi > 4-44, 


instead of 304 for a normal law. 


/ 


Median-Quartile Average —This average is the mean of the median 
and the two quartiles, ` 


- 1 : 
t= z (Qi + M Qs), 9-3 a ata n) 


where po = p(to), pı = p(t) and t is the theoretical quartile deviation. 
For a normal law the accuracy is 


A = 86.0 per cent. 


It appears to be a little more accurate than the quartile-discard average, 
but we have assumed that the number of observations is large. When the 
number is small it will be difficult to determine the quartiles exactly, so 
that, taking everything into consideration, we may say the median-quartile 
average and the quartile-discard average are about equally accurate. 

The most serious objection to the use of any special type of average is 
that discontinuity is introduced; that is, if the measures are considered 
as sufficiently normal, none will be discarded; if not, some may be discarded 
and there will be a finite change in the average. To obviate this difficulty 
we might use a combination of quartile-discard and ordinary average. 

Let p be the weight assigned to the ordinary average. 


q = 1 — p= weight assigned to the quartile-discard. 
g? = mean square deviation. 
N = mean numerical deviation. 


P = quartile deviation, or probable error. 
Then 


S? = po? + 2ngP(2N ~ 4D) + d 8$ P, (16) 


approximately, assuming average @ from 0 to P is 4P?, average t from 0 
to P is $P. Then we may choose p, q so as to make S? minimum. 


6. Special Types of Dispersion Measure. Numerical Deviation.—In this 
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case 
f@ = -+ j, i> 0, 
=—], t<0, 
e(t = |t] — N, | vl 
where Ñ is the theoretical mean numerical deviation. "Then, by (9), 
Y= N. 
| By the definition, succeeding formula 11, the accuracy will be 
AS N? 
38? 2(o? — NY) ` 


In the case of our three Pearson types (a) supernormal, (b) normal, (c) sub- 
normal, the accuracy, in percentages, will be 


(a) 34, | (b) 87.6, (c) 118. 


Discard Deviation.—In this case we discard the inner portion and then 
use the mean numerical deviation of the remainder. Under a normal law, 
if the portion between the quartiles, that is the central half, is discarded 
the accuracy is 96.8 per cent. Hence this is practically as accurate as the 
standard deviation and may, in some cases, be more rapidly found as it 
is a numerical mean and the calculations are made for half the measures only. 


Quarta Deviation, etc.—1t t is the theoretical deviation the accuracy 


will be 
S[tp() P. 


For the quartile deviation this is 36.7 per cent. 

It will be a maximum when £p(t) is maximum and for a nono law this 
is given byt =o. The values t = + o practically divide the whole range 
- of measures Into two thirds within and one third without. 

We may call this the sextile deviation, remembering that it is the 
outermost sextiles only which are used. Then the accuracy becomes 
46.8 per cent. Furthermore it is much easier to find the corresponding 
standard deviation o in this case, for theoretically with a normal law 


g = (1 -+ =) outer-sextile deviation. 


We might also call this the pondera battle error, that is, sch that the 
chances of exceeding it are just one half the chances of not exceeding. 

A table is added of the accuracies of the various types when the law 
is assumed to be normal. . 


e. 
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Norms: 
Modam saco Crete Sau idedihyatecip seca TUE MUS red auf se Set ae 03.7 per cent. 
Quartile average (Qi +- M --Q3/a.... llle eee iue BO S. H 
Quartile discard average. ..... Musa EIL EUM LI M ME MT 83.7" {“ 
(outer quartiles discarded) 
lr PEE wads c9. oM 
: Dispersion: | RC 
D m 367 " « 
Outer sextile deviation. 000.0... eee sees .468 * €" 
Numerical deviation... ....... nr A E N AET S6 "* © 
Discard deviation.......... llle eese TIRE 90.83 “ ~“ 
(inner quartiles discarded) 
Standard deviation... eve icis ea esa a rra ae Vusieuitaeiquss 100. M- 9 
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SOME DETERMINANT EXPANSIONS.* 
By Lerne Harr Raicx. 


§ 1. There is a recent paper by Sir Thomas Muirt which presents an 
important general theorem upon the expansion of a determinant. Muir 
states the theorem summarily as follows: 

A determinant can be expressed in terms of minors drawn from four 
mutually exclusive arrays, two of which are coaxial and complementary to 
one another. 

The discussion leading up to this statement involves bordered deter- 
minants. But without reference to such determinants, by following a 
line of thought suggested by matter contained in $$ 11 and 12 of Muir’s 
paper, it will be found possible not only to prove the theorem in a very 
simple manner but also to obtain several progressively broader results. 

We need first, however, to state the theorem more specifically and in 
such & manner as to prepare for its extension. With respect to the four 
arrays it is to be noted that they may be marked out by drawing two lines, 
one horizontal and the' other vertical, across the matrix of the determinant 
A, intersecting on the main diagonal line between two elements thereof; an 
arrangement which we shall denote as follows: 
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Further we must particularize with respect to the words "expressed 
in terris of minors drawn from" the arrays. It is well known that if a 
set of minors of a determinant A, such that their row numbers together 
are the row numbers of A and their column numbers the column numbers of 
A, be taken as the factors of a product to which is prefixed the sign of that 
term of A whose.elements are the elements of the main diagonal terms of 
the minors, this product is identical with the sum of a certain number 

* Presented to the American Mathematical Society, Sept. 2, 1919. . 

t Note on the representation of the expansion of a bordered determinant, by Sir 


Thomas Tum LL.D., Mess. Math., No. 566, Vol. xlviii., June, 1918. 
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of terms of A. As elsewhere,* we shall call any two minors of a determinant, 
which are susceptible of entering into such a set, conjunctive minors, and 
the whole a set of perjunctive minors or a perjunct; it is a signed perjunct 
if the specified sign is prefixed. When all the minors are of the first order 
or simply elements of A, we have a transversal of A; if signed, a term. The 
meaning of the phrase in the theorem then is that every possible signed 
perjunct is to be formed whose minors are four in number and lie one in 
each of the four arrays. It is understood that any one or more of these 
minors may be of order zero, with the value 1. And throughout this paper 
& perjunct will be understood to admit minors of order zero. Let & minor 
lying wholly in A be called an a-minor, and so for B, C, and D. 

We are now ready to restate Muir's theorem as 

TakgoREM A. If the matrix of any determinant A be partitioned, by a 
horizontal and a vertical line intersecting on the main diagonal line, into 
four arrays, A, B, C, and D, then A can be expanded as the sum of all signed 
perjuncis composed of an a-minor, a b-minor, a c-minor, and a d-minor. | 

§ 2. In the proof of this theorem which we shall now give, and in further 
proofs in this paper, our line of thought concerns the individual terms of 
the determinant to be expanded, in their relation to the specified arrays 
into which the matrix of the determinant is divided. 

Consider then any term of A. Separate its elements into those lying in A, 
those lying in B, those lying in C, and those lying in D. The four groups of 
elements determine by their row and column numbers four minors lying re- 
spectively in the four arrays and forming a perjunct which is evédently the 
only perjunct of four minors lying in the four arrays which contains this term. 

Thus the sum of perjuncts specified in the theorem contains nothing 
but terms of A and contains every term once and only once. It is therefore 
an expansion of A. 

$3. We are immediately led to give the theorem additional breadth 
by removing the condition that the horizontal and vertical lines must 
intersect on the main diagonal line, for the proof does not hang upon that 
condition; and we have 

TmEgOREM 1. If the matrix of any ‘determinant A be partitioned by a 
horizontal and a vertical line into four arrays, A, B, C, and D, then A can 
be expanded as the sum of all signed perjuncts composed of an a-mánor, a 
b-minor, a c-minor, and a d-minor. 

$4. To illustrate this expansion let us take a determinant of order 7, 
partitioned thus: 


— |llaas|| I| bas |] 
A5 Mes] [dalli 


* *P-way determinants, with an application to transvectants, AMERICAN JOURNAL OP 
MaTHEMATICS, Vol. XL, No. 3, July, 1918, p. 242. Cited herein as P-way dets. 
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(i) Take an a-minor of order 3, a d-minor of order 2, and the b-minor 

and c-minor determined thereby, the b-minor being of course of order 

zero while the c-minor .is of order 2; example, disCydg. (11) Take an 
125 45 12 


a-minor of order 2, a d-minor of order 1 (an element), and the b-element 
and e-minor of order 3 determined thereby; example, — ajb40:sd,. (10) 
12 l HS 2 


Finally, take an a-element (the d-minor now being of order zero), and the 

b-minor of order 2 and c-minor of order 4 determined by the a-element; 

example, Abast rsa As a check, we may count up in the result the terms 
i 


of A: (3121214 06060213 + 00021412 71. 

This procedure is applicable generally. We start by forming all possible 
perjuncts consisting of one of the largest a-minors and one of the largest 
d-minors, together with the b-minor and c-minor determined thereby; 
next we form all possible perjuncts with the a-minor and d-minor one less 
in order, and the b-minor and c-minor one greater; and so we continue 
until the a-minor or the d-minor becomes of order zero. 

$ 5. The next generalization consists in removing altogether the restric- 
tions on the manner of partitioning the matrix of A into rectangular arrays. 
Let us call a rectangular array which is a part of the matrix of A a panel 
of A. Panels may be of any number and each may be of any dimensions 
so long as all fit together into the square matrix. With slight and obvious 
changes the former proof covers this more inclusive case, and we have 

THEOREM 2. lf the matriz of a determinant A be partitioned into: panels 

an any manner, then A can be expanded as the sum of all signed perjuncts 
X composed of one minor from each panel. 

§ 6. A theorem was announced by Albeggiani in 1875 in a paper entitled 
Sviluppo di un determinante ad elementi polinomi,* which interests us here 
for three reasons. First, it can be proved in the manner of $ 2 with direct- 
ness and brevity. Secondly; it can be utilized to establish Theorem 2. 
And thirdly, it can be generalized from two dimensions to three or more. 

As Albeggiani himself pointed out, this theorem applies to any deter- 
minant whatever, for polynomial elements can be made out of monomial 
elements ad libitum, either by breaking up the monomial elements or by 
annexing zero terms. Consider then the general determinant A = lai], 
&nd put 

a, = MAD. + AY). 


Set up the r determinants 


EE 
AM = , ok 
[- ++ HY 


* Giorn. di Batt., Vol. 13, p. 1. | . 
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Form what we may call a mixed perjunct by taking one minor from AO, 
a second minor, conjunctive in position, from AO, and so on to A”, and 
prefix the sign determined precisely as it would be determined if all the 
minors came from one determinant. Then we may state Albeggiani’s 
theorem as follows: 

If A be any determinant, the sum of all the signed mixed. perjuncts from r 
determinants so formed that the sum of their matrices 18 n matrix of A, 1s an 
expansion of A. 

To prove the theorem, consider any term of A. "This a-term yrelds r” 
monomials each the product of n À's, which may be called h-terms of A. 
Now obviously we can think of expanding A directly into its A-terms 
without first forming the w-terms. And from that point of view it is clear 
that any given h-term is to be found in one and only one mixed perjunct. 
For, separate the elements of this A-term into the h™’s, the h®’s, and so on. 
These groups determine just one mixed perjunct containing this term; 
and therefore, as the perjuncts contain nothing but i-terms of A, we have 
an expansion of A. 

$7. In order to prove Theorem 2 by means of Albeggiani’s theorem, 
we form AO, AO, ..., A® by writing into r blank matrices the r panels 
of A, each in its proper place, and then filling up each matrix with zeros. 
All minors of A9 vanish except those lying in the first panel, all minors of 
A? except those lying in the second panel, and soon. The mixed perjuncts 
which survive are identical with the perjuncts of A specified in Theorem 2. 

$8. Let us next extend Albeggiani's theorem to cubic or 3-yay deter- 
minants, preparatory to an extension to p-way determinants. Let* | 


A= jaz;|s;  Gaay = hagy ck hagy cob hapy 
Set up the r determinants 
AM = | AE. i kej D 

Then we have 

THEOREM 3. Jf A be any 8-way determinant, the sum " all the signed 
mixed perjuncts from r deternunants of the same signancy as A, the sum of 
whose matrices 1s the matrix of A, te an expansion of A. 

The proof follows that of §6 very closely, the introduction of the 
nonsignant third index giving no trouble. 

Defining a block as a 3-way rectangular matrix forming a part of the 
` matrix of A, we have the 

COROLLARY. If the matrix of a 8-way determinant A be partitioned into : 
blocks in any manner, then A can be expanded as the sum of all signed perjuncts 
composed of one minor from each block. 

* For the notation, see P-way dets., §§ 5, 6. 
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In particular, the blocks may be formed by three mutually perpendicular 
planes passed through the matrix. The types of perjunets become here 
much more numerous than in the case of & 2-way determinant under 
Theorem 1. In any speieal determinant there may be blocks the character 
of whose elements will simplify the application of the Corollary. 

$ 9. Finally, consider the general p-way determinant 


A= [8,5...419, 
in which any or all of the indices may be signant or nonsignant. Put 
ANLE EE a F a nea 
and form r determinants of the same signancy as A: 
AG = [AO (@, — k—1,2,-- 5r. 


TuxEOREM 4. If A be any p-way determinant, the sum of all the signed 
maxed perjuncts from r determinants of the same signancy as A, the sum of 
whose matrices is the matrix of A, is an expansion of A. . 

Proof. First, to show that a signed perjunct consists of a certain number 
-of terms of A. That the perjunct consists of transversals of A, is clear. 
It is now to the correspondence of signs that we must look. And it will be 
perceived that this point is really settled by the known correspondence in 
the case of a 2-way determinant. For, the argument in that case con- 
siders, first, row numbers, next, column numbers, treating both sets in the 
same way and combining the results. Here we have simply to apply the 
same argufhent to each signant index in turn, and to combine the results 
by taking the product of the signs of the signant ranges. 

Secondly, to find any given h-term of A in one and only one mixed 
perjunet. We group the h™’s, the h®’s, and so on. Previous reasoning 
is here followed and the result readily comes, completing the proof. 

Extend the definition of a block to p dimensions: it is to consist of all 
those elements for which o has a value found among a fixed set of values 
0j, G9, ***, Qh; B, & value found among a set of values Bi, Bs, «++, Bu; 
and so on. The locant of the block is thus 


Q0 *** Xb, 
Biba *** Ba, 
Xu 


P 


We shali then evidently have, under Theorem 4, the 

COROLLARY. If the matriz of a p-way determinant A be partitioned into 
blocks in any manner, then A can be expanded ashe sum of all signed perjuncts 
composed of one minor from each block. $ 
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$ 10. It is important to note that all of the foregoing results apply to 
permanents as well as to determinants, since the reasoning in no case de- 
pends—as does, for instance, the reasoning which establishes the multiplica- 
tion theorem—upon the vanishing of certain aggregates of terms. 
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A GENERAL IMPLICIT FUNCTION THEOREM WITH AN APPLICA- 
TION TO PROBLEMS OF RELATIVE MINIMA. 


Bx K. W. Lamson. 


Goursat has given & proof of the existence of & system of solutions of 
the equations 


(1) Yi = Fiyy ttt, Yn 25 ies Zm) (i = I; 2, «t5, n), 


where the functions F; reduce to y? for y = y®, z = 2, and their differ- 
ence from 7 is of an-order higher than the first in the variables y. He has 
further shown how, under certain conditions, the following system 


(2) Gi(yi, ttes Yni S5 7775 Zm) = 0 e = 1 2, ssa n), 


can be reduced to the form (1). A system of equations of type (2) arises 
in the theory of relative extrema of functions of a finite number of variables 
(referred to as theory I). 

Equations (1) and (2) suggest the following problem of implicit func- 
tions in the theory of Functions of Lines. Let z, & be variables on. the 
continuous range ab, and consider a functional operation F[y(z), 2(x); £] 
such that to a pair of functions y(x), z(z) and number £ on ab corresponds a 
unique reg? number. Further suppose that FLy(x), 2(x); £] reduces to yo 
when y = yo, 2 = zo, and that its difference from yo is of an order higher 
than the first, with a suitable definition of order of difference. The sub- 
script 2, thought of as a variable with the discrete range 1, 2, +- n, or 
1, 2, *-- m, has been replaced by the variable £ with the continuous range 
ab. The functions y(2), z(æ) take the place of the sets of numbers yi gi. 
'To equations (1) and (2) correspond 


(3) yE) = F[y(2, z(e); £], 
(4) Gy (æ), a(x); £] = 0. 


FnfcnHET uses the term “fonctionelle” for F or G, when £ is fixed, and the 
term “functional” has come into use as the English equivalent. For 
equation (3), VOLTERRA* has suggested an existence proof analogous to 
that of Goursat for equation (1). An instance of equation, (4) occurs in 
the-Caleulus of Variations in the case of problems in the plane (referred to 
as theory ID. _ : 
The first purpose of this paper is to give an existence proof for equations 
* Lecons sur les Fonctions des Lignes, p. 71. x 
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which include as special cases equations (1), (2), (3) and (4). Equations 
(3) and (4), although suggested by (1) and (2) are not generalizations of 
them in the sense of including them as special cases. The general theory 
is to Include also the systems of equations of type (4) appearing in the 
space problems of the Calculus of Variations (referred to as theory III). 
The existence theorems used in the theories I, II and III have similarities 
in hypothesis, proof and conclusion. In I a solution consists of a set of 
numbers y; & function of the variable i, with the range i = 1, 2, --- n; 
in TI the solution is a function y(x) of the continuous variable x, with the 
range a Æ x = b, and in III it is a function y;(z) of the composite variable 
(2, x) with the composite ranges? = 1,2, --- na zz z zx b. The difference 
in the three theories lies in the difference in the range of the independent 
variable. Any general theory which includes the three as special cases will 
introduce a range which will specialize to the three just mentioned. For two 
reasons it has seemed best not to attempt to abstract common properties 
-from these ranges, but to introduce the general range* of E. H. Moors, 
not defined and on which no postulates bear explicitly. In the first place 
the dissimilarities make it hard to find useful common properties, and in 
the second place, the general theory is not to exclude problems involving 
double integrals or combinations of integrals and sums. The general 
range is a set P of elements p, and the functions to be considered are such 
that to each p corresponds a real number y(p). 

Replace the 2 of equations (1) and (2) and the x of (3) and (4) by P 


This leads to the: equations ° 
(5) | y(p) = Fula), 2@); p] 
(6) 0.5 4, A; p] 0, 


where q has the range P and where, by means of F and G, to each p and pair 
of functions y and z in a certain class Pt of functions there corresponds & 
unique real number. 

In $1 below the basis and postulates for the solution of equations (5) 
and a special form of (6) are set down. In 8$ 2, 3 are lemmas leading to the 
solution of (5) and to the reduction of (6) to the form (5). "The last gection 
of the paper contains an application to the problem of Lagrange in the 
Calculus of Variations. | | 

| $1. The Basis. 

The independent variable of the theory has the general range T. ‘An 
element of P will be denoted by one of the letters p, q. The functions 
entering the theory belong to a class M, whose elements are real single- 
valued functions y(p) or z(p). In theory I the class Mt is the set of n- 


*  *Bolza, Bulletin of the American Mathematical Society, Vol. 16 (1910), p. 408; Me 
Jahresbericht der Deutschen M OGRE Vern ung, Vol. 23 (1914), p. 251. 
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partite numbers or of points in n-space. In theories IT and III Mt is the 
class of functions or curves in the plane and in (n + 1)-space respectively, 
continuous with their first derivatives. To each element y of M corre- 
sponds a positive or zero number, the “modulus” of y, which will be 
denoted by ||y||. In theory I the modulus is interpreted as the largest 
of the numbers y; or as the distance of the point (yi, -::, yn) from the 
origin. In theories H and III the modulus is interpreted as the number 
defining a neighborhood of the first order, namely the maximum absolute 
value of the functional value and of the derivative. In the general theory 
the modulus is not defined and is subject to. postulates. These postulates 
and those on Yt will be shown in $4 to be Satisfied in the case of the 
Lagrange problem. 

Postulate 1. Wt is linear, that is, contains all functions of the form 
C11 + €3ys, where ce; and c3 are real numbers, provided y; and ys are them- 
selves in M. 

Postulate 2. ||yi + y| m ill Muell. 

 Postulate 3.. || cy || = |e| l| y |l, for every real number c. 

Postulate 4. If ||y || = 0, then y(p) = 0 for every p. 

THEOREM 1. lf (y;] and {y;} are sequences, and y and y' are functions, 
such that lim ||y — ys || = lim || ys — y || = 05: and af lim || yi-yi || <b, 
then || y — y' || 5 b. 

This theorem follows at once from the preceding postulates. 

Definition. The sequence [y;] is defined to be a Cauchy sequence if 

lim Is y; || = » 


i—o,Jj- 


The sequence {y,;} is said to have a Kit y if lim ly — yili- 0. 


The uniqueness of this limit is a result of postulates 2, 3. 4. 

Postulate 5. For every Cauchy sequence in St there exists a function 
in St which is the limit of this sequence. 

Definition. The symbol (ij), denotes the totality of functions y of E 
such that || y — g || < a. 

Consider Fly1, «++, y; p] real and single-valued for y; in aa 
(c= 1, +++ x) and p in P, and such that when yi, -:-, y, are fixed the 
resulting function of p is in M. 

Definition. The functional F is continuous at a set of arguments, 
(yi, 77, y.) if for every e there exists a ô such that "s 


|| Fla, "ts Wes pies Flyi, +, y P| <e 


whenever y; is in (y;)s. | : 
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$ 2. Solution f the equation y(p) = Fly, z; "i 
The proof of the existence of a solution; y(p), of the equation 


(5) y(p) = Fly, a; p] ' 
is similar to that given by Goursat,* who used the method of successive 
approximations to treat equation (1). Let yo and ze be two functions of 
the class Mt. The functional F[ y, z; p] is supposed to be real and single- 
valued for all elements (y, z; p) for which y is in a neighborhood (yo)aq, 
z in (29), and p in $, and to have the property that when y and z are fixed 
in its range of definition the resulting function of p is also in $t. It has 
further the properties 

(1) | FLY; zo; p] = yo(p) for every p in 3; 


(2) it is continuous in y and z at each element y’, 2’, in its range of definition; 
(3) there exists a constant 0 < K < 1 such that 


|| FL 3; p] — Fly z; pJi] «€ Kim y || 


whenever (yı, 2) and (ye, z) are in the range for which F is defined. This 
condition will be referred to as the Lipschitz condition. 

Define a sequence of successive approximations by the equations 
0 c y = Fly v] 
(8) yur = Flys, z; p] @ = 1, 2,3, ++), 
which is possible whenever every y; is in (yo)s. It will first be shown that 
a neighborhood (zj), with a, =a ean be chosen so that the*elements of 
the sequence are well defined whenever z is 1n (Zoja, 

Lemma 1. There exists a positwe constant a, =a such that fp z in 
(Zoas and for every t, yi is Un (Jo)a- l 

To prove this, use the continuity of F in g, and choose a; X a, so that 


Igi — vell = || FLyo 3; 21— FLyo zo; pl || < «(1 — E). 
From the Lipschitz condition, if y is.in (Yoja 


IF Ly, z; p] — Flyo s; 1] « Kily — voll. 
From the addition of I| F[ yo, 2; p] — yo|| to both sides, and from Postu- 
late 2, follows 
(9) || Fly, z; 21— voll < K||y — yo|| + a(1 — E). 
In particular? putting y = 31, this becomes 
|| gs — voll < Elli — yo || + al — K) < a. 
To complete the induction proof, assume || y; — yo|| < a, and put y; in (9). 


*  * Goursat, Bulletin de la Société Mathématique de France, Vol. 31 (1903), P 184. 
Bliss, Princeton Colloquium Lectures, p. 8. 
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Lemma 2. The sequence {y;} is a Cauchy sequence and its limit, y, 
(Postulate 5) ts in (Yoja. 
To prove this, the convergence of the series J || ye1— y: || is first 
t 


shown, by using ?^K'a as a dominating series. From the definition of 
í 


y; and yı and from the Lipschitz condition, 

lys — yl] = || Fly, z; p] — Fly; p] < Klo — voll < Ka. 

To complete the induction proof, assume 
lym — vil] < K'a, 
and apply the Lipschitz condition to || yiis — ya ll. 

The convergence of Z||yii— y:||, and Postulate 2 imply that the 
sequence {y,;} is a Cauchy sequence. From Theorem 1 it follows that the 
limit y of {ys} is in (yo)c. 

LEMMA 3. The equation (5) 1s satisfied by the limit y of Lemma 2. 

For from the definition of y;, and from Lemma 2, 


(10) lim || y — y: || = lim || y — Fly, z; p]|| = 0. 
£o =o 
From the continuity of F, 
(10a) lim || FLys, a; p]— Fly, z; p]|| = 0, 
and from the addition of (10) and (10a), and the application of Postulates 
2 and 4, 
y = Fly, 3; p]. 


e 

Lemma 4. The solution y of equation (5) described in the preceding 
lemmas ts the only one in (yo). corresponding to a z tn (Zoja, 

For the proof, assume two solutions, and apply the Lipschitz condition 
to their difference, using Postulate 4. 

Lemma b. As a functional of z, y is continuous in the neighborhood (zo)a,. 

It is necessary to show that if.||z — z'|| is small, then || y — y’|| is 
small, where y and y' are the solutions corresponding to z and z' respectively. 

From Postulate 2, 


llv—vlI-lFus»]-— Fly, 2; p] 
= || Fly, 2; p] — Fly’, z; pJi + || Fly’. z; pl — Fly’, 2; 911] 
=K\ly—y + || Foy. p] — Fly, lil 


From the continuity in z, the last term can be made less than an € as 
required, whence 


, uuu 
ly =y ll < IE 


The results of this section may be summed up in the following . 
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THEOREM 2. When Fly, 2; p] has the solution (yo, zo; p) and the 
properties described at the beginning of this section for elements (y, z; p) 
with y in (Yoja, 2 in (2o)a, and p in P, there exists a constant a, S a such that 


the equation 
| y = Fly, 3; p] 


has one and only one solution y = Y[z; p] for each z in the neighborhood 
(Zoa. The functional Y[2; p]' so defined has the value y = yo for 2 = zo 
and is continuous at z = ze. 


$3. The equation Gly; p] = 2(p). 

In order to. transform equation (2) to the form (1), Goursat* assumes 
first that the derivatives 0G,/dy; exist and are continuous, and second that 
the functional determinant is different from zero for those values of y; and 
z; for which the G; vanish. The equation (6) will be taken in the less 
general form, 


QI Gly; pl = (9), 
which is to be solved for y, given that 
GLyo; p] = 20(p). 


The equation (11) will be transformed to the form (5) treated in. the 
preceding section, by a procedure following that of Goursat. Before 
prescribing the properties of the functional G it will be useful to describe 
‘those of a functional A[ yi, ys; n; p] which will be called a difference func- 
tion for reasons which will presently appear. At each element Cy, ys, 7; p) 
with yı and ys in (yo)a, n in Dt, and p in P the functional A has a single real 
value, and when the first three of its arguments are fixed defines a function 
of the class Yt. It has furthermore the following properties: 

(1) it is linear in s, that is, 


A| em + cane] = esa mil + ce Ane] 
where 7; and q are functions of the class Jt and c1 and cz are constants. 


The three arguments other than 7 are suppressed for the moment in this 
equation; 


(2) There exists & — M such that 


|| ALys, ys, 15 p ll = M ||» || 


whenever (yr Js; 11; p) is in the set for which A is defined; 
(3) the functional A is uniformly continuous in (yi yz) at (yo, yo) with 
* Loc. cit., p. 191. 


t Riesz, Annales Sent de L' École Normale Supérieure, 3me Série, Vol. 31 (1914), 
ep. 10. 
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respect to the set of admissible arguments y for which || || = 1, that is 
for every given e there exists a 6 such that 


E | Aly, ya; 73 p] pu AL vo, yo, 7j » li <e 
whenever y; and ys are in (yo)s, 7 is in M. 

The ‘functional Gly; p] is supposed to be real single valued for all 
arguments (y, p) such that y is in (yo), and p in SB, and to have the usual 
property that it is in the class Mt when the argument y is fixed. It has 
furthermore a difference function A. of the kind described above such that 


Gly; p] — Gly; pP] = Alyy Y» ys — vs: P] 
whenever (yı, p) and (ys, p) are elements in the domain of definition of G. 
The functional A[ yo, yo, 7; p] is called the differential of G at yo. Since 
yo 18 & fixed element of the class M the differential is a function of n and 
p alone. 

The use which Goursat makes of his Gener esis concerning the non- 
vanishing of the functional determinant suggests the assumption that A 
has a “reciprocal” for y1 = ys = yo, namely that there exists a functional 
Aln; p]such that — — 

A| A[yo yo n; a]; Pl (p) 


A[n; phas the properties (1) and (2) prescribed for A, where M denotes 
the nurnber corresponding to the M of property (2). It has the further 
property that it vanishes identically in p only when n(p) = 0 for every p. 
LEMMA 6. The functional F defined by the equation 
Fly, z; p] = y — ALO[y; pl- z; p] 
has the properties of the functional F of § 2 near the element (Yo, 20) where 


= G[ys; p] 
As to the property (1) of § 2, it follows from the definition of F given in 
this lemma that _ 
FL yo, zo; p] = yo — ALO; p] = yo. 
The continuity, property 2, is proved by these inequalities, 


|| FLy, z; p]— Fly’, a; p] 
= |y — y’ + ALCL; »1— Gly’; 21— s ^; || 
= |ly—y'[|+ H| Ey; »1— Gly’; 21— s |l 
= (1+ MM)||y—y'|| + ls zl. 

To find the K of property 3, use the linearity of the functional. A. 


e z; a Fly's z; pli] = lly y - ALG y; q]— Gly’; g]; vli 
= ly — y! — ALADo v y — v5 adT— Alo yo V — v5 q] 
+ Alyo, yoy — y; gl; p] |. 
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From linearity, again, from the fact that A is the reciprocal of 4, and fot 
Postulate 3, || — y || = ||y ||, this expression reduces to 


| ALALy, y, y ~ y; q] zs A[ yo, yo y — y’; q]; p]. 


Because A is bounded, this is less than 


— y — qi 
Al wy gym r- amm En tri 
The number a of Lemma 1 is then chosen to make the coefficient of 


lly — y’ || less than K < 1. 
THEOREM 3. The solution of the equation 


M 








(5) y = FLy, z; p] 
where F is defined in Lemma 6, satisfies uniquely the equation | 
(11) Gly; p] = z9), 


and 1s continuous as a functional of z. 
For, from the definition of F, (5) reduces to 


ALG[y; d] 2; 2] = 0 
and since A[n; p] vanishes identically only when 7(p) = 0, it follows that 
GLy; p] = 2(p). 


Any other function y’, a solution of (11), would make F reduce to y’, 
and would satisfy (5). But the solution'of (5) is unique (Lemma 4). 
The solutions of (5) and (11) have been shown to be the sanfe, and the 
solution of (5) is continuous (Lemma 5). This proves the continuity 
asserted in the theorem. | 


$4. An Application to the Calculus of Variations. 


The theorem of $ 3. will now be applied to the differential equations of 
the problem of Lagrange in the Caleulus of Variations. For this problem 
the functions y in the integral 


é 
f f(z, Jn ttn Yi» neti js) da, 
e/a 


to be minimized are subject to two sets of conditions. They must satisfy, 
first, the m « n differential equations, ' 


(12) . e«t, Ub tts Yn yi SR Yn) = 0) (a =], iier m), 
and second, the end conditions, 
(13) | v(a) — hs = 0, 


(14) l yi(b) — bk; = 0 ( 9 1,--*,n). 
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The equation (12) may be regarded as a single equation in the composite 
variable (a, x), whose range is a subset of the range of elements (t, æ) 
wherez = 1,2, --- names b. 

Bliss* has given a treatment of a problem of which this is a special 
case by adjoining to (12) the n — m new equations 


(15) er, Ji ts Yn: Yis Bx | Yn) = Zæ) (r = m + E PEE. n). 


In (15) the functions e. are arbitrary except that they are to be chosen 
so that the determinant |d¢,/dy;| is different from zero at every point of 
the minimizing arc to be studied. Equations (12) and (15) can then be 
- written together in the single equation 


(16) l pila, Yis ts Yay Yis t5 Yn) oF Zi(a) (2 x 1, 2, tts n), 


with the understanding that Z; = 0 identically in 2, for 4 = m. 

Consider now a system of solutions y/?(x), Z?(x) of class C’ of the 
equations (16). Ina neighborhood of the elements (æ, y, y’) of this solution 
the functions e; are supposed to have continuous first and second partial 
derivatives, and along the solution itself the functional determinant 
l9op;/0y;| is different from zero. The partial derivatives d¢,/dy; and 
0oi/0y; will henceforth be denoted by v;; and Yi, and their values at x = a, 
by g(a) and y;(a). It is proposed to show that the problem of deter- 
mining a system of solutions of the equations (16) with initial conditions 
(13) is a special case of the theorem proved in § 3. 

Equations (13) and (16) together are equivalent to the single system 


Gyula); p] a(p) 


where the independent variables are p = (i, x), q = (j, xı) and G is the 
functional in the first member of the equation 


a) PWO- bi) + f eilen y xd = sa) Gol sn. 


Equations (13) have been multiplied by a matrix of rank n. The z; ap- 
pearing in (17) are the integrals from a to x of the functions Z;(x) in (16), 
and so vanish for xz = a. Equations (14) are discussed later. 

The general theory of the preceding sections will be applied to the 
solution of (17) for y when z is given. With the y which minimizes the 
integral is associated a 2 by equations (17), and it is in a first order 
neighborhood of these functions that a solution is to be found. The range 
P is specified to be the set of elements (i, 2), @ = 1, e,n; azazmb) 
The class WM is the class of functions y;(z) which for each 4 are continuous 
with their first derivatives on the interval.ab. The modulus, ||y||, is 


* Transactions of the American Mathematical Soctety, Vol. 19 (1918), p. 807. . 
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the maximum of the absolute values of y; and y; (= 1, +++, n). The 
functional G[ y; p] is the left-hand member of equations (17). 
— Yt remains to exhibit the differential A, its reciprocal A, and to prove 
that the postulates of $ 1 and hypotheses of $2 are satisfied. Postulates 
1—4 are immediately seen to be satisfied. Postulate 5 can be proven from 
the fact that convergence of the moduli of a sequence of functions of M 
implies the uniform convergence of the functions and of their first derivatives. 
The differential A is given for the function (17) by Taylor's formula* 
in the form | 


d — Llane) + E f EEE n) das, 


where 


l ' z 
Oila) = f eu (zi y + u(y — y), yO! + u(y! — y) du, 


l ; 
Cia) = li Jas, y + u(y9 — yD), y + u(y — y )du. 


In C and C, y® and y? are the arguments of the functional A, and are 
in a first order neighborhood of the extremal y? such that the determinant 
Wiz} + 0, and ¢ is defined. When y® = y® = y9, A reduces to 


D Xwsw() + X | ene) + bns. 


To exhibit the reciprocal A is to define an operation which will reduce 
(19) to n(x). This operation will be taken in the form e 


A= 2; | icono F J »e z1)m2:1)da + railed) | 


with suitably chosen functions l, A, v, and it is to be proved that when the 
functions qg(g) = q(z1) of the variable q = (i; 25) is replaced by A in this 
expression the result is n(p) with p = (k, a). To distinguish variables of 
integration from each other and from limits of integration, the notations 
€, 2,, 29 are used. Summations are from 1 to n. To choose the functions 
l, A, v operate as follows. Put z = a in (18) and multiply by undetermined 
factors l4(z). Form (18) for zı (a < zi « z), multiply by Xa(z, £1) 
and integrate from a to œ. For zı = 2, multiply by »&(z). Add the terms 
so formed and sum as to ?. _ 

A method of choosing the functions I, ^ and v is to be given so that the 
expression,  * 


2. [| bao) + f we ae + vua) | V; (a)n;(a) 


* Jordan, Cours d' Analyse, 2d ed., Vol. 1, p. 247. 
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+ f rates) [Cons nad 
m 4 Vaile) Leung + Vso ol | A 


whose formation was described in the preceding paragraph, reduces to 73(2). 
By the change in order of integration in the second term, and the combina- 
tion of the last two terms, this becomes 


(20) D| { date) + S ante odes + rasta) | V0) | 
tf æ 
Tc Hi (Pij 4+- Wiss) | i Axi2, wy) dey + V ki) às, | . 


A set of auxiliary functions ulg, zo) may be Gennes by means of the 
equations 


(21) [owe tider -t veilt) = waste, Ta) (k, t= 1, 2, +++, n). 


From (21) and the integration of the last term by parts, (20) is seen to 
become 


e» m | | lu) + futs odas + vast | aono 
T i Bas, tapil) — [nte 21) gi (zi) dz 7 ;dsta 
+l) f mate deade |. 


Next it will be shown that the functions yz:(z, zı) can be so chosen 
that the brace under the integral in the second term is independent of 2 
and therefore equal to a function xx.(z) satisfying the following equation: 


28) Fula P J| ntes ervoslardder + nt 
©) = dy Pees n). 
The differentiation of (23) for x, as it stands would imply the existence of y". 


To avoid this replace the u's by linear combinations of them, v4,;(2,. 22), 
determined by the following equations, 


(24) vas, 23) = Sala, zabale) 


The solution of these for the functions u is possible since H/i| + 0, and 
it gives | : 
(25) pas, 23) = 25 Cxe(25) Vri(a, 23). 
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From (24) and (25), equation (23) becomes 


2 
UEj(2, Xa) = 2. I Cxe(21) vei, 1) (21)das + Kejl). 
G 


In this equation the right member is differentiable for za, and the equations 
for the determination of the functions vz; may be written in the form 


d 
(26) x. unj(a, 22) = > exe (22) vlt, o) pista). 
4 ir 


These are linear differential equations which determine v;;(z, x2) uniquely 
subject to the initial conditions, 


(27) ; ` vij (t, t) = Ô kj» 
where ô+; is unity when x = j and zero otherwise. When the functions 
v4; are known the p’s are given by (25), the xs by (23) and the Ns and v's 


by (21). With the help of (23), (24) and (27) the expression (22) may be 
replaced by 


(28) >| | Lula) + vu) + fase, ades | yalanla) | 
— 2 xxj(2)n;(a) + nele). 


The functions ? may now be determined by the equation 
(29) 2. lC) a) = Ky(t) — 2; vii(z)Viu(a) — 2 va(a) T Ax, vider C 


so that everything in the expression (28) disappears except næ). This 
result 1s formulated in the following definition and theorem. | 

Definition. The differential A[ yo, yo, n; p] of the functional G[ y; q] 
in the equation (17) for the problem of Lagrange is the expression 


(30) Eam + X; | oni + variate, 
The functional A[n; p] is given by the formula 


(31) 2 | (ania) F T us 21)9(21)do + mnl) | . 


i 


In this definition the functions ¢,; and Yi; are formed for the extremal y®, 
the functions À and » are determined by the equations (26), (27), (25) 
and (21), and the functions / by (29). 

THEOREM 4.° The functional A is the reciprocal of A, that is if the n in 
(31) 1s replaced by the function (30), then (31) will reduce to x(x). 

The differential A given by (30) 1s seen to satisfy the first and second 
assumptions of $ 3. The reciprocal A is also seen to satisfy these assump- 


uu 8 i 
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tions. The third assumption as to A follows from the continuity properties 
of e, and from the mean value theorem. It remains to show that the 
reciprocal vanishes identically only with the argument n. 

Lexma 7. If the functions n;(x) are continuous with their first derivatives 
on the interval ab, and 4f the equation : 


€ 


(31) Y: | mema + [ot comode + ane | si 


holds identically in x and x, vt follows that q;(x) = 0 identically in i and x. 

To prove this, putz = a. From (29) with the help of equations (21) 
and (23) for z = z, = a, it follows that l(a) = 0, and from (24) and (27) 
it is seen that | »,;(a)| + 0. Therefore 7;(a) = 0 identically in «; and it is 
correct to write 

zi 
we) m | ni des. 

From (31) then 


2: f Arit, 21) f 5, (22)dasdz; -+ vu) | vedda = 0. 


By change of order of integration, combination of terms and the use of 
(21), this becomes 


(32) x i MEE E iter = 0: 


From the,theory of differential equations, the solutions of equations (26), 
and hence also the functions ulz, xı), are differentiable for z. "Then 
differentiation of (32) with respect to x gives 


G3) —— Eme ene) =- E f Smale, ereda 


After multiplying by u;i(z), the matrix reciprocal to uzil, £), summing 
with respect to x and setting 


E 0 
pii D Ark (2) az pas, 21) = c ia, 1) 
b T i 


the equations (83) give 
(34) 2. (x) = 2, f o «i, v) dz. 


The proof that no solution of (32) exists except «/(z) identically zero 
is & slight modification of the corresponding proof for Volterra's integral 
equation. If M and m are the maxima of |¢,;(z, 2:)| and n;(z) respec- 
tively, for r, 1 = 1, 2 *:- n and values of x and 2; on the interval ab, the 

* Bócher, An Introduction to the Study of Integral Equations, p. 16. k 
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equations (34) give 
m = f mimis = nMm(z — a), 


-and by repeated applications of this inequality it follows that 


(c — a)* 
al ^ 


m mn*M"m 


for every positive integer a. As this last expression approaches zero with 
increasing a, it follows that 


1, (c) = 0, a@Q=222 5, r=], 


Since gta) = Q, it is true that 7,(x) = 0, as stated in the lemma. | 
The postulates and hypotheses of the general theory have been proved 
to be satisfied in the case of the Lagrange problem. The results of this 
section may be stated in the following theorem. 
THEOREM. Under the hypotheses made at the beginning of this section 
the system of equations 


(ei, Vis ttt Ym il "tty al = £z) (2 1, n) 


with the initial conditions y;(a) = h, G= 1, =, n), is equivalent to the 
single equation 


Ys) y(0) — W] + r edz = zz). 


This has the om T 
G[y(a); pl = 2(p) 


where p and g represent the pairs p = (4,2), q = (3, £). If y(q), x9 (p) . 
is an initial solution of the last equation with properties as prescribed . 
above, then there exist two neighborhoods (y™), and (9), such that to . 
every z(p) in the latter there corresponds one and but one solution y(g) in 
(y),.° The functional y(g) = Y[2; q] so defined is continuous in (20), 
and reduces to y = y® for 2 = 399. 

Tum UNirvzRsSIPY ‘or CuicAaO. 


ON THE LAPLACE-POISSON MIXED EQUATION. 
By R. F. BORDEN. 


INTRODUCTION. 
We designate as the Laplace-Poisson mixed equation, the equation* 


(1) f + 1) + pef e) + ofle + 1) + mefe) = 0. 


which was first studied by Poisson], and which is analogous in form and 
in theory to the Laplace partial differential equation 


8 -+ ap + bq + cz = 0. 


Poisson finds solutions in finite form by means of transformations analogous 
to those used by Laplace in solving the differential equation written above. 
These transformations put the mixed equation into beatae of the same 
form, viz: 


Fet 1) + PaE e) + Q@F@ + 1) + M) FG) = 0. 


When certain relations exist between the coefficients of one of the trans- | 
formed equations, Poisson solves that equation by the standard methods 
of solving linear difference and differential equations of the first order, and 
then obtaims the solution of the original equation by reversing the trans- 
formations. 

The remark of Poisson, that the theory of this type of equation is but: 
little advanced, still holds true more than a century later. In this paper 


* The coefficients p(x), g(z), and m(x) are analytic functions of the real or complex 
variable v. , l 

1 Jour. de P Ecole Polytechnique, t. 6 (1806), pp. 127-141. See also Lacroix, “Traité 
du Caleul," 3d ed., Vol. 3, pp. 575—600, for the work of Poisson and other early investigators 
in the field. Other papers on mixed equations are the following: Vernier, Ann. de Math., 
13 (1882), 268-267; Gregory, Cambridge Math. Jour., 1 (1889), 54; Boole, “A Treatise on 
the Caleulus of Finite Differences" (1860); Walton, Quart. Jour., 10 (1870), 248-258; 
Combescure, Ann. Ec. Nor. Sup. (2), 8, (1874), 305—362; Cesàro, Nouv. Ann. (8), 4, (1885), 
36-41; Laurent, “Traité de Analyse" (1890), Vol. 6, 234-236; Lemeray, Edinburgh 
Math. Soc. Proc. (1898), 18-14; Lecornu, Bull. de Soc. Math. de France, 27, (1899), 158-100; 
Oltramare, Assoc. Fr. Marseille, 20 (1891), 66-82; Oltramare, Bordeaux Assoc. Fr. Bull., 
24 (1809), 175-186; Oltramare, “Calcul de Generalisation” (1809); Brajtzew, Moscow Coll. 
(1901); Pincherle, Rendiconti Pal., 18 (1904); Pincherle, Mem. Soc. Italiana d. Sc. (3), 
15 (1907); Meissner, Schweiz. Puani .» 04; Polussuchin, Zurich Diss. (1910); Schmidt, 
Math, Ann., 70 (1911), 499-524; Bateman, Proc. 5th Int. Cong. Math., Vol. 1 (1912), 
291-294; Hase. Bull. de Soc. Math., 36 (1912), 10-24; Schurer, Ber. Gev. Wiss. Leipzig 
(1912), 167-236; (1913), 180-143; (1914), 137-158; Carmichael, Am. Jour., 85 (1910; i 
151-162; Bennett. Ann. of Math. (2), 18. 
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the elementary theory of the equation is extended along lines initiated by 
Poisson. Most of Poisson’s results are incidentally included, but the work 
is from a different point of view, and the formulas obtained are more explicit, | 
since their explicit forms are needed in the development of our further 
results. The theory of the invariants under the group of transformations 
f(z) = w(z)g(z) is developed along the same lines as is the corresponding 
theory of the Laplace equation.* Largely the same methods are used, the 
analogy being very close. The results are summarized below by sections. 
I. The functions 


m) _ pe) mx) 
wn. (oO "pe 39 so 








es 


form a fundamental set of invariants under the group of transformations 
f(x) = v(x)g(x), which transformations do not change the form of the equa- 
tion. 

II. When one of the fundamental invariants js zero the equation is of 
such nature that it may be obtained by differentiating a difference equation 
or else by applying the difference operation to a differential equation. 
That is, it may be solved by integrating first a linear differential | difference | 
‘equation and then a linear difference [ differential | equation. These solu- 
_ tions each involve an arbitrary constant and an arbitrary periodic function 
of period one. 

III. The Laplace-Poisson transformations 


(S) fs) = fe + D + pefe) and (T) fre) = F) + glat DF@). 


leave the form of the equation unchanged. The invariants of the equation 
gotten by applying S or T are simply expressible in terms of the invariants 
of the original equation. The two transformations are, in a sense, inverses 
of each other; for the application of both in either order to (1) gives an 
equation with the same invariants as (1). Successive applications of S, 
or of T, give equations of the same type, whose invariants can be expressed 
. in terms of the invariants of the preceding equations under the successive 
transformations, and therefore in terms of the invariants of the original 
equation. 

IV. The solutions of the equations obtained by successive spelen one 
of 8 or T may be obtained in terms of the solution of the nth transformed 
equation. In particular, the solution of the original equation may be thus 
obtained. 

/ V. The term rank of the equation is introduced in accordance with the 
nomenclature of the corresponding theory of the Laplace partial differential 


e  * An exposition of the theory of the partial differential equation s + ap + by + ce = 0 
may be found in Forsyth’s “Theory of Differential Equations,” Vol. 6, pp. 44-96. 


* 
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equation.* The mixed equation is said to be of finite rank when a finite 
number of applications of S, or of T, results in an equation with a vanishing 
invariant. The equation can then be solved in finite form, and an arbitrary 
part of the solution can be so chosen that quadratures of arbitrary functions 
are not involved.. The equation is said to be of rank n + 1 of the first 
kind when 2 applications of S give an equation with a vanishing invariant. 
This is a necessary and sufficient condition for a solution of the form | 


f(x) = Eq(a) F(a) + Ei(z)F'(o) + +++ + En(a) PM (a), - 


where the E’s are determinate functions and F(a) is an arbitrary periodic 
function of period one. The mixed equation is said to be of rank n + 1 
of the second kind when n applications of T give an equation with a vanish- 
ing invariant. In this case, the solution without quadrature of arbitrary . 
functions is a determinate function of z multiplied by an arbitrary constant. 

VI, VII. The restrictions on the coefficients of the mixed equation in 
order that it be of finite rank of the first kind or of the second kind are found. 

VIII. When the equation is of finite rank with respect to both S and T, . 
it is said to be of doubly finite rank. The restrictions on the coefficients 
of such an equation are found. | 

IX. Generalizations of the Laplace-Poisson transformations analogous 
to the transformations used by Lévyt in connection with the Laplace 
differential equation are here tried with a result similar to that found 
by Lévy, viz: that they are not generally useful in n obtaining an equation 
of the type (1) with & vanishing invariant. 


I. Tre D cere OF THE ÉQUATION. 


The equation§ 
(1) fi@+1) + p@f'@) + a(of(e -- 1) - mf) xL 
is on by a transformation of the group 
2d v(x) g(a) 


into the form 


Q) get 1) + Pegle) + ege + D + M()g(z) =0, 


* Forsyth, I. e., p. 60. - 

t Journal de V École Polylechnique, 1. 88 (1886), p. 67. : 

t See Forsyth, l.c., p. 94. i 

§ We shall develop the theory only for the case when p(x) is notezero. When 
plz) = 0, I(x) and J(z) are illusory and a(x) and 8(z) are each equal to m(z). It may be 
readily seen by following through this paper that the case p(z) — 0 can be carried, but the 
conditions for solutions here developed become simply mz) = 0 when p(z) = 0, and the 
equation is then not a aiu mixed equation. 
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where 
Pa) = pa, Qt iD ae, 00 07 
and l 
Me) = me) st pay E 
Be ME) a ^ 


The form of the equation is therefore unaltered by the substitution. By 
eliminating v(x) in two ways from the relations petyeen the coefficients of 
(1) and (2), we may obtain 


p(a)[M (a) — P()QG) — P'G)] = Pæne) — pq — rel 
and 


pz) M(x) — P(@)Q@ — 0] = P@)Lm@) — p(e)q(z)1) J. 








Hence i JG) 
mlz x 
| IG) = 505 — 46) O 
and 
J (x) = ma (z — 1) 


are absolute invariants of the equation (1) under the group of transforma- 
tions f(z) = e(z)g(z). We shall find it convenient to use also the relative - 
invariants £5 m 
alz) = m(x) — p(x)g(x) — p'r) and gl) — m(z) — p(z)q(z — 1). 
'l'hese functions are each multiplied by v(z)/v(z + 1) at each palate 
of f(x) = v(x) g(a). 

We will now show that I(x) and J(x) form a fundamental set of invar- 
iants of the equation (1); i.e., that all invariants of (1) under f(z) = v(z)g(z) 
can be expressed as functions of I(x) and J(z) involving only algebraic 
operations, the operations of the acne calculus and the difference 
calculus and their inverses. 

We will choose v(x) in the transformation f(x) = v(x)g(z) so that the 
equation (1) will be put into the form (2) subject to the restriction 


P(x)Q(z) = M(). 
This condition reduces to | 


TT iia p Lew - n1 7 29 5| cg 


whence we may take 
as d = ha ma de 
d (ae T 
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This condition is also sufficient. So, by choosing o(x) properly, we can 
transform the equation (1) into the form 


g+ 1) + P(2)g (9) + QGg(c + 1) + PORE) = 0. 


r4 


The J and J invariants of this equation are 


P(x) 
1) = Po) 
and ' 
J() = QG) = Qe — 1) = AQG — 1). 
Accordingly | 
— I (z) da 
P(x) = ce Ja, P ^ 
and 


Q(x) = ZJ(x-4- 1), 
where = denotes some particular finite integral. Hence the transformed 


equation is 
fio 
To 


es dz 
(3) glet I +e g(x) + EJ (æ + Dg(z + 1) 


- fra 
+e "* ZJ (a + 1)g(v) = 0. 


This is df the same form as the original equation (1), and is derived from 
(1) by a transformation of the group f(x) = v(z)g(z). Therefore (3) has 
the same inwariants as (1) under transformations of the type considered. 
Since the invariants are functions of the coefficients alone, it follows that 
all the invariants of (3) are expressible in terms of I(x) and J(z) only. | 
We shall refer to I(x) and J(x) simply as the invariants of the equation. 


IT. SOLUTIONS WHEN ONE INVARIANT IS ZERO. 
If I(x) = 0, then el) = 0, 


and | 
mlx) = p(x) + p(x)q(a). 


The equation may then be written in the form 


d 
-gfe + D+ p@f@) 1+ «Ge fG +1) + p(z)f(z) | = 0, 


whence 
= f adz 
fe + 1) + pæfa) = ce “> -.. 
To solve this, we first solve the homogeneous equation 


gle + 1) — [= reka) = 0 i 
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as follows 


4 


log g(z + 1) — log g(x) = log ;- "m 
g(z) = elz) gt logi—p(2]. 


where g(x) is an arbitrary periodic function of period one, and X denotes 
& finite integral* for some range of the variable z. 

Let f(x) = u(x)g(x) and substitute in the non-homogeneous equation. 
We get, taking g(x) = 1, 


or 


u(z 4 1D — [— p(x) Jula) CPO = ce d 
Hence 


ulz + 1) — ua) ET T f aede- Zlog[— p(z + 1)] 


and therefore 


"m - f. ae)de— Plog pe +9) | 
u(x) = 


ye dico d 
where F(x) has the period one and is otherwise arbitrary.’ So we have 


() fla) = etn | Pe) + zos e Pct rem] 


If J(z) = 0, then B(x) = 0, and | 
| m(z)- p(x)g(z — 1). | 5 
The equation may then be written 
f'@+)) +¢@fet) + e@L'@) + qe — Df()]* 0, 
from which we obtaint 


A log [ (2) + q(z — Df(@)] = log [ — p@)], 
f'(@) + gle — Df) = 6(z)e eo), 


0(x) being an arbitrary periodic function of period one. Hence we have 


H 


- f. qe — Ddr E NI »(2)]-- f, «s— 2d 


whence. . 


(5) f(z) =e 
nn [Ate 
where K is an arbitrary constant. 2 
(C^ FG) is said to bo a finito integral of G(z) if 
| F(z +1) — F(z) = G(). 
In this paper, the Em Z without limita of summation denotes a-finite integral. When 
used with limits, e.g., à it denotes an ordinary summation. 
e tA denotes the difference of a function, i.e., 
. Av(z) = v(z + 1) — v(z). 
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We have thus shown that when I(x) = 0 [J (x) = 0] a solution of the 
equation (1) can be obtained in finite form by solving, first a linear differ- 
ential [ difference] equation of the first order, and then a linear difference 
| differential ] equation of the first order. | 


III. ‘Tue Lapiace-Poisson TRANSFORMATIONS AND THE INVARIANTS OF 
THE RESULTING EQUATION. 
The Laplace-Poisson transformation 
(S) Fale) = f(z + D + pola) 
transforms the equation (1) into an equation of thé same form, viz: 


(6) falet 1) + PSE) + ga (@)fa(e + 1) + malaal) = 0, 





where l 
I(x4-1 
Ps(x) = pl) S = p(z- 1) e , 
and > 


mala) = pe + D FEP + pet DIG d D. 


The invariants of (6) under the group fs (x) = v(x)g(x) are 





m 
l Jae) = TAE — gale — 1) 
| = g(x) + I(x) — q(x) 
e i = Ik ` 
and ; i 
_ Maa) . Ps{@) 
Ha) = ain ^ 2) — pala) 
p(r--1. d 





= q(z) + I(z) — gq i Ds T Aloe 162. 
If we add and subtract m(æ + 1)/p(@ + 1), we get | 

Ig(x) = Ie + D) + Ka) — J(z4-1)— A 4. log I(a). 

Under the Laplace-Poisson transformation 
(T) fanle) = f'@) + ge — DI@) 
— the equation (1) becomes 
O fx +1) + pane) + an@fnle + 1) + mn(@)fn(z) = 0, 
in which the coefficients may be reduced to the following forms: 
Palt) = p(z), 


J' , 
qn(z) = g(a — 1) — Fon ea 
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and ) 
! J 
mala) = PTE) + pus — D — 2) FE. 


' The invariants of has under the group f(z) v(z)g(a) are 

















—— 
-J9qe- 1)  -qe- pH ELT re 
= J(z) 
and 
Ina) = 2 MM 1 
— J'(z) , J'(z— 1) pe- E 








plz — 
If we add and subtract m(x — 1)/p(x — 1), we get 


Ja(z) = J(z) + J(z — 1) — Iz — 1) — A= log J — 1): 


Hence we see that the transformations S and T each transform the equa- 
tion (1) into an equation of the same form, the invariants of which may be 
simply expressed in terms of the invariants of (1). 

The two transformations S and T are, in a sense, inverses of each other; 
for TS gives 


fre) = fa) + a 
= f'(z + 1) + po e) + p'le) + rafe +1) + pG)g(z)yf(z) 
= [p'(z) + p(z)g(z) — ma) If) 
= — pef) = — a(x)f@), 


and ST gives 


fet) = fnaf + 1) + p(zfa) 

=F 4-1) + efet 1) + pef Ee) + pæle — Df) - 

= [p(z)g(z — 1) — m@) lf) 

= — p(z(z(z)- — gf). 
` Hence the equations resulting from applications of T'S-and ST have the same 
invariants as has.the original equation. Furthermore we may transform the 
equation (1) into itself as follows. Apply TS[ST]. The resulting equation 
is that obtained by replacing f(z) in (1) by a(z)f(x)[8(z)f(z)] Then the 
transformation f(x) = g(z)/a(xz)[ f(x) = g(zx)/8(z)] brings us back to the 
equation (1). 

Let Ig (x) and Jg (x) be the invariants of the equation obtained by n 

successive applications of S.° Then we have 


J g(x) = Ts, (2), 
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and 
d 
Isl) = lg (x + 3) + Ig (2) — Js, (2) — Az log Ls, (2). 
So we can write 


Isla — Ig (@ +) — Is.) + Ig (c tt 1) = — A log Ts, (2) 


. d 
Is æ — Isalt 1) — Irale) + Ls, (t A 1)--— As log Is, (x) 


d 
Ig(z)-— (a+ 1) = Ka+ Jeti s=- A = log I(x). 
Adding these, we get 
d 
Ig(x)— Ig_(a+1) = I(x) — J@t+ 1) — Az log [T(a)Is (2) «++ Fo, (x) 4. 


Write this for n, n — 1, n — 2, «++ successively, and add 1 to the argument . 
at each step. We then have 


Is(2) — Is (e D = Ila) — Je +1) — AF Mog OTa) +++ Ia, 6] 
Ig 1 l2 d 

. = e+ 1) — Jæ + 2) — AL log [Ite + ee Pe Coe oe Be 
ia Is Ie - i 


= I(z--n—1) — J(z-4-n)— A log I(z -- n — 1). 
Adding, we get 


Is(2) — I(e-- n) 216 - E) — 224 D 
- 6X tog Ire +) H neto ++ Te] 
k= kb—0 


or 


(8 Ig,(e) = I(x) + UG +k) — J(+ E] 


Also 
O Ja) = Is = 12) + ZU) — JG E 


- Ag; | Ire + b I Tate + b re + E) s Is (2 |. 


- A3e[ Tre o hetb ++ Tater]. 
bez0 rer 
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If Irlæ) and J n(x) are the invariants of the equation obtained by 
applying is n times, we have 


Ig Jr, (2, 
and E RUP gus 


i at 
Jn (t) = ; Jn LG) T Jp — D- Pi T(t — H= j; 98 Jar - = 1). 


So we may write 


Tala) — Ine- = y= 7 i Tase- EJ = — m Irie- — D 
T4) — dile" Jaf) bd dete log Jn, (à 1) 


dz 


ka 
M 


Tale) — A — 1) — P + Iz — De: = — TM dodi: 
Adding these, we get 
Jn (@) — Je- 1) = JG) — Ie — 15 
4 € 
i; 98 [J (e — |J ne — A): ad oe 1) ]. 


Write this for n, n — 1, n — 2, =. successively, subtracting 1 from. the 
argument at each step. We have then 


Fale) - Sn, (a —i)= rÒ- - Ie — Sd O | ° 
Sa log DJsG D dg o1] 
Jr, (@ — 1) — Jae — 2) = Je — 1) — I(z— 2) — | 
EE | — A Flog [J(— 2) a(2—2)- Tp, (0—2)] 


Ti diode eae Je=n+ D Ie- m 
e p Gd D ML cial w] 
Adding these, we get 
Jr (£) — Je- n) = Ede — h- Yeh 
E Pod vy 
= “Sel Tit -— B Qu ved (a— » |, 


and therefore f 


(10) Jr (2) = J(z) 4 XUG- -— y -— [de AS RN dE E 1 
TN -ayel Hire = bl Ine E) +++ In (@- 1) |. 
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Also 
AD Lre) = Jr le) —J(2) +, EU (v — k) — Ke = 32 


"as el Hise bine: —k)-7 Je — -»] 


So we have ihe résult that after' n successive ——Ü of the 
equation (1). by SI T-], we-arrive at an equation whose invariants can be 
expressed-explicitly in terms of the-invariants of (1). and the-invariants of 
the intermediate equations obtained by 1, 2, 3, ---, n —-1 applications of 
SCT], and hence in terms of the invariants of the original equation. 


- .- IV. SOLUTIONS or SUCCESSIVELY TRANSFORMED EQUATIONS.: 


After n + 1 applications of S the new depéndent variable is fs (2). 
Operate with T and .call the resulting: dependent variable fe bra Ur 
, We have then.’ 


das) = fae +1) + pe (fs (2) 
ON a(t) = ee + ds a (t 7 pu Df (2) 
— ps Ts fs (2. 


Multiplying by exp [ f de + cd , and remembering that 


(x - —1)= us r n) 
we have des 


zn 
3| feats je J dd E 2 m auod n 


and therefore 


jaime 


P eund 


a TEUER. B zu" 1 
= ps (Ts) de 3t ssa 


f tias 
Since a 
“qatn)de | AE sitet | 
e 7 -—g29 i 
IX i m d EE 
per JE a@+n Dis fi agen Dde 
We may write 


(n—1ds "^ dB, 
fiaen- "a, 


d (a e^ n dz" , 
where MP LO ; mu 
d Aq n de 
As c OTA 7 5 
and , 3 ' 
ie aetna 


B. =f NT a)e e 
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Then we have 


AT ™ EC) 


ma q(--n—8)da a] d ( d )] 
: = Ag An- E Anz Dn D 


fi q(z—1)dz d[(,d d(,d 
fiae tad food (ada) ]h 
where the successive A’s are gotten by replacing n in A, by n — 1, n — 2, 
n — 3, +++, 2, 1, 0, if we agree that p&(z) = p(x) and Igle) = I(x). ` 
In a similar way we can get an expression for f(z) in terms of fr. (t), 
the dependent variable after n applications of T. The (n + 1)th applica- 
tion of T gives : 


fra) = fre) + 97, — Lf zz). 
Then. operating with S, we get, since pr (x) = p(x), 


fr s = frm + D + pfe. 
= — p(x)J nE) x(x). 


We want to find a quantity x(x) such that 


x (2) fa, m 1) s PES zu) ] m Al fo (V (2) T. e 


We may then take 
x (a) T3 v(x ER 1), 


pe) Va) = — vo). 


These two conditions give 


and 


V (a) == g~? log [pe] 


Then we bave , 
x(z) = p(z + 1) = ete isti. 
So we write 


Efrat t 1) + pafar (x) p — — p(2)J p (E)E ANa (a), 
whence 
Afp (z)e7 308 [=] — plz) J p (2)f r (zen? Oe re] 


and therefore s i l 
Ta(r)p a ERRE CAD. 
where 


— 1 
- . C, ES NRI NEARS AN : 
4 p(z)J »,(z) 
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and 
D, = fna (x) e log [—p(2)] : 
'Then we have 


fn EJE = 0, A(CyAD,) 
fe (ae? s Imma — C, AL Cr »A(C,AD,) | 


(13) f(x)e Fett) — CAL CiAL--- ACC,AD,) 1], 
where the C's are gotten by replacing n in C, by n — 1, n — 2, ---, 2,1, 0, 
if we agree that J4(z) = J(z). 

Now we have expressed the solution f(z) of the equation (1) in terms 
of fs.(x)lfz(x)] the solution of the nth transformed equation under 
SCT]. We have seen that we can find fa (x)[ fz, (x) ] if Ls (a) - O[ L7. (2) 07] 
or if Js (x) = 0 [Jr (£) = 0], and these solutions will be in finite form. 


V. THE Rank OF THE EQUATION. 
Suppose Is (x) = 0. The equation may then. be written in the form 


d | 
3; Lfs + 1) + Ds, @)fs,(@) 1+ 9s,(@)Lfs,(@ + 1) + ps (fs, (2).] = 0, 
which, as may be seen from § II, has a solution of the form 


oe — f” gs,(z)dx — Z log [— 1 

fi) = merger { "TT Jas 0d — Z log [— ps. (s + n, 
where F(x) has the period one and is otherwise STOLE EY; and where c is 
an arbitrary constant. 


| "qs 4- n — Ddz 
As before, denote Ju’ did fs (zx) by By-1. Then this expression 


is seen to be of the form 
Banı q(z) FG) + eZ£(2) 


where y(x) and (x) are determinate functions of x. Making use of a 
previously derived formula, viz: 


T NEL a3 [aS [5 (422)]]. 


we get an expression for f(x) of the form 


f£) = E2) (F(x) + eZ£GQ2 ] + Ei) UP" (0) + LeZ£GQO T] 
+ EXP" : ) + [eDé(a) ]") + 
HE 
j fe + BG) [FO (a) + Lt), 


where the E's are determinate functions of z. 
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Taking the particular integral for which c = 0, we have a simpler 
integral which does not involve Z£(z), viz 


(14) F(x) = Eo(x) F(x) + Exe) F(x) + +++ t Ena) Fa). 
We will call this an integral of rank n + 1 of the first kind. We will call 
the original equation of rank n + 1 of the first kind when J; (x) = 0* 


and Is (x) + 0, where k takes the values 0, 1, 2, ---, n — 1. 
Conversely, if the original equation 


(0) fe + D) + reS E) + g@) fe + 1) + mafe) = 0 
has a solution of the form (14), where the E's are determinate functions of 
t, and F(x) is an arbitrary periodic function of period one; then after at 
most n applications of the transformation S, we will have an equation of 
which the J invariant is zero, 1.e., 

| Is(e)=0, (unm) 


To show this, substitute in (1) the expression for f(2) in (14), remembering 
that 

Fe + u) = FQ). 
We then have 


Eat) Fe) +E +I Fet +++ 4- EG 1) F9? x)+ Enlt LPO (x) 
+ p(z) LEs 2) F(z)-- Es(2) F'(e)-- +++ Ea) F9 (2) - En) FO (2) | 
+ OLE +H DF (2) - Ex(z- 1) F'(2)9- +++ +E@+) F0 (2) ]" 
Em) Ev) FG) 4- Es (2) P ()4- +++ E Q0) P 0(2)] = 
which may be written in the form 


E, sir) F(a) + Kyla) Fo (2) + Kar) Feo) + my 


where : 
K, ao) = E(t + 1) + p(z) (x), 

Ky(t) = Eat + 1) p()Ei(2) + Ele + 1) + p(x) Eia) 

~ . + q(z) E.(x + 1) + m(x)En(2), 
Ky-1(@) Eun 1) at p(x) Es (a) + Eae + 1) + ple) E, (2) 

+ q(t) Enl + 1) + m(z)En—i(z + 1), 

and so forth. All of these K's must be zero since f(x) satisfies the equation 
(1) for all values of F(z). Hence ) 


E,(e+1) = — p(e)En(z), - 


and 
Emale + 1) = = EEG) = dz i DoD, (2) ] — p(z) E. (2) 
| + s(x)g(z)E.G) — m(x)E«(z) 
= p (©) Ente) Fpl) q(@) Es (2) — m(z)Es(n) 
å = — p(x)(z)E.(z). 
* Note that if Js,(z) = 0 then Z5, ,(z) = 0, as may be seen by referring to § III. 


Borpen: On the Laplace-Poisson Mixed Equation. ° 271 


Applying the transformation S to f(z), we have 

f(z) = fe + 1) + pfe) 

= Eole + DF@) + Ele + DP’ @) + +++ + Ele + DE™® (2) 

+ p) Es) F E) + EEE) H --- + Ene] 
= [E.G + 1) + po) ESQ) ]FO (2) 
T Mimil Tum pet aes 

= 0 — plo) e) Fe) + - 
We see that the order of the transformed — in F(x) is less than 
before. Repeat the process, reducing the order each time, until we get 
one of the invariants I(x) zero, or else we get a new dependent variable 


fs, (x) = R(x)F() 
which satisfies the equation : 
fs (@+1) + pa, GOfs, (a) + gs, fs, (6 + 1) + ms,(a)fs,(@) = 0, 

or - 
Ria + DE) + R@ + DF) + ps, GOLR' (9) F2) + Ra) a] 

- + qs, (e) R(x + 1)F (æ) + ms, (x) Ria) F(x) = 0. 
This equation is an identity in F(a), so the coefficients of F(x) and of F'(x) 
must be zero. Setting the coefficient of F'(z) equal to zero, we get 


Ds, (v) = — E 3, . 





Putting this into the coefficient of F(x) set equal to zero, we have 


R'(v 4- 1)— e + s(x) R(e + 1) + ma, (x) R(z) = 0. 


Forming the invariant I;,,(z), we have 


p(e)Is,(2) = ms, (£) — ps, (2)q@) — ps, (2) 





_R@+DR@ R@t) 2 Rc) 
= RG) Ré) — 0 RG 
R@+1) , RG)R'G--1)— Re+ DR'G) 
ds, d Ra) Ræ) R(x) 


which is identically zero. Hence we see that I 5, (z) = 0 is a necessary 
as well as a sufficient condition for a solution of the form . 
(14) f(a) = En(a) F(a) + Ei(z)F'(z) + +++ + Ea (x) Fez). 

Suppose that Jz,(x) = 0* and Jz(x) + 0, where k takes the values 
0, 1, 2,3,+:-,;2—1. The equation in fr (x) can then be written 

* Note that if In, (z) = 0, then Jr, (£) = 0, as may be seen by referring to § III. 


i 


e 
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fale + 1) + qu Gfz (e + 1) — [7 9G) JL fr) + on(@)fz,(2)] = 0, 


which, as was shown in § II, has a solution of the form 


= S. qr, (z — 1)dz [so T p(z)} + L qr,(t— 1)dz 


p 


fr, (2) = e 
NE ibus 


where 0(z) is an arbitrary function of period one, and K is an arbitrary 
constant. We will write for the sake of brief notation 


200 HOY, (s) = OY (a) 
We have already developed the formula 
(13) g Mos PNE) = CACAL. ACADA. 


In our present case 
D4 = e9 (a) and Us = 


B plz) PR (x) 
Then f(x) takes the form 
(15) fe) = Woe) V@) + Wie) Viet) +--+ + Wa@) Vert v), 
where the W’s are determinate functions. Choosing 0(z) = 0, we have the 
simpler integral 


f(z) = KWa) + Wile) ss + Wa). ‘ 


or 
fla) = KW), 
where W (x) is a determinate function and K is an arbitrary constant. 

The solution (15) we will call of rank n + 1 of the second kind, and the 
equation for which J, (x) = 0, and J (x) + 0, where k takes the values 
0,1,2, 3, ---, n — 1, we will also call of rank n + 1 of the second kind. 
In this paper, we will be concerned with the rank of the equation rather 
than with the rank of the solution. 


VI. Equations oF Fintrre Rank or THE Fimst KIND. 


Suppose the equation (1) is of rank n + 1 of the first kind. We then 
have , 

Gs (£) = ms(x) — pa(x)qs (2) — Ds,(z) = 0. 
If ps, (x) and gs (£) are chosen arbitrarily, ms (a) is defined by this equa- 
tion. Using the expression for ms (æ) thus defined, the invariant 





e aS S mg, (2) Sm 
"P que Tem 
becomes à : 


d | 
S Js, (2) = Aqa, (£) + Je log s, (2). 


* 


Borven: On the Laplace-Poisson Mixed Equation. ° — 278 


We have proved that | 
| d 
Isan) = Ig (x + 1) kg Te. (¢) — Ja, (2) — Az log Ta. (2), 
and | | | 
| Jat) = ls. (z), 
from which we get ii j l 


d 
J saa) = Ja, (x t+ Dd J&(x) — ne) — AG" Ja, (z). 
Therefore, since I, (x) = 0, 


d n 
Js, (2) = Js. (x + 1) + JJ) — A 3,108 J s (2). 


‘So we can now calculate the coefficients in backward succession. 
Since ga, ,(z) = qs, (z — 1), we have 

g(t) = qa, (€ — n). 

Also we have | 


LX ER 


or 


Pa, (6 1) = pale) EE, 
also i Ç 
es, (t+ 2) = Ps. e F1) I+D 
Js (z)Ja, (2 + 1) 
7 PO Tae Ds, e 3) 


Asl. DoD cfle d) 
p(x +n) = Ds, (x) Js(z + DJs, (£ + 3 . Ja +n)’ | 
Reducing the argument by n, we have 
Ja(z— na, (z — n+ 1). Ja(z — 1) 
pz) = palz — n) TG —n LG —n-+ 2) F "Ja 
Also we have l 
m(z) = p(z)g(z) + p'(z) + pM (2) 
= paz) + pie) + p(x) Ja (2), 


or = may use the form 
m(z) = »(z)q(z — 1) + oa) rc 


"Thus we have developed the restrictions upon the coefficients of (1) 
which must exist if (1) is of finite rank of the first kind. "That these condi- 
tions are also sufficient, may be seen by reversing the steps of the discussien. 


" Or 
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VII. Equations oF FirNrTE Rank oF THE SECOND KIND. 


_ Suppose the equation (1) 3 is of rank n + 1-of the second kind. Then we . 
have 
Br(2) = mnla) x - py (aqme —1)260. 


Hence if pr(r) and an) are gaa given, — is determined. 
We have already found . - 


Jr (2) = Jr, (2) -Jo, (e— 1) — I, (— 1) — s Pus I a 1), 
and 
Jr, (2) = In(2). 


From these. we get, remembering that J r (2) = 0, 


Ine) = Ja, (2) = ™® — ga (a) — PH 





pez) prt) 
C SL Dr. (t) 
UE Aqr.(z ep pa(z)' 


Now we can Sedat the coefficients in backward succession. We 
have seen that . 


We also have 


p(x) = Prle). 


qr.) e qr, CE m 1) — is CJ r, (z)p(2)], i g 


whence 
e 


| eee 1) = gra) + 3 lee zi rape) 
Hence it follows that 


grs — 2) = x(a) + T t log [J n (2)J se -— Noes — a» 
e Es 8)" = l 


qz — n) = qala) Slog Ln, (a) IE — n)pla) ++» ple — 0]. 


Increasing the argument - n, we have 


q(@) = qne 0m t £ log [J x +n) JG)p( + n) +++ pl), 


g(a) = qre m) + £ log [In(z d- n) +++ La ()p(z +n) +++ p(2)]. 
"To determine m(x), we have i 
me) = pale — 1) + ple)J(2), 

m(x) = p(z)q( — 1) + p(z)In(2). 


Ore 
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Thus we have found the restrictions on the coefficients of (1) which 
must hold if (1) is of finite rank of the second kind. By reversing the steps 
of the discussion we may see that these conditions are also sufficient. So 
. we now have the necessary and sufficient conditions that (1) shall be of 
finite rank of either the first or the second kind. 


VIII. Equations or Dovusiy Fintre Rank. 

The equation (1) is said to be of doubly finite rank when it is of finite 
rank with respect to both Sand T. Suppose it is of rank k + 1 with respect 
to T, and of finite rank with respect to S. Transforming it k times by T, 
we have, since Jp (£) = 0, 


(16) fale + 1) + p@fn@) + Inne + D) + pane Dine) = 0. 


This equation is also of finite rank with respect to S. Suppose that rank 
is r-- 1. We wish to see what restrictions are then imposed upon the 
coefficients p(x) and qz,(2). 

First, apply the transformation 

N 


fo) = v(x) A(z), 


which does not change the rank. We will choose v(x) so that the coefficient 
of h(x + 1) in the new equation shall be zero. This requires that 


v' (x -- 1) 
olz + 1) ae Qr), 





e 
whence 


iius f amo Dd 
T) =g . 


The equation then becomes 


h (x + 1) + pæ) Pss pre) = 0, 


which may be written in the form 





. rx-Fl T i 
an ied Tyas m cn n itas 


This equation, being of rank r + 1 with respect to S, has a solution of the 
form 


h) = E(x) F(a) + Ei(g)F'(z) d: + EFO (e), 
where F(x) is an arbitrary function of period one. Then h’tx) has the form 
hi (a) = Zola) F(a) + Zi(z)F'() + ee + Zura) PO a), 


where | ° : l 
Z£) = E(x), Zi(z) = E(x) T Eia), Qe T 
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` Substitute this value of h'(x) in (17). Since it must satisfy (17) identically, 
. we have the relations 


(18) Zi(% + 1) — R(2) Zi) = 0, 


where A(x) is the negative of the coefficient of h’ (æ) in (17). 
Let Z(z) be any particular solution of (18). The other solutions may 
then be expressed in the form 


Zia) = wi(z)Z (2), 
where the functions w;(x) have the period one. In particular: 


Zo(z) = ww(x)Z(z) = Ew(z), 
Zim) = ee = d + uh 


Z() -w(OZ) = Ex x(a) + Et, 
Zela) = wea(z)Z(z) = Ea). 


From these we get 


` Era) = w(2)Z o), 
Brala) = weZ) — E Curs Ze) 


B,4(2) = mot ~~ gente} EERON 
Eral) = w2(#)Z (2) — 5 £ Coma e)B(e)] t3 T d Dez - i 


-z TROON 


E) = we Zo) — F-D) ZG)] + - 
| ob C D B Deas) Ze) 
Since wo(z)Z(z) = Es(2), we have 
"S d = "du AN 
waa) = ge] — +++ + (= 1 Spal) Ze) 
which may be written in the form | | 


(19) Ze (2) + m(2)Z9 (a) - --- + mae) Za) = 0. 


The steps.in the foregoing discussion are reversible. Hence it follows 
that the necessary and sufficient condition that the m (1) shall be 
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of doubly finite rank is that 


a qm(z—1)dx » A(x + 1) 
Dy zu 4 


where Z (x) is a solution of (19), in which the coefficients 7;(%) involve the 
arbitrary periodic functions w;(z) as shown above. 


IX. Tae ANALOGUES or Livy’s TRANSFORMATIONS. 


In this section we consider generalizations of the Laplace-Poisson 
transformations, and investigate their usefulness in obtaining equations 
with vanishing invariants. These transformations are analogous to those ` 
applied by Lévy* to the analogous partial differential equation. They are 


G@) = fle + 1) + Ere) + v) 1f (o) 
H(a) = f'(x) + [g(a — 1) + 92) J(e). 


As the results are of a negative character, we shall merely state them 
without proof. 

In case of the first transformation, the transformed equation cannot 
have a vanishing J-invariant unless we have J(x) = 0 from the original 
equation. The transformed equation cannot have a vanishing T-invariant 
except in very special cases. 

In ease of the second transformation, the transformed equation cannot 
have an invariant equal to zero unless the original equation gives I(x) = 0, 
and the J-invariant of the transformed equation cannot be zero except in 
very special cases. 

_ So we have the result that the two transformations investigated in this 
section are not generally useful in obtaining an equation with a vanishing 
invariant. l 


UNIVERSTTY OP ILLINOIS, 
May, 1918. 


* Journal de l'École Polytechnique, t. 38 (1886), p. 67. 
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CHARACTERISTIC SUBGROUPS OF AN ABELIAN PRIME 
POWER GROUP. 


By G. A. MILLER. 


$1. Introduction. 


A subgroup which corresponds to itself in every possible automorphism 
of a given group is called a characteristic subgroup or an J-invariant sub- 
group. Some fundamental properties of the characteristic subgroups of 
any abelian group were studied by the writer of the present article in a 
paper published in volume 27 of the AMERICAN JOURNAL OF MATHEMATICS, 
1905, pages 15-24. In particular, it was noted in this paper that besides 
the identity there 1s & certain characteristie subgroup, called the funda- 
mental characteristic subgroup, which appears in every possible character- 
istic subgroup of an abelian group G whose order is of the form g”, p being 
some prime number. 

The present paper is devoted to & determination of various new proper- 
ties of the characteristic subgroups of G. For the sake of clearness it seems 
desirable to explain here a few terms which are frequently employed. Two 
groups H and H are said to be complementary groups as regards a group G 
provided at least one Hı of these two groups is an invariant subgtoup of G 
while the other Hs is simply isomorphic with the quotient group of G with 
respect to Hı. When G is abelian it is known that Hs is simply isomorphic 
with at least one subgroup of G and hence it is convenient to speak of com- 
plementary subgroups of G. Two invariant subgroups H, and Hs are said to 
be complementary subgroups of a group G provided each of these subgroups is 
simply womorphic with the quotient group of G with respect to the other. 

It should first be noted that if one of two subgroups of G is simply iso- 
morphic with the quotient group of G with respect to the other the two 
subgroups are not necessarily complementary. For instance, every sub- 
group of order p is simply isomorphic with each of the quotient groups 
arising from the subgroups of index p, but when G involves À distinct 
invariants the quotient groups arising from its subgroups of order p are of A 
distinct types. » Each of these types corresponds to one set of [-conjugate 
subgroups of.order p. That is, there are just A sets of [-conjugate comple-: 
mentary subgroups of order and of index p. It will be seen in the following 
section that these-correspond to the ` characteristic subgroups generated 
by* operators of order p, and the à characteristic subgroups involving oper- 
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ators of order p=}, p^? being the order of the largest operators contained 
in G. 

The complementary subgroup of the,fundamental characteristic sub- 
group is composed of all the operators of G whose orders divide p**? and it 
is characterized by the fact that it is the only characteristic subgroup of G 
which includes every other characteristic subgroup of G. It is the cross- 
eut of all the subgroups of index p under G which are complementary to the 
subgroups of order p contained in the fundamental characteristic subgroup 
of G. It should be noted that the numbers of these complementary sub- 
groups of order and of index p are equal to each other. 

The simplest characteristic subgroups of G are those composed of all 
the operators of G whose orders divide p?, 8 < a;. The complementary 
subgroup of such a characteristic subgroup is composed of the p? power of 
every operator of G. A necessary and sufficient condition that there are 
no other characteristic subgroups in G is that all the invariants of G are 
equal to each other. In this case, the number of the characteristic sub- 
groups, besides the identity, is therefore equal to o; — 1, and the number 
of pairs of complementary characteristic subgroups is (o; — 1)/2 when o 
is.odd. When ais even, the number of these pairs is (o1 — 2)/2 and one 
of the characteristic subgroups is self-complementary. 

It may be desirable to direct attention to the difference between comple- 

mentary subgroups and subgroups of complementary types. If G is of 
type (m1, ma, +++, Ma), and if two of its subgroups are of types (a1, os, 
--+, a@,,) Bnd (fi, Bs, «++, Ba respectively, these subgroups are said to be 
of complementary types when it is possible to satisfy each of the following 
equations, where z is either 0 or some a, and y is either 0 or some f and each 
a or B is used only once*: 


ety =m; (2 = 1,2, +++, A). 


Subgroups which are of complementary types are clearly also comple- 
mentary subgroups, That the converse is not necessarily true may be 
seen by considering the group of type (4, 1). This group contains operators 
of order pë which are not powers of operators of order p* and such an oper- 
ator of order p’ generates a subgroup whose complementary subgroups are 
cyclic and of order of p? but are not contained separately in cyclic groups 
of order p*. Hence o; = a,, = 3 and fı = f, = 2 in the present case, 
so that neither of the two equations z + y = m, (2 = 1, 2), can be satis- 
fied. The complementary subgroup of the cyclic subgroup of order p° 
which is contained in the cyclic subgroups of order p* is of type (1, 1), and 
in thia ease the complementary subgroups are also of complementary types. 

* G. A. Miller, Transactions of the American Mathematical Society, vol. 21 (1920), p. $13. 
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$2. Characteristic subgroups generated by operators of a given order. ` 


The number of the characteristic subgroups contained in G depends on 
the number of the different invariants of G but is not affected by the number 
of these invariants which are equal to each other. That is, if no two of 
the invariants of G are equal to each other G has exactly the same number 
of characteristic subgroups as the group G which includes G and has no 
invariant except such as are equal to those of G, but which has at least two 
equal invariants. Hence in the study of the number of the characteristic 
subgroups of G it may be assumed, without loss of generality, that G is of 
type (di o9, :::, 04), a1 > ag > +--+ > a,.. To emphasize the fact that 
some invariants may be equal to each other the group G will be replaced by 
the group G'. Leto; — om = a. ; 

The cyclic subgroup of order p", r < a'i, which is generated by each 
operator of order p*' contained in G is evidently & characteristic subgroup 
of G, and G contains no other cyclic characteristic subgroup whenever p > 2. 
When p = 2 and 1 < r < o1, G clearly has two and only two cyclic char- 
acteristic subgroups of order p”. Hence the following theorem: An abelian 
group of order p^ cannot have more than one characteristic subgroup of order 
p. A necessary and sufficient condition that such a group G contains at least 
one characteristic cyclic subgroup of order p", p” being less than p^, is that 
G' has only one largest invariant. A necessary and sufficient condition that G' 
contains two cyclic characteristic subgroups of order p', 1 < r < ai, is that 
p = 2 and that G’ has only one largest and also only one néxt to the largest 
invariant. No abelan group of order p^ has more than two characteristic 
cylic subgroups of the same order. i 

From the preceding theorem it results that there is a marked difference. 
as regards characteristic subgroups between the groups whose orders are 
powers of 2 and those whose orders. are powers of an odd prime number. 
Hence we shall assume in what follows, unless the contrary is stated, that 
p> 2. It is easy to prove that every characteristic subgroup of G which 
involves operators of order p” must involve the subgroup generated by all 
the operators of order p' which are contained in the cyclic subgroups of 
order p* found in G. Hence this characteristic subgroup will be called 
the fundamental characteristic subgroup generated by operators of order pr. 
The fundamental characteristic subgroup noted in the first paragraph of 
the Introduction may therefore also be called, in accord with this more 
general nomen@lature, the fundamental characteristic subgroup generated 
by operators' of order p. 

A characteristic subgroup of G cannot involve any operator of order p” 
since all the operators of higllest order contained in G are I-conjugate and - 
every abelian group is generated by its operators of highest order. Every 
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characteristic subgroup of G which involves operators of order p^ must 
involve the $-subgroup of G since this is composed of all the operators of G 
which have the property that each of them is the pth power of some other 
operator of G. Hence the ¢-subgroup of G is its fundamental characteristic 
subgroup involving operators of order p*^?. "When > 1, G has more than 
one characteristic subgroup which are generated by operators of order p^" 
. These ean be arranged linearly so that each contains all those which precede 
it and involves one more set of I-conjugate operators of order p**! than the 
one which immediately precedes it. 

In fact, the first of these characteristic subgroups is the ¢-subgroup of G 
and the remaining  — 1 may be obtained by adjoining successively all the 
operators of smallest order contained in G which are not found in the. pre- 
ceding characteristic subgroup. The complementary subgroups of these 
characteristic subgroups taken in the reverse order are the À characteristic 
subgroups of G which are generated by its operators of order p, and the 
sum of the numbers of the sets of J-conjugate operators of highest order in 
each pair formed by one of these characteristic subgroups and its comple- 
mentary subgroup is A+ 1. These complementary subgroups are evi- 
dently also of complementary types. 

All the subgroups of index p under G have the ¢-subgroup of G for their 
cross-cut. Hence each such subgroup corresponds to a subgroup of index p 
in the $-quotient group of G. These subgroups may be divided into À sets 
of [-conjugate subgroups corresponding to the à characteristic subgroups 
of-G whith involve only operators of order p. Hence the following theorem: 
In any group of order p™, p being a prime number, all the subgroups of index p 
which are of the same type are I-conjugate. It may be noted that it is possible 
to construct prime power abelian groups in which there are subgroups of 
every other index which are not /-conjugate. In fact, the abelian group of 
order p” and of type (m — 1, 1), m > 2, contains cyclic subgroups of every 
index > p which are not J-conjugate. 

Á. direct proof of the italicized theorem of the preceding paragraph is 
as follows: The independent generators of G’ can be so selected that they 
differ from the possible independent generators of any given subgroup of 
index p only as regards one operator, and that the pth of this operator is the 
remaining independent generator of the subgroup in question. If such a 
selection of the independent generators of two subgroups of index p and 
of the same type is made a (1, 1) isomorphism between these subgroups 
may be established so as to make an independent generator of one of these 
subgroups correspond to an arbitrary independent generator of the same 
order in the other. Hence these subgroups correspond.in some’ auto- 
morphism of G.* ij j 

* Miller, Blichfeldt, Dickson, Finite Groupe, 1016, p. 73. 
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It was noted above that the A characteristic subgroups of G which are 
generated by operators of order p**? can be arranged linearly so that each 
includes all those which precede it and that no two of these characteristic 
subgroups are of the same type. It will be seen that no abelian group of 
order p", p being an odd prime number, contains two characteristic subgroups 
which are of the same type, but it is not always possible to arrange linearly 
the characteristic subgroups which are generated by operators of order p" 
so that each of these subgroups includes all those which precede it. 

To obtain all the characteristic subgroups of G which are generated by 
operators of order p' we may.begin with the fundamental characteristic 
_ subgroup K, of G which is generated by operators of order p”. In this 
characteristic subgroup all the operators of order p” constitute a single set 
of [-conjugates. When àA > 1, a characteristic subgroup whose largest 
operators are of order p” and which involves two sets of [-conjugate oper- 
ators of this order can be obtained by adjoining to K, the smallest set of - 
I-conjugate operators of lowest order found in G but not in K,. When 
this lowest order is p there may be more than one set of I-conjugate oper- 
ators of lowest order found in G which are not contained in K,. In his 
case such sets are added successively in order of magnitude beginning with 
the smallest. We thus obtain a series of characteristic subgroups which 
. can be arranged linearly so that each includes all those which precede it. 

A new series of characteristic subgroup may be started by adjoining 
to K, the smallest set of IJ-conjugate operators of lowest order found in G 
But not contained in the last subgroup of the preceding series. “The first . 
subgroup of this new series K, involves two or three sets of I-conjugate 
operators of order p" according as it does not or does contain more operators 
of lowest order than K,. To obtain the various characteristic subgroups 
of the second series we adjoin to K; the smallest set of [-conjugate operators 
of lowest order found in G but not in K,. As all the characteristic sub- 
groups of G can be found by continumg this process 1t has been proved that . 
no two characteristic subgroups of G are of the same type. 

Tt results from this method for finding all the characteristic subgroups 
of G that while the number of the characteristic subgroups of G cannot 
exceed the number of the different types of subgroups found in G it may 
‘be less than this number. A necessary and sufficient condition that G 
contains a characteristic subgroup of type (rj rs, :--, rj), where ri 2 ms 
Zt Br, and one or more of the r's may be 0 is that r, — ria < a, — aya 
(y m1, 2, 22%; xi 1) whenever r, and r,,; are different from 0. Hence 
the following theorems: T'he number of the characteristic subgroups of any 
abelian group @ of order p", p being an odd prime number, is equal to the 
number of the characteristic subgroups in a subgroup G of G' which has for 
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iis independent generators all the different independent generators of G' but 
has no two independent generators of the same order. If G is of type (a1, o5, 

-+, a) then G — one and only one characteristic subgroup of type 
(ra, Ta, vs, Tay Tr EE fa EE Bry, where vq < ay and some of the r's may 
be 0, rcs dn it (y = 1, 2, ++, A — 1) whenever r, and ryp 
are both different from 0. 

To illustrate this theorem it may be noted that the abelian group of 
order p? and of type 3, 3, 2, 1, 1 contains one and only one characteristic 
subgroup of each of the following types: (1, 1), (1, 1, 1), (1, 1, 1, 1, 1), 
(2, 2, 1), (2, 2, 1, 1, 1), (2, 2, 2, 1, 1). Hence this group contains six char- 
acteristic subgroups besides the identity, and this is also the number of the 
characteristic subgroups of the abelian group of order p? and of type 3, 2, 1 
whenever p > 2. These characteristic subgroups are of the following ORS 
(1), (L 1), (L, 1, 1), (2, 1), (2, 1, 1), (2, 2, 1). 

It should be noted that every characteristic subgroup of G' has a com- 
plementary characteristic subgroup and this is also of the complementary 
type. When the characteristic subgroups of G^ whose largest operator is 
of arder p” can be arranged linearly so that each includes all those which 
precede it their complementary characteristic subgroups can be arranged 
linearly so that each is included in all those which follow it. In particular, 
the largest characteristic subgroup whose largest operators are of order p” 
has for its complementary subgroup the smallest characteristic subgroup 
whose largest operators are of order ^77, and vice versa. 

In view of the reciprocal relations between the characteristic subgroups 
of G' it may be assumed without loss of generality that 2r = a4. From 
what precedes there results the following theorem: The number of the 
different sets of I-conjugate operators of highest order in any characteristic 
subgroup whose largest operators are of order p", increased by the number of 
the different sets of I-conjugate operators of highest order in its complementary 
characteristic subgroup, 1$ equal to one more than the number the characteristic 
subgroups whose largest operator is of order p". In particular, the sum of 
the numbers of the different sets of J-conjugate operators of highest order 
in any characteristic subgroup and its complementary characteristic sub- ' 
group is independent of the choice of the former characteristic hki 
when the order of the operators of highest order is fixed. 


Number of characteristic subgroups when G is of type (1, 2, 3, =+- m). 

In order to exhibit clearly a method for determining all the characteristic 
subgroups of any abelian group it seems desirable to consider separately 
the special case when G is of type (1, 2, 3, » .-, m) since, the.formula repre- 
senting the total number of these subgroups is comparatively simple in this 
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case. It will be convenient to assume that m may represent an indefinitely 
large number and to consider separately all the characteristic subgroups, 
whose operators of highest order is p”: When r is 1 it is evident that there 
. are m such subgroups and that the orders of these r subgroups.are p, p’, 

‘+, f". The number of sets of I-conjugate operators contained in each 
of these subgroups is 1, 2, ---, m respectively. That is, this number is equal 
to the index of p representing the order of the characteristic subgroup. 

When n = 2 the smallest characteristic subgroup is of order pê, since 
this is the order of the fundamental characteristic subgroup Ks generated. 
by operators of order p’. All the operators of order p? contained in Ke 
are -conjugate since they are separately powers of operators of order p" 
contained in G. This characteristic subgroup involves two of the charac- 
teristic subgroups whose operators of highest order are of order p, and if we 
adjoint to Ke successively the latter characteristic subgroups which are of 
orders p*, p, --+, p™ respectively there result m ;— 1 characteristic sub- 
groups whose operators of highest order are of order p?. Each of these 
m — 1 characteristic subgroups has only one! independent generator of 
highest order, and each of these subgroups involves one more complete set | 
of I-conjugate operators of order p? than the one which precedes it. 

The smallest characteristic subgroup of G which has two independent 
generators of highest order and involves no operator whose order exceeds 
p? is of order př, and involves three of the characteristic subgroups of G” 
which are separately generated by operators of order p. It involves three. 
sets of [-conjugate operators of order p’. "This characteristic sulfgroup can 
be extended by means of characteristic subgroups generated by operators 
of order p just as Ks was extended except that the first of these extending 
subgroups is of order p*. Each such extension increases by two the number 
~ of I-conjugate operators of order p°, and hence the number of the sets of 
I-conjugate operators of order 7? found in the last one of these characteristic 
subgroups is equal to the total number of the characteristic subgroups con- 
tinued in G and having no more than two independent of highest order, viz., 
p. This number is m — 1 +- m — 2. 

As this process may be continued until all the characteristic siberis 
generated-by operators of order p? have been found it results that the number 
of such characteristic subgroups which involve exactly o independent -< 
generators of order p*is m — a, a= 1, 2, ---, m — 1. The total number 
of these characteristic subgroups is therefore ' l 


. m(m — 1) 72. : 


The total numberg of the characteristic subgroups generated by the oper- 
ators of orders p and p° contained in G are therefore the sums of the terms, 
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of the following series of figurate numbers of orders 0 and 1 respectively: 

1,1, 1, -** to m terms, 

,1,2, 8, *-- to m — 1 terms. / 


The fundamental characteristic subgroup K; of G generated by oper- 
ators of order p? is of order pê, and involves three characteristic subgroups 
generated by operators of order p as well as three such subgroups generated 
by operators of order p°. : The number of the characteristic subgroups which 
involve K; but have only two independent generators of order p? is evidently 
m — 2 and these subgroups involve 1, 2, -:-, m — 2 sets of I-conjugate 
operators of order p* respectively. The number of the characteristic sub- 
groups of G which involve only one independent generator of order p? but 
three and only three independent generators of order pi is m — 3, etc 
Hence the.number of the characteristic subgroups of G which involve K; 
but have Xie - one independent generator of order p? is the sum 
. of the series 1, 2, — 9. Similarly it results that the number of the 
chazacteristic ic BM of G which involve Ks:and have separately two 
and ony two independent generators of order p? is the sum of the series 
1,2, +++, m — 8. 

d: this process may be continued until the’ largest characteristic sub- 
group of G which is generated by operators of order pè has been reached, 
it results that the number of the characteristic subgroups of G which can be 
generated by operators of order p? is the sum of the figurate numbers of 
the second order, terminating with m — 2. The three special cases con- 
sidered thus far suggest the following theorem: The number of the charac- 
teristic subgroups of G which are separately generated by operators of order pT 18 


the sum of the figurate numbers of order r — 1, terminating with m — r + 1. 


This theorem ean easily be proved by mathematical induction since the 
fundamental characteristic subgroup K, of G generated by operators of. 
order p” involves r of the characteristic subgroups generated by operators . 
of order p- Those characteristic subgroups of G which involve only one 
independent generator of order p" can be found in the same manner as the 
characteristic subgroups generated by operators of order p* ! were found 
with the exception that the series of numbers in the present case consists 
of m — r -+ 1 numbers while in the preceding case it consisted of m — r + 2. 
The sum of the first m — r -- 1 figurate numbers of order r — 2 which con- 
stitute the preceding series is therefore the last term of this series. 

Similarly, the sum of the first m — r figurate numbers of order r — 2 is 
the next to the last term in the present'series, etc. Hence it results that the 
present series is composed of figurate numbers if the preceding series was 
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composed of such numbers, and hence the proof of the theorem in question, 
is complete. The fact that the number. of the characteristic subgroups 
generated by operators of order p” is equal to the number of such subgroups 
generated by operators of order p”~ follows directly from the properties 
of figurate numbers* as well as from the (1, 1) correspondence between the 
characteristic subgroups of complementary types. 

` In the special case under consideration it is easy to see that the number 
of the characteristic subgroups generated by operators of order p” is equal 
to the number of the sets of I-conjugate operators-of this order. Hence. 
the latter number is also the sum of the figurate numbers of order r — 1 
when G is of type (1, 2, 3, +++, m). As was hóted above this result is not 
affected when G hasmore. than one invariant which i is equal top; laac=n. 


; SOL P. Bachmann, Niedere Paaa 1910, p. o 1 


ERRATA. ' : 


Page 152, in the determinants Di, Ds, and Divi place o of h— 1, a- 15 
2i — h — 1, ete., read Grmi, Gii Gaia, ete. 


Page 153, the words “the following figures ” immediately ius m 
figures refer to the three lower figures. The two upper figures should be 
three lines higher up, at the beginning of the paragraph; and the inscrip- 
` tions * Vanishing parallelogram for n odd,” and “ Vanishing parallelogram 
for n even," belong to these two upper figures respectively. 


